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MNPEANCJIOBUE

KHura paccuuTaHa B NepBYIO odepeAb Ha TO, YTOOB CJOYXKHUTh
B KayeCTBE YUeOHOro 1oco0Hsa NpH NMPOXOXKAEHHH Ky PCa TEOPHH UHCEN
Ha ¢u3HKO-MaTeMaTHUYeCKHX (akyJabTeTax MeJarorHdyeCKHX HHCTHTY-
TOB H B YHHBEPCHTeTaX. 1€OPETHKO-YHCJOBHIE BONpPOCH BbI3BIBAIOT
VHTepec He TOJBKO Yy CNENUaJUCTOB MAaTeMaTHKOB, HO H Yy 3HAauH-
TeJbHO GoJiee LIMPOKOro Kpyra Jiojell, 3afyMblBalOlHXCS HaX OT-
JeJIbHBIMH apHPMETHUECKHMH npo6JieMaMH, H aBTOP CTapaJcsd Y4YecTh
HHTepeChl YHMTaTeJleH B STOM OTHOWIEHHH, OXBaTbiBafg HOJHOCTHIO
yyeOHYI0 NpOTrpaMMy NO TEOPHH YHCeJ, KHHIa COJAEPKUT H AOHOJ-
HHTEJIbHBIA MaTepHaJl, Pa3BHBAIOUIHE TOT HeGOJbLION 06s3aTeNbRbIH
KYPC, KOTOPbIH NPOXOAHTCS BCEMH CTYAeHTaMH-MaTeMaTHKaMH B neja-
rOrTHYeCKHX HHCTHTYTaX. ITOT JONOJHHUTEJNbHBI MaTepHas MOXKET
OLITh HCIIONB30BAH NIPH OPraKu3aluy paboThl CHELCEMHHAPOB, a TAKKe
B KauecTBe OCHOBHl JJifl psfa KYPCOBBIX paGoT 1O TEOPHH YHCEI.
ConepxkaHHe Kypca TeOPHM YHCeJ B NeJaroruyeCKHX HHCTHTYTax
3aKJIIOYEHO B CJelylomux rJaasax: 4 (m. 1), 5, 6 (o 2), 7, 8, 9,
10, 11, 13, 14, 15 (n. 1 u 3), 16, 17, 18 (n. 1), 19 (u. 1 u 2),
20 (m. 1), 21 (m.1,2mu3), 23, 24 (n. 1 u 2), 25 (n. 1 u 2),
26 (m. 1), 28 (n. 1), 29, 30, 33 (n. 1), 35 (n. 1 u 2), 36.

ApTop crapancs 1o6HTbCA TOro, YTOObl UMTATE]db MOT B 5TOH xKe
KHHre HafiTH BCe TQ, YTO HCNOJb3yeTCH NpPH JOKAa3aTeJbCTBE TEOPEM
Kypca. B cBsi3n ¢ sTM B 1-# rsaBe cdopmysnpoBaH psan ofmux
MaTeMaTHUECKHX MOJOXKeHHH, TeopeM BbICuefl anareOpsl H MaTeMaTH-
YeCKOro aHaJ/{3a, HCHOoJb3yeMblX B JaJibHeHIIeM.

2-9 ¥ 3-1 raBH H3J1aral0T APUPMETHKY LesblX YHces. DTOT pasjen
apupMeTHKH (akTHYeCKH dABJseTcs 6a3HCOM BCETO JajbHEHIIEro
NOCTPOeHHsI CaMOH TEeOPHH 4HCeJ., B nefarorHueCKHX HHCTHTYTax
apupMeTHKa LeJbIX PalHOHAJbHBIX HUHCEJ NMPOXOAHTCH B Kypce sJe-
MeHTapHOH MaTeMaTHKH H 3TH JBe IJIaBbl MOTYT GBbITh HCTIOJIb30BaHBL
IpH H3YYeHHH 3TOro Kypca.

B xHure BBefleHa CIJIOIIHAass HyMepanusi TeopeM (apaGCKUMH
nudpaMi). 3T0 naeT BO3MOXKHOCTb GoJjiee YA0GHO MOJAb30BaThCA 10~
POOHLIMH CChiIKaMH. B KOHLIe KHHIH (HauuHasi npumepHo ¢ 31-#t
TJIaBbl) CCHIIKH, KOTAa OHH CBS3aHBI C IPUMEHEHHEM SJIeMEHTAPHBIX
TeOpeM TEOPHH JAEJHMOCTH HJH TeODHH CpaBHeHHil, HOCAT MeHee
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cHcTeMaTHYeCKHA Xapaktep. TeopeMbl, OTHOCAILHECH K APYTHM Das-
JleJlaM MaTeMaTHKH M NOMelIeHHble B KHHUTE TOJILKO B KavecTBe Crpa-
BOYHOTO MaTepHajia, NMepeHYyMEpOBaHbl PUMCKMMH uuppaMu. OCHOB-
Haf 4aCTb TeODeM TEOPHHM YHCeJ JaHa C MOJIHBIMH J0Ka3aTeJibCTBaMH.
Hexkotoprie TeopeMsl fatorcsi Ge3 1okasaTesnbCTB. ABTOD CUHTAJ, UTO
B TeX CJAYyYasix, KOTJAA BaXHbll pe3ysJbTaT He MoxkeT OwITb A4H
¢ JIOKa3aTesJbCTBOM BBHAY €ro CJIOXKHOCTH, MOJie3HO Mo KpakHed
Mepe cGOpPMYJHPOBATh €ro, BBOAA YUTATeisi B KPYT HHTEPECOB
COBPEMeHHOH MaTeMaTHKH,

BoJsiblioe MeCTO B KHHT€ 3aHMMAIOT BONPOCH HCTOPUYECKOTO pas-
BHUTHA Teopuu uucen. [loMuMo BBelenusi, pawouero OOLIHHA OUYEpPK
Pa3BHTHSI TCOPDHH YHCEJ, HCTOPHS IpeAMETa OCBEIIAETCA H B CAMOM
TEKCTe, a B KOHUle MHOTHX TJlaB [MOMellleHbl HCTOPHYECKHE KOM-
MeHTapHH.

ABTop crapaicsi Be3lle, TAe 3TO BO3MOXHO, BBECTH UHTATeJs
B KYpPC COBPEMEHHOTO COCTOSIHHSI pacCMaTpHBaeMbIX BOIPOCOB U 1aTb
fpeAcTaBJeHHe O TEODHH YHCeNl KaK O pa3BHBaiolleHics HaykKe.

A. Byxwima6



OBO3HAYEHH ST

B cko6kax yKasaHbl CTpaHHUA, Ha KOTOPHX BBeJeHHl HJH BHEpBHe BOTPE-
galTes 3TH 0603HAyeHH,

aEM —a snemeHT mMHoxkectBa M (ctp. 15).
((ags g4 ..., a,))—Kommneke (crp. 17).
b|a —b penutenv a (crp. 19).
b'{'a —b He peautenb a (ctp. 19).
f (x) ~ ® (x)—acumnToTH4ecKoe paBeHcTBO QyHKUME f(X) U © (x)
(cTp. 26).
0 (v (x)), o (@ (x))—(cTp. 26 u cTp. 27).
(a;, Gqy <.+, Q,)—HEUGONBUINH OOLLHH AEAUTE]bL YUCET Qy, das + e 5y
(ctp. 38).
lay, ag, ..., a,] —HanMeHbllIee ofilee KpaTHOE UHCEN a3, Qg «.« s &y
(cTp. 41).
[a]—uenas uvacte uucna a (ctp. 48).
{a}—npobuas gacte uncna a (ctp. 49).

au+—U a1+—Ua.z+...+-Uas—K0HEqHaﬂ uenHasa Apo6b (cTp. 59).
€¢—OCHOBAaHHE HaTypaJbHOH CHCTeMH! JorapH¢pMOB.
7l—OTHOLIEHHe JJHHEL OKPYXKHOCTH K JAHAaMeTpy.
a == b (mod m)—a cpaBuuMO ¢ b no Moaymo m (cTp. 72).
i —XKJacc mo paccMaTpuBaeMoMy wmoayawo m (etp. 77).
@ (m)—dyukuusa inepa (ctp. 89).
L (m)—o6o6mennas ¢pyuxkuusa ditaepa (cTp. 99).
P, (@), P (a)—nmnoxasatens a mo Mopynto m (ctp. 140).
) P (£)—4yHCIO KJaccoB MO DpACCMaTpHBAaEMOMY MOLYJIIO MM,
nokasatesb KOTOPHIX paBeH k (cTp. 143).
ind,b—uHnekec b mo paccMaTpuBaeMOMY MOAYJIO m H OCHO-
BaHHO a (cTp. 152).

(—;—). (aa_) —cHMBoab Jlexanapa u Sko6u (ctp. 177 u ctp. 191).

ao+—Ua1+—1—/a,+...—6ecxoneqﬂaa uenHas npo6e (ctp. 210).
a, b, ¢\ —Gunaprasa KBajpatuyuasa ¢opma (cTp. .
¢ p opma (cTp. 278)
((;6) — YHHMOAYJAApHaA JHHeliHas ToACTaHOBKA (cTp. 279).
{a. b, ¢} {4, B, C}—skBupanenthocTs dopm {e, b, ¢} u {4, B, C}
(cTp. 279).



1 [n)—uucao xenuresedt uucna n (crp. 316).

o (n)—cymma zennreneit uncna n (ctp. 316).

p (n)—@ynxuus Mé6uyca (ctp. 319).

{ (s)—nseta-¢pyukuns Pumana (ctp. 321).

Q (x)—4uHcNO HaTypalbHHX 9HCes], He MPEBOCXOASUIHX X H
CBOGOAHWX OT KBazaparos (crp. 329).

7t {X) — THCJIO NPOCTEIX YHCEJI, HE NIPeBOCXOARIIUX X (cTp. 333).

v (n)——uHCNO pASAHYHKEX MNPOCTHX MenHTes el YHcaa n
(cTp. 348).

o, (k, x)—4HCIO MPOCTHIX YHCEJ, He MPEBOCXOAAMHNX X H Mpu-

HaAJeXaWmux nporpeccud ki1 (ctp. 358).

X (n)—xapakTep 7 nO0 paccMaTpHBaeMOMYy MOAyJO &
(ctp. 356).



BBEJEHHE

1. TIPEIMET TEOPHH YHCEJ

TlepBoHaua/NbHble 3JIEMEHTHl MaTeMAaTHKH CBSI3aHbl C NOSIBJCHHEM
HAaBLIKOB CueTa, BO3HHKAIOWHX B NPHMHTHBHOH (opMe Ha cpaBHH-
TeJIbHO PAHHHX CTYNEHSIX Pa3BHTHS 4eJIOBEYeCKOro ofLIeCTBa B Npo=
necce TPyAoBO# AesaTeasHocTH. [ToHATHE HATYPANbHOTO UMCJ/A, NOSB-
JsIoleecs] KaK pPe3yJbTaT MOCTENeHHOro aGcTparupoBaHus, ABJSETCS
OCHOBOH BCero AajibHefilllero PasBHTHS MaTeMATHKH,

M3yueHue CBOHCTB HaTypaJibHBIX YHCeJ, HauaToe B NPHMHTHBHON
¢ opMe MaTeMaTHKaMH NaBHO YIIEANIHX MOKOJEHHH, 3aHHMaeT GOJib-
nioe MecTo B COBPEMeHHOH MaTeMaTHKe, COCTaBJssl OCHOBHOE conep-
XKaHHe ONHOI'O H3 ee BeAYLIHX paslelioB, KOTOPHE Mbl Ha3blBaeM
TeopHell uuces. IIpH paccMOTpeHHH HATypaJbHBIX UHCE] Mbl 3aMe-
YyaeM, YTO CpPefM HHUX BCTPEYaloTCs YMCJa C BeCbMa pa3snooGpa3HBIMK
cBofictBamu. Tak, HanpuMep, CPeAH HaTypaJbHEIX UHCEJ Mbl Bhije-
JsieM TNpOCTble YMCJIa, H, €CTeCTBEHHO, BO3HHKAeT BONPOC, Kak
pacnpeXeseHbl 3TH UHCJA CpPelH BCEX HATypaabHbIX UHcead. Msi
MOXKEM TaK¥e 3aMeTHTb, HalPHMep, UTO CpelH HaTypalbHbIX WHCEJ
€CTh UHCJA, KOTOphHle HeJNb3sl NPENCTABHTh B BHAE CYMMBI ABYX
KBaJPaTOB HAaTypaJbHbHIX YHCEJ, H NOCTABUTb BONPOC O TOM, KaKue
HMeHHO YHcJa 06JIafjaloT 3THM CBOACTBOM M KaK YacTO BCTPeuaiorcst
TakHe YHCHa,

B TeopuH uuces, €CTECTBEHHO, BBIAEJSIOTCS H PacCMaTPHBAIOTCS
B NIepBYIO Oouyepelb Te NpoGJeMbl, KOTOpble TJy6OKO H AOCTATOYHO
HENOCPEACTBEHHO CBf3aHBl ¢ M3yYaeMbIMH OOBLEKTAMH M BaXKHbl JJIA
NOCTPOEHUs] MaTeMaTHKH B ee IeJoM, HekoTopre TeopeTHKO-uHCIO-
Bble 3a/1aull BO3HHKAIOT YXe B DaMKaX WIKOJbLHOIO Kypca apugMe-
THKH. McTOpHUeCKH TeOopHS uyHCe] BO3HHKJA KaK HEMOCPEACTBEHHOE
pa3BHTHe apu(MeTHKH. B Hacrositlee BpeMsi B TEOPHIO YHCEN BKJIO-
YalOT 3HAYMTEJBHO GOJlee IIHPOKHHA KPYr BONPOCOB, BHIXOASIIHX 3a
PaMKH H3y4yeHHs HATypaJbHHIX YHcesJ. B Teopuu uuces paccMarpu-
BaIOTCSl HE TOJbKO HATypaJbHbIE YHCJA, HO U MHOXKECTBO BCEX IEJBX
YHCesl, a TAKXKe MHOMECTBO pallHOHAJbHHIX YuCeJ.

Ecan paccMaTpHBaTh KOPHH MHOTOYJIEHOB:

[X)=x"+ax""14 ... 4a, 8]



¢ DeAMH KodbdumuenTaMH, TO OGHIUHHE IleNble YHCNA COOTBETCT-
BYIOT cJayuyalo, Kkorja MHorousaeH (1) umeer cremenb n=1. Bo MHO-
JeCTBe KOMINIEKCHBIX YHCeJ eCTeCTBEHHO BHAEJHTh TaK Ha3blBaeMhle
nesible anrebpaMyeCcKHe ' UHCJA, INpeACTaBjsiomHe coGoffl KopHH
MHorouJieHoB BHAA (1) ¢ mensIMu Ko3ddUIHeHTaAMH.

Msyuenne CBOMCTB TaKHX YHCEJ COCTABJsET COAepPKaHHE OLHOTO
H3 BaxHEHIIHX pa3fieJIOB COBPEMEHHOH TEOpHH UMCeJs, HAa3BIBAEMOTO
anrefpaudueckofi TeopHeH wuuces. B Teopuio uucen BkJIOYAOT
TaKXe BONPOCH!, CBS3aHHble C NPUOIHIKEHHEM AeHCTBUTEJbHBIX YHCE
palHOHANbHEIMH ApPOGsMH. Taxue npubMKeHHS Ha3BBAalOT OGHUHO
A4H0aHTOBLIMH NPHOJHXEHHSIMH, O HMEHH BEJHKOrO IPeuecKoro
Matematuka Huodanra.

JIas1 coBpeMeHHOH TeOPHH YHCeJ XapaKTepHO NpUMEHeHHe BeCbMa
pasHooOpasHBIX MeTOJOB HCCJeNOBAHUH; TaK, HanpHUMep, MHOIHe
npo6JeMbl TEOPHH YHCEJ MOT'YT GbITh, €CTECTBEHHO, CHOPMYJIHPOBAHR
B leOMeTpHYeCKOH (opMe, H K pelleHHIO TaKOro pojpa 3ajay I[pH-
MEHHAIOT reoMeTpHUecKHe coobpaxeHHsl (reoMeTpHUecKas TeopHs
yuceJ). B coBpemeHHOH TeOpHH UHCeJ LIHPOKO MOJB3YIOTCS METORAAMH
MaTeMaTHYeCKOT0 aHaJH3a; B YACTHOCTH, NPH H3YUEHHH BOIPOCOB,
CBSI3aHHBIX C paclpefeseHHeM MPOCTHIX YHCeJ, OCOGEHHO UacTo
NPHXOAUTCS TNPHUMEHATb TEOPHI0 (PYHKUHH KOMIIJIEKCHOIO NepeMeH-.
HOro. TeopeTHKO-UHCJ/IOBBle HCCJELOBAaHHS, B KOTOPHIX CYLLECTBEHHO
HCIIOJIb3YIOTCS METOABl MAaTeMaTHYeCKOTO aHaJn3a, sIBJSIOTCH CORep-
¥aHHEM BeCbMa 3HAUHTEJbHOI'O pa3fiesia TEOPHH UMCEJI, NOJYYHBIIETO
HaHMeHOBaHHe ,AHajuTHYeCKas TEOpHs 4uces“.

Pa3BHTHE TeOpDHH YHCEJ TEeCHO H HeNOoCPelCTBEHHO CBSI3aHO C
pa3BHTHeM lIeJIOTO psifia pa3fielloB MaTeMaTHUKH,

Teopuss uncesa He TONBKO LIHPOKO HCHOJb3YeT MeTOAb, paspa-
6oTaHHBlE B CMeXHBHIX MaTeMaTHUeCKHX MAHCIHIVIMHAX, HO H caMa
BJIHsieT Ha (POPMHPOBaHHe 3THX AMCUHMIJHH, Tak, HanpHMep, Havdalo
ry6OKHX MCCAefOBaHMH B TeopuHH anreGpaHuecKHX uyHcesl OblJo
CBSI3aHO C Tax HasbiBaeMoHl mnpofaemoii ®depMa O BO3MOKHOCTH
CYIeCTBOBAHHUSA LleJIBIX TOJIOXKHTEJIbHHIX pelleHHH HeONpelelleHHOro
ypaBHeHust x"+y"==2" upu n>2; paibHeiilllee pa3BHUTHe 3TOH
TEOPUH OKa3ajo pellaollee BJHsSHHe Ha COBpeMeHHYI0 aJare6py,
a BO3HHKIIHE B TEOPHH UHCeJ NMOHATHSA ,KOJblla“, ,HAeana® sBJISIOTCS
ONHHMH H3 OCHOBHHIX TIOHATHH BCel MaTeMaTHKH Hallero BpPEeMEHH.
Psax Bonpocos Teopuu unces HaXOJHUT cefe nNpHMeHeHHe Ha NPAKTHKe,
HalpHMeD B TeOpHH TeJepOHHHIX ceTell (kalesefl), B KpHCTaJOrpa-
(bHM, TNpH pelleHHH HEKOTOPHIX 3agay TeOpHH N PHONHKEHHBIX
BhiuHcJeHHH. COBDEMEHHYIO TEOPHIO YHCeNl MOXKHO B OCHOBHOM
pasOuTh Ha ClefyIOmHe pasjiedhl:

1) DaeMenTapHass Teopus uHCea (TeOpHS CpaBHEHHH,
TeOpus (pOopM, HeonpeleseHHble YypaBHeHHs). K B3ToMy pasgeay
OTHOCSIT BOHPOCH TEOPHH UHCeJI, fBJSIONIHeCS HeNoCpelCTBEHHbIM
Pa3BHTHEM TEOPHH XeJIHMOCTH, H BONPOCH O NPEACTABHMOCTH THCEN
B ompefejieHHo# ¢opme. DBosee ofwiefi sBJsieTCs 3ajlauya pelleHHs
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CHCTeM HeONpele/ieHHbIX YDaBHeHHH, T. €. YpaBHeHHH, B KOTOPHIX
3HaYEeHHH HEH3BECTHbIX AOJIKHB! ObITh 0673aTeAbHO UEJBIMH YHCJIAMH,
Heonpese/ienHble ypaBHEHHS] HA3KIBAIOT TaKXKe AHOGAHTOBBIMU Ypas-
HEHUsIMH, TaK Kak JlHodaHT Onh mepBbiM MaTeMaTHKOM, CHCTeMa-
THYECKH PacCMaTPHBABIIHM TaKHe ypaBHeHHS, Mbl YCJIOBHO Ha3sniBaeM
3TOT pasfiel ,DJieMeHTapHast TEOpPHS UHCeNa“, TOCKOJBKY 34eCh YacTo
NPHMEHSIOTCA OObIUHble apH(pMeTHUecKHe H ajreGpaHyecKue MeTOZbl
HCCJIeJOBAHHUS,

2) Anre6panueckasa Teopus uuHcesa. K stomy pasgeny
OTHOCSAT BOMPOCHl, CBSI3aHHble C H3yYeHHEM Pa3JIMYHBIX KJaccoB
anrebpanuyecKuHx 4HCeN,

3) Iunodpantorel mnpubauxenusi. K 3TomMy pasgeay
OTHOCAT BONpPOCHI, CBSI3aHHble ¢ H3YyUeHHeM MPHOJHKEHHA HeHCTBH-
TeJbHBIX UHCEJ PalHOHaJbHBIMH Apo6samu. K auodpanTOBEIM mpHOIH-
JKEHHSIM MPHMBIKAIOT TeCHO CBf3aHHBIE C 3THM JXe KpyroM ufei
BONPOCH H3Y4YeHHS apHpMeTHUeCKOfi HPHPOAL Pas3JHYHEIX KJacCOB
quced.

4) AnanuTtdueckas TeopHsd duceJd. K atomy pasgeny
OTHOCAT BONPOCHI TeOpHH UHCeJ, JJs H3YUEHHSI KOTOPBIX MPHUXO-
IHTCSI TIPHMEHATh METOXH MaTeMaTHYeCKOTO aHajiu3a,

KoHeuHo, paspgejieHHe TeOPHH 4YHCEJ Ha Takde pasjfedbl He
siBNfieTcsl cTaHAapTHeIM, MHoraa BeiensioT Kak oco6yio 4acTe Teo-
PHH YHCeNl TeOMeTPHUECKYIO TEeOpHIO HHCeJ HJH H3 ofllero kKpyra
BOIIPOCOB TeOPHH JAHODAHTOBHIX NPUONHKEHHH BBHIJENSIOT TEOPHIO
TpaHcueHAeHTHH X u4ucen. Hago, kpome 310rO, HMeThb B BHAY, UTO
4aCTO NPHXOAHTCA HMeThb JeJlo C HCCJeJOBAaHHSMH, KOTOpble HEJb3s
OrpaHUYHBAThb PaMKaMH OJHOTO OINpeJesIeHHOro pasfeJa.

B sT10fi KHHre Mbl 6yJeM OTHOCHTEJNbHO ROJAPOGHO H3YdyaTb Teo-
PHIO cpaBHeHHH; 4TO e KacaeTcsl TeOpHH (OPM H HeompeleseHHbIX
ypaBHeHHH, TO 3Ta nmpobJeMaTHKa 3aTPOHYTa 3[eChb B OUeHb HefOJb-
moM o6beMe. KHHTa JacT TaKxke HeKOTOpoe ofllee MpelcTaBjeHHe
O NMpUONHXKEeHHH JeHCTBHTeJbHBIX YHCeN palHOHAJbHLIMH ApO6SMH
(nnodanToBel npubaUKeHHS). B aHanuTHUeCKOH TEOpHH UHCEd Mbi
OrpaHHUHBAEeMCsl PacCMOTPeHHeM HaHOoJsiee MNPOCTBIX pPe3yJbTaToB,
[OJIy4eHHbIX 3JleMeHTapHBIMH  MeTofamu. OcTaBJeHbl B CTOPOHe
MeTOAbl, CBA3aHHble C NPHMeHEHHeM TeopHH QYHKUHH KOMIJIEKCHOTO
fiepeMeHHOT0. AJsre6Gpanueckasl TEOPHSI YHCEJ] COBCEM He pacCMaTpH-
BaeTcsl B STOH KHHTe,

2, KPATKHW HCTOPHYECKHW OYEPK PA3BUTHA TEOPHH YHCEJ

Ilpn u3/I0)KeHHH KOHKPeTHOro MartepHaja OYAYT NPHUBOAMTHCS
COOTBETCTBYIOLIHE HCTOPHUECKHe 1 GHoTpadHUeCKHe JaHHbe, 31ech Ke,
BO BBeJlGHHH, Mhbl OTDAHHYHMCSI BecbMa KpParKHM OGIIHM O4YepKOM
HCTOPHH Pa3BMTHS TEOPHH 4UHCEeJ.

.PanHufi nepuop pasBHTHS apHPMeTHKH XapakTepH3yercs Tem,
YTO MOCTENEHHO W NpHTOM  BeChMa MeJJIEHHO pa3BHBaeTcs caM
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NpOLLeCC CUeTa, BRIABJSAIOTCS BO3MOXHOCTH HEOTPaHUUEHHOT O €ro npo-
HOMKEHHs], CO3[aeTCsi MpakTHYeCKasi apHPMeTHKa, B KOTOpOH
pemarTcs OTAeJbHHE KOHKpeTHhle apHpMeTHYeCKHe 3ajauH.

B Tpyzax EBKAHIA TeOPETHKO-UHCJOBHE HCCJEJOBaHHsT 3aHHMAIOT
- CpaBHHTEJIBHO He6oJIbllIoe MecTO, OZHAKO YXKe Y Hero Mul BCTpeyaeM
PsAl OCHOBHBIX NOJOXKEHHH TeOpHHM JeJMHMOCTH H XOTS IIPOCTOH, HO
Ype3BLIUAHHO BaXKHBIA pe3y bTaT: 0eCKOHEUHOCTb MHOXKECTBa Ipo-
CTBIX YHCeJ,

I'pedeckuM MaTeMaTHKaM Obll H3BeCcTeH c¢noco6 BblJeJeHHs
NPOCTHIX uficel U3 HATYPaJbHOrO psfa, NOJYUHBUIHA HasBaHHe
sparocdeHoBa pemtera. TeopHio yncea kak ocolyio o6aacTb MaTema-
THKH MOXHO paccMaTPpHBaTb TOJbKO HauMHas ¢ pabor Muodaunta
(BpeMsi €ro XH3HM B TOYHOCTH HEH3BeCTHO, no-sufumomy, IIl Bex
Hamel 3pol). JuodpaHT paccmoTpesa psii 3ajad o0 NPeICTaBHMOCTH
yucesq B onpefesieHHOR ¢opMe H GoJee oOmue 3afaud pelIeHHs
HeonpeJeJeHHBX YPaBHeHHH B [eJbIX H palUOHAJbHBIX (TOuHee,
NOJIOKHUTENbHBIX PALHOHAJBHEIX) UHcaax. FIMenHo 3TH 3ajauu sBH-
JHCb NO3JHee OTIPABHBIM NMYHKTOM BceH TeopHH (HopM H ToH 6asof,
OTKYJa BO3HHKJA NPo6JeMaTHKA TeOpHH AHOMDAHTOBLIX NpUGJHIKEHHH.

B nepuos ynagka aHTHUHOH KYJbTYphl pabots Juodanra Owliy
noutH coBceM 3abbitel, B VIII—IX Bekax B apa6CcKuX cTpaHax —
Ha Tepputopusix TenmepeliiHero Mpakd, Cpexuell Asuu u ApPYrux
ctpaH bauxuero BocToka — BO3HHKaeT cBoeoOpasHasi MaTeMaTHue-
CKad KyJbTypa. ApabGckas’ MaTeMaTHKa, KYJbTHBHPYS HCCJelOBa-
HHA N0 aJjre6pe M TPUIOHOMETPHH, NpPOSIBJsAJAa He3HAYHTEJNbHBIA
UHTEpeC K TeOPeTHKO-UYHCJOBHIM 3ajauaM. Hekotopele apaGckue
yueHble, HanpuMep Aunbkapru (X1 Bek), komMentupoBaau uodanra,
' HECKOJIbKO pasBUJIH ero CHMBOJIHKY, paccMaTpuBajH apHdMeTHue-
CKHe 3alayH TOro Xe THna, 4To H JInodaHT, OIHAKO HHYETO CYLlecT-
BEHHO HOBOrO HMH He OblJIO NOJYUYeHO.

B Espone, HauuHas C 3N0XH KpPeCTOBBIX MOXOJOB BIJOTbH JO

XVII Beka, pasBuTHe TeODHH UHCeJ, Kak, BIOpoueM, H BCell MaTeMa-
THKH, GhlJI0 OYeHb MeAJIeHHHIM. MaTeMaTHKH OGbIYHO pacCMaTpHBAJH
TOJBKO OTAEJbHble KOHKPETHBIE 33Jaud TEOPeTHKO-YHCJIOBOTO XapakK-
Tepa. O6mue MeToAn ObIIH MOYTH HeW3BeCTHH. B sToT mnepuop
B OCHOBHOM pas3BHJach NpaKTHYeckas apHPMeTHKa jefictBuil. M3
paGoT 3TOr0 BpeMeHH HAHOOJBLIHHA cjiell B JajbHeHINeM Da3sBHTHH
TEOPHH YHCeJl OCTABHJIH BecbMa 3HauydTeJbHble AJIs 3TOH SNOXH
pabotn Jleonapgo Iluzanckoro (ymep B 1250 r.) u pabotm Perno-
MoHTaHa (1436—1476), korophlit HaweJs TPyAH [uodaHTa H BHep-
Boie B EBpome crajs CHCTEMATHUECKH MX H3YdaTb.
" B XVI u B navane XVII Beka na JaTHHCKOM H (DpPaHIy3CKOM
s3blKax OblJiH M3JaHbl COYHHeHHs JInodanTa, H PsIA MaTeMaTHKOB
TOr0 BpEMEHH, M3 KOTOPHIX B MEPBYI0 oOuepeXb MOXKHO HAa3BaTh
Buera (1540—1603) u Bamé ge Meanpbﬂxa (1581—1638), sausauce
KOMMEHTHPOBaHHEM STHX COUMHEHHH, HECKONILKO MONOAHAA HX
HOBEIMH pPe3YyJIbTaTaMH, ' ' ‘ '
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..B HacTosimeM CMbIC/Ie TEOPHIO YHCeJ] KaK HayKY HAaJo -CUHTATh
-.Ha'-lHHaH ¢ pa6or (hpaHILy3CKOro MaTeMaTHKa I1. ®epma (1601—1655),
MOJIYYHBILErO OCHOBHOH De3yJbTaT TEOPHH JeJUMOCTH Ha 3ajaHHOe
TPOCTOe UMCJO U DPeIUHBIIero PsAf BaXKHBIX 3ajau TeOPHH Heompe-
JeJleHHBIX ypaBHeHHH.

B XVIII Beke JI. Jiinep (1707—1783), Gonbmas uacts pabor
KoToporo Gkia HamucaHa y Hac B [leTepbyprckoii AkafeMuu Hayk,
3HAUHTEJIbHO NPOJABHHYJ Brepe] pa3BHTHe TeOpHH uuced. JI. Dimep
0606 OCHOBHOR pe3ysabrar PepMma AJas cayyasi AeJHMOCTH Ha
cocTaBHble YHCJa, CO2Aan OOIIYI0 TeOPHIO TAK HA3LIBaEMBbIX CTEIEH-
HBIX BBIYETOB, NOJYYMJI OdeHb O0JbIIOE YHCAO pPa3sHOOOpPasHLIX
pe3y/IbTaToOB O NPeACTaBHMOCTH YHCeN B BHAe ()OPM OINpe/eNIEeHHOrO
THIa, HCCJeflOBaJ] Psjl CHCTEM HeonpeleNIeHHbIX YPaBHEHHH H NOJY-
YHJI. MHTEpPeCHble Pe3y/abTaThl O pa3OHeHHH YHCeJ Ha CcJaraeMbie.
Y Diiiepa Mbl BniepBble BCTpeYaeMCsi C HIeell NPHMEHEHHS METONOB
MaTeMaTHYeCKOrO aHajlu3a K 3ajadyaM TeopHH uucesa. PaccMmoTpenue
6eCKOHEYHBbIX pHAJOB H TPOU3BeNeHHH SBHJOCH Y OJfijepa AeHcT-
BEHHbIM OpYJAHEM JJsi MOJYYeHHS TeOpPeTHKO-UHCJOBBIX pe3y.Jib-
TaToB,

[Tocne pabor Dinepa moutu Bce Kpyuuole MaTematuku XVIII u
XIX BekOB B TOM HJH HHOH CTeNeHH 3aHHMAIOTCSI TeOpHeH umHCes.
B uacTHOCTH, CYIIECTBEHHHIH CJefi B Pa3BHTHH TEOPHH YHCeJ OCTa-
BHJ GpaHunysckuii mateMaTtHk Jlarpamxk (1735—1813), passuBmui
danpmie Metoin Jiijepa. JlarpaHxk paccMaTpuBaa BOmpoc O Mpex-
CTaBJIEHHH 4YuceJl B Brle OHHapHOH KBajApaTHYHOH ¢opMbl ax? -
+bxy+cy?, nokasan TeopeMy O MNPEACTaBUMOCTH 4YHCeJ B BHIE
CYMMBl YeTblpeX KBaJpaToB M NPOBeN CYIleCTBeHHble HCCJeNOBaHHS
70 TEOPHH HENpephiBHEIX Apobed.

Bonbitoe BAHsiHHEe HA JanbHefillee pasBHTHE TEOPHH YHCeJ OKa-
sann u paboret A, Jlexangpa (1752—1833) no Teopun Heompefe-
JIeHHBIX YDaBHEHH# BHICIIMX cTeneHeHl. JleXaHApP, MeXAYy MPOYHM,
Halllesl Takxe SMIHPHUecKYIo GOpMYJay AJs UHCJa MPOCTHIX YHCeN
B 3alaHHBIX mpefenax. Pa6orol Dinepa, .Harpamxa u JlexaHnnpa
co3gand 6asy ANsl UeJbHOH TEOpHH, NMOJYYHBIIHE MOo3ke y l'aycca
Ha3BaHHe TeODHH CpPaBHEHHH.

3aMeuatesibHble paGoThl HeMenkoro MatematHka K. Taycca
(1777—1855) uMesnn ocobeHHO GoJibIIOe 3HAYeHHe NJist BCefl TeOpHH
yucen. Pa6otel 'aycca no Teopuu cpaBHeHH#l 2-B CTeleHH NPHAAIH
eft 3akOHUeHHHIH BHJ, TaK YTO B HacTosllee BpeMs BCcs 5Ta o6nacThb
TeOpHH uuces 6asupyeTrcss Ha pe3yJbTaTax, U3JOKEHHBIX HM B KHHUTE
LDisquisitiones arithmeticae“. B sr10ffi KHuTe paccmarpHBaercs
TaKkKe TeOPHS KBaJpPaTHYHLIX GOPM, B KOTOPOH HM OBIIH IOJNYUYEeHbE
¢yHLaMeHTaJbHbe pe3yabTaThl. ['aycc Hapsigy ¢ u3yueHHeM OGHIYHBIX
UenblX YHCeJ HayaJl paccMaTpHBaTh Takke H apudMeTHKY 4Hcel,
MOJNYYHBIIUX Ha3BaHHE MeJHX TayCCOBBIX YHCEJ, & HMEHHO YHCesk
BHAAa a+bi, The a H b—oObIYHHE Lesble, DTH ero HCC/eJOBaHHUSA
TOJIOKHUJH Hauako ajare6paHuecKof TEOPHH UHCEN.
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Tlocne pa6or Taycca B Teyenuwe Bcero XIX Beka M Tenmeps,
B XX Beke, HCCIe[0OBaHMA MO TEOPHH 4YHCeJ HpHOGPeTalOT BCe
yBesuuupalomufics pasmax. Kpynnsie MateMatukn XX seka: kobu,
Jupnxae, KymMep, Yebnimes, Jluysuaib, dpmur, Kponekep, Puman,
Munkoscku#i, 3osxoTapeB H Jpyrie— paspabaTkiBaioT paaﬂoo6pasuble
npo6ieMbl TEOPHH YHCEJ.

B pa6Gorax Kymmepa (1810—1893) n Hupuxne (1805—1859),
pasBUTHIX  3arteM KpouekepoM  (1823—1891), J[emekuugom
(1831—1916) u E. U. 3onoraperniM (1847—1878), 6blya nocTpoeHa
Teopusi anrebpanyeckux uucesa, Paborn Jlnysuans (1809—1882) u
Spmuta (1822—1901) sBHIHCL OCHOBOH TEOpHH TpPAHCIUEHAECHTHHX
upceda,

B 1873 r. Opmuty yAasoch J0Ka3aTh TPAHCUEHAEHTHOCTh YHCA &,
a B 1882 r. 6blaa AoKazaHa TPAHCUEHAEHTHOCTb uYHcaa n (JIMH-
JeMaH).

Oco6enno Hano otMmeTuTb pabotel HJupuxae, I1. JI. Uebwiesa
U PuMaHa TO TEOpHH [POCTHIX WYHCEN, sIBUBLIHecs (DYHAAMEHTOM
BCell aHaJUTHUeCKOH Teopuu uHceJs. [lupuX/je BhmepBble HAoKas3an
CYyIIeCTBOBaHHe OGECKOHEYHOTO0 MHOXKECTBAa NPOCTHIX 4icea B apup-
METHUECKHX NPOTPecCHsX oOmiero BHAA H JaJ aCHMITOTHUECKHe
OLEHKH pPsifia BaxKHEHINHUX YHCJIOBBIX (DY HKUHH.

UpespniuaiiHO BaxKHOe 3HAUYeHHe HMMeloT paboTbl BEJHKOro pyc-
ckoro mareMarika I1. JI. Ye6mmena (1821—1894). UeGbimen mnep-
BB AaJ OfleHKY pocTa GyHKIKH &t (X), BEpaxaionlell YHCJIO NPOCTHIX
YHCeJ, MeHbIHX WM paBHhX X. Ero paboThl 1O TeOPHH NPOCTHIX
YuceN SIBJISIOTCS OCHOBOM s 1eJOoro pfAfa NOC/JAeAYIOIMHX HccJe-
IoBaHMi B 9TOH obaacth. B. Puman (1826—1866) man ocHoBHbie
HIeH HCMOJb30BaHUS (YHKIHHA KOMMJEKCHOrO NepeMeHHOro B TEOPUH
pacnpefieleHdss TPOCTBIX YHCEJ, W 3TH uied B paGotax Ajamapa,
Banne-Ilyccena u psja JApyrux MaTeMaTHKOB JasieKO npon.BHHme
3Ty TEOpPHIO.

Haupnas ¢ pa6or UeGniueBa, B Teopuy umces] GOJMBLIYIO POJb
cTamu urparb paGoThl PYCCKHX MAaTeMaTHKOB, Pa3BHBABUIHX TEOPHIO
yuceJ BO BCeX ee HanpaBleHUAX., KpoMe yxKe YIOMSHYTOro
E. H. 3omorapeBa, paspabaThiBABLIErO TeOPHIO LEJBIX ajareGpa-
YeCKHX umce], B NepPBYIO oyepelb HaJ0 OTMeTHTb pabotel A. A. Map-
Kosa (1856—1922) no TeopHM KBagpPaTHYHHIX GOPM H BBHIZAIOLIHECH
paGorel I'. @. Boponoro (1868—1908) nmo anaiautuueckoil Teopuu
uHceJ M TEOPHH KBaJpaTHYHBX (OpM.

XX Bex jan cylUECTBEHHBIE CABHTH B aHAJHUTHUECKOH TEOPHH
uMCeJl, Pa3sBHTHE KOTOpOH OHJIO CBS3aHO KaK C COBEPLICHCTBOBA-
HHEM YK€ H3BeCTHHX, TaK H OCO0EHHO € CO3ZAHHEM COBEPLIEHHO
HOBBHIX METOJOB.

B navane XX Beka 3. Jlangay, I'. Bop, anrnufickue martema-
tuku I'. Xapan n JIx. Jlutasyn, a sateMm E. Tutumapit, K. 3ureas,
A. Tle#iax, H. I'. Uypgaxo, A. Cennbepr u gp. noapo6GHO wuccJe-
JAoBanH pA3eTy-pyuxuuio PuMmana u L paam Jupuxae (cM, ruasb 33
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u 36), COBepUIEHCTBOBAJH TEXHHKY NPHMEHEHHS METOLOB TEOPHH
GYHKIHE KOMMJEKCHOTO NMEPEMEHHOTO K HCC/EXOBAHHIO pasHooGpas-
'HBIX TPOGJEM aHAJIHTHYECKOH TEOPHH WHCeJ.

B XX Beke cTaju Takxke NPHMEHSTbCS (F Beiiib) Tak Ha3bi-
BaeMble TPHFOHOMETDHUYECKHE CYMMbl, NpoCTelilllie H3 KOTOPHIX pac-
cMaTpHBaJiuch emle ayccom.

OcHOBHOe BJIHSIHHE Ha pPa3BHTHE AaHAJHTHYECKOR TEODHH UYHCes
okasagu pabGote M. M. BuHnorpamosa, riy6oko paspaGoraBuiero
MeTOoJi TPHIOHOMETPHUECKHX CYMM H CyMeBLIero ¢ IOMOWIBIO 3TOrO
MeTOfa pewWHTh pAA 3ajauy, KasaBLIHXCS JO 3ITOTO COBepIIeHHO
HelOCTYNHBIMH. [IpHMeHeHHe 3TOro MeTofa HalJIO CBOE pa3BUTHe
B pa6oTax meJsoro psjga matematnkoB: Ban KopnyTa, JI. Mopaeana,
I'. Jaseunopra, T.3ctepmana, Xya Jlo-rena, H. M. Kopo6osa u np.

B camble mocsiefHHe rofbl GOJIblLIHE YCIEeXH B aHAJHTHUECKOM
TeOpHHM 4YdceJ OblJIH JOCTHTHYTHl OGsarofapsi TJyGOKHM HAesaM,
BHeceHHbIM [O. B. JluHHHKOM. 2TH HleH COJMKAIOT HEKOTOpble
pasjesbl AHAJUTHYECKOH TEODHH 4YHCEJ C TeOpHEH BepPOSTHOCTEM.
Metoabl JIMHHHKA HallJH CBOe pasBHTHe B paboTax IeJsoH milestinl
€ro YYeHHKOB H B IeJOM 3HAYHTEJbHO YBEJHUHJIH BO3MOXHOCTH
npHMeHeHHs: L psnoB JlupuxJie K pasJHYHBIM Npo6jeMaM aHaJIMTH-
YeCKOH TeOpHH 4YHCeJ.

Hapsany ¢ MeTolIOM TPUrOHOMETPHYECKHX CYMM H TEOpHeH psjoB
[upuxsne B aHaJHTHYeCKOH TeopHH uuces HauyuHas ¢ 1918 r. Bce
B GoJiblLilell cTeneHH NMPHMEHSIOTCH 3JIEMEHTapHble MeTOJHI.

Meroxn spartocdeHnoBa peleta Obl1 paspaGotan B paborax Buro
Bpyuna, a gpyras pa3sHOBHAHOCTb pelllera B paGorax A, CenbGepra.
B nocnenymwomue rofel annapat Meroja peliera GblJl CYLIECTBEHHO
yCHJIeH.

CoBetckuit matematuk JI. I'. IllnupeabMaH B Hauasle TPHALATHIX
roioB paspabotas OOWHA MeTON H3YUYeHHUS AaJAWTHBHBIX CBOMCTB
nocliefoEaTebHOCTEH HATypaJbHHIX uHced. Waew, 3anoxkeHubie
B pa6orax JI. I'. llluupesbMaHa, He TOJIBKO NMPHHECTH €My ycnex
B pelleHUH Psfa KOHKDETHBIX 3ajay, HO H BHECJH B TEOPHIO UHCE]
HOBYIO MpoO0JieMATHKY, CBSI3aHHYID C aJAHTHBHBIMH CBOHCTBaMH
MHOX@eCTB HaTypaJbHbIX YHCEJ.

ITpoGnemel, BosHUKIUHe Ha 6Gase paGor llnupenbmana, paspaGa-
ThIBAJHCh B HccyefioBanuax A. §I. Xunuuna, I'. Mana, H. I1. Poma-
HoBa, I1, Dppéma u 1p.

H3 sneMeHTapHBIX MeTONOB HYKHO OCOGEHHO OTMETUTb paspabo-
TaHHBIA B KOHIE COPOKOBBIX rofoB Meton A. Cennbepra. B pa6o-
tax A. Cennbepra OCHOBHblE 3aKOHbl paclpefiesleHHsi NPOCTHIX
yucesJl B HATypaJbHOM DAY H B apHPMETHYECKHX MNPOTPECCHSAX
6biiM mosydeHnl Ge3 MpHMeHeHHsT TeOPHH (YHKIHH KOMIJIEKCHOTO
epeMeHHOTO.

Bombwue ycnexu B XX Beke ObliM JOCTHTHYTH B TEOPHH
1HohaHTOBHIX NPHUOMHXKEHHA H B TEODHH TPaHCHEHJEHTHHIX YHCEJ.
HoBble MeTOAB pOKa3aTesbCTBa TPAHCHEHAEHTHOCTH IIMPOKHX KJiac-
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cOB uHceJs 6biH pa3paboTaHel coBeTckuM MaTeMaTHKoM A, O. Teanb-
(OHZOM H HeMeUKHM MareMatHkoM K. 3uresem.

BonpocH annpoKCHMauHMH anrebpaHyecKHX YHCeJ pPalHOHANbe
HBIMH OBJIH cYLIeCTBEHHO NIPOABHHYTH B HauaJse Beka A. Tya, a 3ateM
B NATHAECATHIX rosax B pa6orax K. Pora. 2t HcciefoBaHHSA
[O3BOJIMJIM HM3YUHTb YHCJO pellleHH#i HEKOTOPHIX HeompeleieHHHX
ypaBHeHHil BucHIMX cTeneHell. O6uue Bompoch AHO(AaHTOBRIX NpPH-
GauxeHuil paspabGaTeiBajuch B paGotax A. SI. XuHumHa.

B nocnexnee BpeMs Bce GoJiblliee BHHMaHHE CNENHAJHCTOB 1O
TEOPHH UHCEJ NPHBJEKAaeT aarebpanuecKasi TEOPHS UHCEJ.

3nech Hajo Ha3BaTb paGotel I'. Xacce, E. I'exke, a B ocobeH-
HoCcTH (ppaHIysCKOTO MaTeMaTHKa A. Beilnsi, pesysbTaThl KOTOPOro
ObLJIH HCIOJIL30BAHH! BO MHOTHX TEOPETHKO-UHCJIOBHIX HCCJIEN0Ba-
Huax, kak nanpumep Jl. BeppxkeccoM B mpoGieMe o HaHMeHbIEM
KBaJipaTHYHOM HeBHIUETE.

K axre6panueckoil TeOpHHM uHCeJ OTHOCATCA M HHTEpPeCHbIE
pabotel coBerckoro Martematuka M. P. IlladapeBuua, a Takke
paGorel B, H, [lenoHe N0 TeopuH KyOHUeCKHX (POPM.



rT1ABA 1
OBI{HE OCHOBbI TEOPHUH YHCEJI

1. MHO)KECTBA C OMEPALH IMH

BrickassiBaHHST ,,M —MHOXKeCTBO, a-—3JIeMEHT MHoxecTBa M“
(3anmucuiBaeTcst @ € M) paccMaTpHBAlOTC Kak OCHOBHLIE, He Tpe-
Oyiomue omnpenesJeHHH HJIH KaKHX-JIHO0 nosicHeHHH, OGHYHO HaM
TNPHIETCS HMeTb Je/I0 ¢ MHOXKEeCTBaMH, B KOTODHIX ONpefesieHa HEKO-
TOpast onepamnus.

Onpenenenue 1. Lydem ecosopums, umo 8 mroxecmee M onpe-
OeseHa Hekomopas onepayus™, ecau YcmaHoBAeHO Coomsemcmsue,
npu Komopom Kaxcdol nape sremenmos a € M u b € M conocmas-
Asemcs  Hekomopetli onpedenrenHolli sremenm ¢ € M, Hasvisaemeili
pesyrvmamom onepayuu Had a u b.

TakuM o6pasoM, cor/iacHo 3TOMY ONIpeJeleHHIO 3ajaHHe Olnepa-
IHA O3HauaeT B CYIHOCTH 3ajaHHe (YHKIHH [BYX apryMeHTOB
f(a, b), onpenenenHoii mast Bcex a u b, BXogsfiux B M, 3HaueHHS
KOTOPOH TakXe TpelCTaBJifAlOT coGOH 3jeMeHTH 3TOTO MHOXeCTBa.

B GoabuinHCTBE C/yuyaeB Mbl OyfieM HMeTh JeJO C MHOXKECTBAaMH,
IJ1sT KOTOpBIX oOTpelelieHbl JBe OMepalHH: CJAOKEeHHST H YMHOXKEHHs.
Bynem, Kak 310 0o6menpHHATO, Pe3yAbTAT CJOXKeHHS a4 H b Hasw-
BaTb CYMMoOH cJlaraeMelX ¢ ® b M 3anucelBaTb B Bule a-+b, a
pPe3ynbTaT YMHOXEHHSI Has3hBAaThb NPOU3BelcHHEM MHOXKHTeNeH a U b
H 3amnHCBIBaTh B BHIAe ab.

Bynem cunTaTh 3HAKOMBIMH YHTATEJNIO TaKHe OCHOBHBHIE MaTeMa-
THUeCKHe NMOHATHSA, Kak ,rpymnna“,  aijAuTHBHAast rpynmna“, ,LKoJblo“,
Hogae“, Kak o6biuHO, KOJbIO HA3HBAaeTCH KOJBIOM C JAeJHTeJSIMH
HYJf, €CJH B HEM CyImecTByeT XOTsi Obl OfHa mapa 3JeMeHTOB
au b, takux, uto az%0, b=%=0 u a-b=0. Koabo HasmBaercsd
KoJblioM Ge3 peauTeNell HyJas, ecqH HNf JHOOBIX JABYX €ro aJe-
MeHTOB @ H b, Takux, uto a0 H b=0 Oyger Takke ab=0,

* Bo BceM AajbHefilleM pacCMAaTPHBAIOTCH TOJBKO TaK HasbBaeMhwe GHHapHHe
onepanHy, T. €. ONepauuy C ABYMA 3JIEMEHTaMH,

15



A A Y

ST 2, YHCTIA

. CuHTas H3BeCTHHIMHM UHTATeJIO pa3jiHiHEe KJacch 4HCed, pac-
CMaTpHBaeMble B 3TOH KHHIe, a UMEHHO: UHCJa HATYpaJbHble, LeJble,
panHoHaJbHbIE, JeHCTBHTeNIbHLIE, KOMILJIEKCHEIE, MBI He GyJeM faBaTh
onpejeJieHHs! COOTBETCTBYIONIHX MOHATHH H 0GOCHOBBIBATb IeHCTBHSA
HaJg HuUMH. B 31O raaBe Mbl OorpaHHYAMCH TOJNBKO MNepeyHCTIeHHeM
OCHOBHHIX MOHATHH, onepanmuHid H TeX HX CBOHCTB, C KOTOPLIMH MBI
6yieM BCTpedaTbCs B KHHTe.

Harypanbuuit psa uucen 6yzner, Kak oObYHO, 0003HAUaTbCs
B Bume |, 2, 3, 4, ..., a OoTHeJbHbe €ro 3JeMeHTHl — Ha3bIBATHCA
HaTypajibHBIMH 4HCAaMH. HaTypaabHblll psax uuces obaajaer cJje-
IAYIOILHMH OCHOBHBIMH CBOHCTBAMH, Ha3blBaeMbIMH aKCHOMOH HHIYK-
MM H akCHOMOH Apxumeja.

AKcHOMa MHIYKUHH. Ecau nekomopoe MHOMCECMAO HAMYPAAbHOLX
yucen codepacum eQuuuyy U eMecme ¢ KAiCObM HAMYyparbHboIM 4ilc-
AOM, 8X00RUUM & Heco, COodepicum caedyroujee 3@ HUM, MO OHO
co0epacum 6ce HAMYParvHbie LUCAA.

AkcHoma Apxumena. [as aoboix Hamypassholx 4uces a u b
cywecmeyem HamypaibHoe 4ucao ¢, maxoe, 4mo bc>>a.

CyMMa B npoH3BeleHHe IBYX HaTypajbHHIX 4YHCeJ-—(GYHKIHH
ABYX apryMeHTOB, onpeleneHHble BO MHOXECTBE HaTypaJbHbIX YH-
cen. Mol He OyneM HamoMHHaTh OOIieH3BECTHHIE CBOHCTBa onepa-
UMd CJOXeHHS H YMHOXEHHs, a TakXke onepaliMii co 3HakKaMd Hepa-
BEHCTB.

PacnpocTpands moHSITHS CYMMBI M NMPOW3BEJeHHS Ha NpPOU3BOJIb-
Hoe lmc.no c.naraeMbe H MHOXHTeJsel, pacCMaTpHBaeM BbIPaKeHHs

BHIA Za u H @;, B YaCTHOCTH, NPH @y =Qy,=...=0a,=a [0-
i=1 i=1

clleiHee IMpoH3BeleHue o6o3HauaeTcss B BHAe a° M HasblBaeTcs
s-d cTefleHbio uucyia a. IlpousBesenue ab MOXHO paccMaTpHBaTh
Kak CyMMy a¢-a-...-+a, B KoTopoll 4HCJO CjaraeMblX paBHO b,
HJIM Kak Ccymmy b-+b-4...-+b, B KOTOpoi uuc/O cJaraeMmeix
paBHO a. Kaxjgoe uuc/l0 Mbl paccMaTpuBaeM Kak CYMMY, COCTOS-
HLYIO M3 OJHOrO CJlaraeMoro, ¥ NMpoH3BeJeHHE, COCTOsIee H3 OJHOTro
MHOMKHTEJISA . )

C nOMOIIbI0 HATYPAJbHBIX YHCEJ Mbl MOXKEM CYMTATh MpeiMeThl,
T. €., BhIOUpas NMOPsNOK CJeJOBaHHf, MPUNHCHBATL COOTBETCTBYIO-
Y0 4YHCJOBYIO XapakTEePHCTHKY OTHEJbHBIM 3JIeMEHTaM JII060ro
KOHEYHOro MHOMXKecTBa. BMecTe ¢ TeM HaTypaJjbHble YHCJA MO3BO-
JSIOT NPHAABaTh ONpefielieHHble YHCJOBbIE XapaKTePUCTHKH KOHed-
HbIM MHOMKECTBaM B II€JIOM, NPHIHCHIBAS BCeM MHOXECTBAM C OJH-
HAKOBBIM UHCJIOM 3JICMEHTOB OJHY H Ty e YHCJOBYIO XapaKTepH-
cTHKY. Jlng HaTypaJbHOrO Psija UHCEJ, IMOJAbL3YSICh aKCHOMOH
MHAYKUHH, IOKasSHBAIOTCS CJelyiolHe TeOpeMbl.

Teopema ‘1. Bcsxoe nenycmoe noamuoorcecmeo HAMYPArbHOLX YUCer
Codepacum Raumerbiuee. 4UCAO.
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Teopema II. Bcsakoe Konednoe nNOOMHONCECMEO HAMYPANbHHIX
duces codepocum naubosvuiee 4ucao.

Teopeua I, Ecau ussecmuo, 4mo Hexomopoe ymeepycoerue:
1) eepro ‘828 1; 2) u3 npednonosenus, 4mo ymeepicdenue 6epHO
npU HEKOMOPOM N, guimexaem, 4mo OHO 6epHO 048 n--1, mo smo
ymeepacdetue 6epHO Oafl 6CeX HAMYPAAbHYIX HUCeR.

Teopema IV. Ecau usgecmuo, 4mo HeKomopoe ymeepola?enue.
1) eepro 043 HamypassHozo wucaa a; 2) U3 npeonooXceHus, 4mo
ymeepycOenue 6epHO 048 6CeX HAMYPAAbHbIX wuces K, maxkux, 4mo
a<< k<<n, evimexaem, 4mo ymeepscOerue 6epHO OAfL N, MO Ymeepoxc-
denue gepHO 0asL 6cex HAMYypaabHolx 4duces k= a.

Ecan yrtBepxiaenue cdopMyJHpoBaHO B TEPMHHAX, HMEIOUIHX
CMBICJI TOJIbKO IJIs HaTypaJsibHHIX 4YHCeJ, He MpeBocxozAmux N, To
n3 noceuiok 1) u 2), rme n<c N, crelyeT ClpaBeAJHBOCTb YTBEDK-
JIeHHs1 JJisl BCeX HaTypajbHBIX YHCeN B, TaKHX, 4T0 a<<k<<N.
Mbl He GymeM NPHBOAHTb [0KA3aTelbCTBA 3THX H3BECTHBIX TeOpeM.
JlokasaTenbcTBa, B KOTOPHIX HCIOJB3yeTCs AKCHOMA HHAYKUHH HJIH
ogHa u3 Teopem: IIl wmam 1V, Mbl 6yJeM HasbBaTb J[0Ka3aTeJbCT-
BaMH METOJOM MaTeMaTHuecKOH HHAYKUUKR (MHAYKUHSA [0 n).

Hns gByX MHOMeCTB C OJHHAKOBBIM YHCJOM 3JIEMEHTOB HMeeT
MeCTO OOWHMA NPHHIHN, KOTOPbLIH Mbl CcHOPMYJHpYyeM, HasbiBas
YCJIOBHO 3JIeMEHTH OJHOTO MHOMeCTBa ,SAIIHKaMH®, a BTOPOro —
HIPeAMeTaMH", DTOT nOpUHUHMN Mbl OyJeM HasbBaTb ,IPHHIHIOM
AMHKOB®,

Teopema V (,npunuoun gmuxos®). [ycme umeemcs uexomopoe
4ucao  Aujuxkoe” w  npedmemos”. Ecau useecmwo, umo: 1) xaocdolld
npedmem AexHUm 8 KAKOM-mo AujuKke; 2) HU 8 O00HOM AujuKe He
sexcum 6Gosee 00Ho20 npedmema; 3) 4UCAO npPEOMEMO8 PABHO HUCAY
AUUKO8, MO 8 KAXcOOM AuyuKke Aexicum O0OUH U MOAbKO 00UH npedmem.

HokasateabcTBo., O6G03HAYHM YHCJO SIUKOB Uepes M.

Ilpn n=1 yTBepxKIeHHe OYEBHIHO.

Bo3sbMeM n > | u npelnoJioxHM, 4TO XOTS Obl OfHH AMUK MYCT.
Torpa (ycaoBus 1 w 3) B ocrajbHHX n—1 ALHKAX JEXHT n Opel-
METOB, a 3T0 NPOTHBOPEYHT TOMY, YTO B H—1 smMHKax MOXeT
Jexatbh (ycjosue 2) He Gosee n—1 npenmeta, Ilpeanonoxenne,
4T0 XOTA Obl OJMH SIUMK INYCT, IPHBEJO HAC K IPOTHBOPEUHIO;
3HAYUT, BCe SAMWMKKH He nycThl. IJoCKOJMBKY cCOrJlacHO ycJOBHIO 2
B KaXKJOM SIIHKe JeXUT He OoJjiee OJHOTO MpeAMeTa, TO Mbl H
nojyvyaeM, 4TO B KaXJOM AlIHKE OJIHH H TOJbKO OJHH

1peJMeT.
Onpenenenne 2. [Tycmo mot umeem n muoscecms M, M,, ..., M,.
Komnaexcamu u3 sremenmos smux muoxcecms Gydem Hasvi6amo MHO-
acecmsa ((ay, ay, ..., a,)), 20e a,, a,, ..., Q,—3LeMeHMol, 63AMble
max, umo a, € M;, a2 EM, ...,a, €M, nputtem 86100p SAEMEH-
moe moaicerr: 6birmb noGHUHER U KEKOMODOIM OONOAHUAIEAOHOIM YCAOBUAM.
B ugacrtHocTH, MHOXkecTBa M, M,, ..., M, MOryT coBnajatsb,

H TOrAa KOMNJEKCH NpeACTaBJAlOT co0off 3aHyMepoBaHHble, HaGOpHI
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H3 S5JEeMEHTOB OJHOrO H TOrO I}Xe MHOMKeCTBa. IJIeMeHTH d&;, BXO-
JAmHe B KOMIJIEKC, OyleM Ha3blBaTh 3AEMEHTAMH KOMIJIEKCa. -

IlBa xomnnekca ((a;, a,, ..., a,) " ((by, by, ..., b,)) Gynem
CUHTAThb PABHEIMH TOTJA M TOJbKO TOrAa, KOrma a;=b,, a,=b,, ...
..., a,=b, Komnnekc u3 naByx ssemeHTOB ((g;, @,)) OGBLIYUHO
Ha3bIBAIOT NapoH.

- Teopema VI. Ecau snemenm a, mosicern Goime eoibpan s, cno-
cobamu, aremenm a, eolbpan s, cnocobami u m. 0. 00 3remenma
a,, Komopuil moxcem Ovime evtbparn s, cnocobamu, mo KomMNAeKc
((ay, a,, ..., a,)) moxmem Goime 6ol6pPAH §;-Sy-...-S, CHOCOGAMU.

IIpu n=1 ytBepxkaeHHe TpuBuaabHO. IIpH n =2 yTBepkKueHue
CHpABEVIHBO, TaK KAaK YHCJIO KOMIJNEKCcOoB ((a,, a,)) moJayuaercs
PaBHHIM cyMMme S, -+ ...-}s,, rlle UACJIO ClaraeMbHiX paBHO S,, T. €.
MBI JeHCTBUTEJBLHO NMOJYyYaeM S-S, KOMMJIEKCOB. AHaJIOrHYHO JOKa-
3BIBAETCSI, YTO €CJIH YTBEpXKJEHHe BepHO MJIS 7, TO OHO BepHO H
Aas n--1, ¥ TOrJa COTJACHO IPHHUIUNY IOJHOH MaTeMaTHYeCKOH
HHIYKLUHH 3TO YTBepXKICHHE BepHO I/ BcexX n==1.

Teopemsl I, Il u IV crnpaBeasuspl A1 MHOXKeCTBa LeJNHIX HEOT-
pHIATENIBHBIX 4YHCeN, eciM B HX (OPMYJHPOBKAX 3aMeHHTb CJIOBO
»HATYPaJbHBIA" CIOBaMH ,le/Ibi# HeoTpHUATENbHBIH". YTOpsaLoueH-
HOe KOJIbLO BCeX LeJblX YHceJ HaM NpHAeTCsl 0coOeHHO 4acTo pac-
CMaTpHBaTb B Ka4ecTBe OOBEKTa H3yueHHs B 3ToHl KHHTeE.

Kak u3BecTHO, Bce YHC/IOBBHE KOJbLA NPEACTABISIOT COO0H KoJbLA
6e3 jgenHTesell HyJs, NOITOMY IJS1 MHOMKECTBA LEJHIX HHCEJ Crpa-
BeJJIHBA TeopeMa,

Teopema VII. Eciu ak=>bk, 20e a, b u k (k%=Q0)—yesie
yucara, mo a=y>=.

MHoXecTBO LeNBIX YHCeJ AHCKPETHO, 4 HMEHHO HMeeT MeCTO
cllefylomasi Teopema.

Teopema VIII, IIycms a u b—uyeavie wucsa u a>>b, moeda
a=b-1.

Paccmarpusas cTenmeHM UeJBX YMCeN, MBI, IO ONpPENENEHHIO NPH
as=0, cuntaeM a’=1.

OcHOBHYIO poJib BO Bcell apH(MeTHKe MelbIX YHCEN HMeeT Teo-
pemMa o JeJieHuH. ‘

Teopema 1. [Jas awboz20 yenrozo a u yeaozo b >0 cyuwjecmsyom,
u npumom eQuncmeennsle, yesvle ¢ u r, maxue, 4mo a=bqg-r,
O0<<r<Cb. :

Yncno ¢ Ha3LIBAIOT TOJHBIM HJM HENOJHBIM 9acTHRIM, B 3aBHCH-
MOCTH OT TOrO, PaBHO JIH r HYJIIO HJIM HeT, r Ha3blBaioT OCTATKOM
OT NleNleHUst a Ha b. :

JokxasateanbctBo. BosbMeM uucia:

b-1, 5.2, 53, ... (1

[Tpu a=0 paccMorpuM -MHOXecTBO M Tex uucen B (1), Koro-
pHe Gosbmwe, dem a. CornacHo akcuome Apxumena M me mycro,
a, cheloBatenbHO (Teopema 1), Bo MHOXecTBe M JNOMKHO GHiTb
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HaHMeHbIIee UHCJIO, KOTOpoe Mbl 0GO3HayHM uepes bs". OGozHauuM
Yepes § UHCJIO, HA eJWHHNY MeHbilee, ueM s'; Toraa s+ 1=s" &
bswa<<b(s+1).

IMpu a<<0, —a>0 M MOXeM B3ATb MHOXKecTBO M Tex
yucea us (1), KOTopble GoJbie, YeM —a, HIH paBHbl —d, H 060-
3HaYHTb Yepes bf’ HaHMeHblllee M3 HHX; Torja mpH {=1¢—1 Oyzer
bt <—a=<b(t+1), tag uto

b(—t—1)<<a<<b(—o).

Mbl BuauM, YTO BO BCex cayuasx Aas a u b(b>0) cyuecTByer
Iles0e ¢, Takoe, YTO

, bg<a<<b(g+1). @)
O6o3Hauas uepes r pasHocTb a—bg, U3 (2) moayuyaeM
r=a—bg<<b(g+1)—bg=b u r=0,

Tak u4T0 a=bg+r, 0<<r<Cb.
JlokaxkeM Tenepb €IHHCTBEHHOCTb TakHX ¢ H r. IlycTsb

a=bg+rua=>b¢ +r, rne 0<r<<b; 0<<r’' <<b.

IlpexamosoxuM cHayaja, uTO r'>>r; TOTAA bg-+r=>bqg +r’,
r'—r=b(qg—q’), tie 0<<r<<r'<<b, Tak U0 0 <<r'—r<<b, ¢g>q"
H, cyenoBarenbHo (teopeMa VIII), g=q'+1, T. e.

r'—r=b(q—q’)=b.

Mbl MONYYHJIH MIPOTHBOPEUHE C TEM, UTO NEPeS STHM HMeNH r' —r < b,
Tousno TaKHM K€ MIYTeM MbI [10JY4aeM NPOTHBOpEUHe, NPeANOJIoKHB,
uro r>r’, T. e, XoaxHo Oblth r'=r, u Torga b(g—q’)=0; a
nockoasky bs<0, 10 g—¢q'=0, ¢'=q.

Onpenenenne 3. Ilycms a u b(bs=0)—uyenvie qucra. b rHasvl-
saemca OJeAumenem @, €CAL CYWECMBYEM YeA0e 4UCAO q, MAKOE, 4Mmo
a=>bg. B amom cay4ae a nasuleaemca KpamHoim by a g—4acmubim
om OeneHus a Ha b.

CoorHowleHHe «b Aenutedb a» Mb OyneM 3anHCHIBAaTH A Kpart-
KOCTH B BMJe b|a, H 3Ta 3alHCb BCerja CONEpPKHT B cefe mpexamno-
JoxkeHHe, 4T0 b0, Ecau ke b He aABAdercs AeJuTes]eM @, TO MbI
6ygeM nHucatb b4 a. lenutenb HasbiBaercsi COGCTBEHHBIM, €CJIH OH
OTJIHYEH OT CaMOr'0 UHCJA,

Teopema 2. IIpu b>0 b ssasemca Ogaumenem a mozda u moabKo
moeda, xoz6a ocmamok om Oearenus @ Ha b pasex Hyo.

Ilo KaszaTteabctBoO. [Iycth a=bg+r, O0=<r<b.

1) Ecan r=0, T0 a=bq u b|a.

2) Ecan b|a, to cymecTByer ¢’ Takoe, uto a=bq’, H B cHJY
TeopeMbl 1 0 € HHCTBEHHOCTH NpeACTaBJleHui a B BUAe a-bq—i—r
noayauM ¢=gq’, r=0. :

‘3anvmeM’ psj NPOCTHX TeOPEM O AeJIHMOCTH.
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Teopema 3. ﬂ/m 106020 YeA020 a=,é0 umeem ala (ped).nexcnn-
HOCTb OTHOLIEHHA AEeJHMOCTH),

JokasaTeascTBO, a=a-l.

Teopema 4. [laa 106020 yeno2o a umeem 1]a.

HokasareabcTBoO, a=1-a.

Teopema 5. Ecaub|a, mo npu aobom couemanuu 3naxos == b| 4 a.

HokasaTenbcTBo. Ecaum a=bg, 10 a=(—b)(—q),
—a=>b(—q), —a=(—b)g, rie BMecTe C ¢ 4YHCJO —g TOXe€
ueJoe,

Teopema 6. Ecau c|b, b|a, mo c|a (TpaH3UTHBHOCTb OTHOLIe-
HHS JIeJIHMOCTH).

HokasartennctBo, Ecnu a=bq,, b=cq,, tie ¢, H q, le-
Jble, TO a=cq, TAe §=q,{, TOXKEe IeJoe.

[Tpumeuanue H3 TeopeMu 6 HeMocpeACTBEHHO caeayer, 4TO, €CIH C|b,
cka, 0o bka

Teopema 7. Ecau bla, mo npu awbom yeaom k=0, kb|ka.

JokasarensvctBo. Ecnu a=bq, 10 ka=(kb)q.

Teopema 8. Ecau kblka, k=£0, 10 b]a.

HlokxasareabctBo. Ecau ka=kb-q, rae k#:O TO COTJIaCHO
teopeme VII a=bgq.

Teopema 8. Ecau bla, mo npu awbom yeaom ¢ bjac,

HokasateabctBo. Ecau a=bq,, rae ¢, uenoe, to ac=bgq,
Tlle g==cq, TOXe UeJoe.

Teopema 10. Ecau cla u c|b, mo cla+b u cla—b.

HlokasatenbctBo. Ecau a=cq,, b=cq,, rie ¢, H g, ue-
nvie, To a+b=cq, rae.q=¢q,+ g, nenoe. Auanornuno a—b=cq’,
rie q’——ch—-q2 enoe, ’

Teopema 11. Ecau cla,, c¢|ag, ..., clay by, by ooy b,
aobsie yeavie, mo clab,+a,b,+ ... +ab,.

L[oxasaTe.anTBo Ecnn clal, clay, ..., cla, TO, NpH-
MeHs A TeopeMbr 9 1n 10, no.nyqaeM nocJieloBaTteNbHo ¢l a, by, c]a2 3
.., c{a w Clab,4azb,, cla b, +ab,4-ab,, ..., clab+-

+azb +. . dab,.

MMpumMeuanne. Y3 sroit TeopeMbl HENOCPENCTBEHHO cJeRyeT, 9TO €C/IH

clay ....clap_y1, bl, veey by_yq, by MOGHIe Heable B ¢ X (@yby+ ... +ag_1bp_1F
+a b,,) TO c X ad,
Teopema 12. Ecau b,|a,, b,la,, ..., b,la, TO by-b,
oglaya, . ay.
HokaszatenbcTBO. Ecau a,=b,q9,, ay=0,9,, ...,a,=b,q,,

rae Bce g; Lesble, TO a,a,...a,=bb,...b,q,T0eq9=44,...q, TOXKe
nesoe.
Teopema 13. Ecau b|a, mo npu robom yerom n =0 umeem b"|a”.
,U,oxasaTe.nI:CTBo Eciu n=0, to 1|1, a npu n=1 umeem
YacTHBIA caydyall npeAbiiyileH TeopeMHl, Tjhe @, =...=4,=0a H
by=...=b,=b
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Teopema 14. s /uo6b¢x qe/mx yucer a=1u g>1 npu Hexo-

mopom s=0.
1) Cyuwjecmsyem npedcmasserue a 6 euae

a=Ccg +Cs-1gs—1+--- +Clg—|-€0, ) (3)

20e O0<<cycg—1 npu ecex i=0,1,...,s—1 u0<c,<<g—1;

2) npu 3a0aHHOM g U HOAMOMEHHOIX HA Heable ¢; YCA0BUAX nped-
cmasienue a ¢ eude (3) edurcmeenHoe.

HdokasarteabcTtBo. 1)CymecTBOBaHHe., BosbMeM moboe
g> 1 ¥ mpHMEHHMM MeTOJ MaTeMaTHYeCKOH HHAYKIHH,

IIpu a==1, B3aB s=0, ¢,=1=<<g—1, nonyuaeM paBeHCTBO (3)
B Bule l=c,. [lpennonoxuM, uTo paccMaTpHBaeMble NpeAcTaBJe-
HuA (3) MMelT MecTo AJs BCeX HATypaJbHbIX YHCEN 4, MEHBIUHX,
yeM n, CorjacHo TeopeMe | Ans n U g MOXKHO HalTH lenble HEOT-
pHUATeJbHblE HHCJAA A, H ¥, TaKHE, YTO

n=gn+r, O<r<g—L.
Jlerko Buaerb, uTO n, < n. HefcTBuTesbHO, ecau Gbl GBI 1y = 1,
TO, NMOCKOJMbKY g>>1, r =0, Mbl uMenu Obl n=gn;+r > n.

PaccmoTpuM JiBa BO3MOXKHEIX CJyyas:
a) Ecan n, =0, T0 n=r, T. e. paBeHCTBO (3) OCYILIeCTBJIAETCA

npH s=0, ¢,==r.

6) Ec.rm ny=1, 10 l<<n,<n, H COTrNaCHO NPEANOJOKEHHIO
O CyHleCTBOBaHHMH NpeAcTaBJeHHs (3) AJaf Bcex 4YHCeN a=<n, T. €.,
B 4YaCTHOCTH, W JJf n,, HMeeM:

ﬂ1=rtgt+rt_1gt—1+...+fo
IPH HEKOTOPOM t u O<sri<<g—1 (i=0,...,¢), r,>0. Toraa
n=gn, +r=rg* +r,_g+...Frg+r,

T. e. npeicrasjeHue (3) ocyllecTBasieTcs Npu s=1t--1, ¢,=r,,...,
€, =Ty, Co="r. COrjacHEO NPUHIHUNY MOJHOH MaTeMaTHUYeCKOX HHAYK-
nuu (TeopeMa IV) cyllecTBoBaHHe paccMaTpUBaeMblX NpelcTaBJAeHHU
JIOKa3aHo AJs BCeX HATypasbHBEIX 4Hcel.

2) EpuscTBeHHOCTb. Ecin

a= sg‘+.-.+clg+co=05g‘+...+01g+cc'., (4)
Tlie Bce c; U ¢; Takue, uto O0<<¢;<<g—1, O0<i<<g—1, ¢,>0,
¢t >0, 10, 3anucas (4) B BHJe:
a=g(g ... o) teo=gcig ... o)+,
MBI 10JIyYaeM DaBEHCTBO ABYX MpeAcTaBJeHHH a BHja:
' a=gg+r, O<sr<g—1.
CorniacHo TeopeMe | 5TO BOSMOXKHO TOMBKO NpH
Co==Co, Oy==Cg* '+ ...+c; =cg'" " ... +¢,.
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TIpoBonst AMA @y TO e PACCYXKACHHE, MONyTaeM ¢, =0y, 3aTeM
‘€;=C;, U T. &, Temepp JI€rKO BHJETb, 4YTO S=/{. lIeHCTBHTeJIbHO
ecau, Hanpumep, OblI0 6bl s<<#, TO, MOJYYHB Cy==Cy» C3==C},--:»
C4=Cs, MBI MOTJIH Obi- COKpaTHTb OO0e uacTH Ha ofmpe CJjaraeMbie
Cop» 18, « ., Cg° H, TOCKOJBKY ¢; >0, moaydunn Gul B npapo@ 4a-
CTH (4) NOJIOXKHTEJNBHYIO BeJHYHHY, PaBHYIO HYJIO.

Onpenenenne 4. Ilpedcmasienue a 6 eude (3), 20e npu scex i
O0<<c;<<g—1 u ¢, >0, Haswibaemca npedcmasnenuem YUCA 6 Cu-
cmeme cducrenus ¢ ocrosanuem g. Hucaa ¢, ¢,_q, ..., C, HazvI8Q-
omes yuppamu wucra a.

JIlns KpaTKOCTH BhIpaeHHe (3) 3aNHChIBAIOT TaK: & = C,C,_; . .
WK Jaxe TPOCTO CCs-y ... Co

Konbuo uenbix qucest paccMaTpHBaeTCst Kak NOANOJE MOJS PaLuo-
HaJIbHBIX YHceJl. PanuoHaJbHble YHC/Ia Mbl 6y/leM 3anmuCchIBaTh B BHAE

%, rhe a 4 b>=1 neane, 1. e. dakTHuecKH GyAyT paccMmaTpu-

BaTbCH KaK Napa UeJblX YHCeJ, Y KOTOPbIX 3HAMeHaTeJb BCEraa
HOJIOIKUTEJEH,

YnopsiaouenHoe moJie AeHCTBHTENbHEIX YHCeN He ABJsieTcs o0bex-
TOM CNelHaJbHOTO H3ydyeHus: B 3To#l KHure. Kak yxe oTMeuajoch
paHbllle, BO BBEIAEHHH, TEOPHS UHCeJ H3Y4YaeT TOJbKO BOMPOCH,
CBsI3aHHBlE C apudMeTHUYECKOH NPHPOROH AEHCTBHTENbHBIX YHCEJ, a
HMMEHHO Takue BONPOCHI, Kak, HanpHMep, CYylecTBOBaHHE ypaBHe-
HHSl C IeJBIMH KO3(b¢hHIHeHTaMH, KOPHEM KOTOPOTO SIBJIIETCS JaHHOe
JleficTBUTEIBHOE YHCJIO, NPHOIHIKEHHE NefiCTBHTEIbHBIX YHCEJN PalHO-
HaJbHBIMH H T, I,

IeficTBUTeIbHBIE YHC/a MBI GYAeM OOGHIYHO 0603HauaTh GyKBaMH
rpeveckoro aiapasuta o, P, Y, ..., HO HHOTAA, KeJjash NORYEPKHYTh
TO, YTO BEeJHUHMHA pacCMaTpPHBAeTCsl KaK NepeMeHHast,— MOCJAEAHHMH
6YKBaMH JaTHHCKOTO andaBHTa X, Y, ... .

ByseM cuutaTh H3BECTHBIMH IOHSTHA CYMMBI, [TpOH3BeXEHHS,
PAasHOCTH, YACTHOTO, CTENeHH NeHCTBHTeNbHBIX uucesa. Kak ofbiyHO,
OycTyio cyMMy OyjieM CUHTaTh paBHOH HyJiO, a mycToe NpOH3Bele-
HYie —pPaBHBIM eJHHHUIIE,

Hmes B BuAy HHTepNpeTAlHIO NeACTBUTEJNBHHIX YHCEJN HA YHCJIO-
BOH ocH, Mb! 6yJieM JefiCTBHTEbHbIE UHC/IA HHOT/A Ha3biBaTh TOUKAMH.

Monyab, unn, Kak HHade roBOPAT, a06COMIOTHAS BeJHUHHA, AeficT-
BHTEJbHOrO 4ucia o ofo3Hadaercst |o | u onpenensercs GopMynaMu:

.Co»

{ o 1npH a=0,
o= —a npH a<<O.

Hna Monyneft npHUMeHSIOTCH H3BECTHble COOTHOIIEHHS:

s
da
i=1

< 2lal 5)
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L] T8
Ilei|=ITal, (6)
i=1 (=1
cnpaBelJiuBHE NpPH MoGOM s, T, e. NpH JoOOM UHCJE CllaraeMbixX
B ¢opMyJae (5) u MHOXuTesel B popMyne (6). OcTaHOBHMCH, B 4acT-
HOCTH, Ha HEKOTOPbIX BaXKHEIX CBORCTBax MOAYJ/eH INeabiX YHCell.

Teopema 1X. Ecau a—uyenoe wucao, ne paswoe 0, mo |a|= 1.

Teopema X. Cpedu yeavix uuces, modyss KOMOPLLX MeHbuie, HEM
m, moavko 0 Jeaumcsa nHa m.

Bo MmHOkecTBe umesblX uHces HMEET MECTO TeopeMa, aHaJorHYHas
Teopeme 1.

Teopema 1’. Bcakoe Henycmoe nodmmuoncecmso uervlx Hucer co-
Oepacum HauMeHbuiee no A6COMOMHOL BeAULUHE YUCAO, NPULEM MAKUX
Haumenowux no - abcosomuotl Gesudure 4uces moxcem Ooimo Au60
00Ho, aubo dsa.

3. MOCJEROBATEJILHOCTH. ®YHKUHH

ByzeM cuHTaThb H3BECTHHIMH YMTATeJIO He TOJbKO OCHOBHBIE MO-
HATHA anre6pbl H MareMaTHYeCKOro aHaJH3a, HO M BaxkHEHIIHe HX
csoiicTBa. Cpean TaKMX NOHATHH y Hac GyAyT BCTPedaThbCsl NOHATHA:
HHTepBajla, CerMeHTa, I0CJeJOBaTEeJbHOCTH, CUETHOrO MHOKECTBa,
KOHTHHY yMa, npejiefia, HeMpepHBHON GYHKIMH, OrpaHHYEHHOH PyHK-
IMH, Jorapudma, cCHHyca, MHOIOYJIeHa, KODHsl MHOrOYJIeHa, MHOTO-
YjileHa HelPHBOJUMOTO HaJ JaHHBIM T10JleM, CHMMETPHYECKOr0 MHOTO-
4JieHa, CXOAAMErocs U pacxosmerocs psja, NPOU3BOLHOM, MHTErpa-
Ja u 7. . HanoMHHEM TOJBKO onpeflesieHHe NMepHOJHYECKOH NOCJef0-
BATEJIbHOCTH.

Onpenenenne 5. 1) Ilocaedosamervrocmo vucen

Qg Ay, Ggy vensGpoees (M

Hasvieaemcs nepuoduyeckoll, ecau cywecmsyrom k=1 u s=0 ma-
Kue, 4mo a,, ,=4a, npu eécex nz=s.

2) Ecau k u s—Haumenvwiue 4ucaqa, Yooeaemsopawwue 3mum
ycaosuam, mo k Hasvieaemcs Oaurot nepuoda, a s—O0Aunod nped-
nepuoda.

3) llpu s=0, m. e. ecau cywecmsyem k =1, makoe,4mo a,, ,=a,
npu ecex n, nocaedogameavrocme (7) Hasvieaemcs wucmo hepuodu-

yeckoll.
Ilepuoaynueckasi mocneJoBaTENbHOCTh HMeET, TAKMM 06pasoM, BHA

Aoy v oo 3 sysBey vevyBoppoyrBgy oo oy Qsypmtr oo

rae mocae mnpexnephona ag, ...,d,_, NEPHOAUYECKH MNOBTOPAIOTCH
OIHH H Te e 3JIEMEHTH Qg ... , &gppoy.
Uucro nepuoguyeckasl nocJ]ef0BaTeNbHOCTh HMEET BHA:

ao,...,ak_l,ao, *a ,ak_l'...,



TAg C CaMOro Hayajla mNepHOXHYECKH TIOBTOPSIOTCS 3JIEMEHTH a,,
ey Qpy- )

[Tpu paccmoTpeHnH AeHCTBHTENBLHHIX 4HCEN HAaM TPHAETCS MOJb-
80BaTbCsl H COOTBETCTBYIOIHMH TEOPEMAMH, H3yYaeMbIMH OOGBIYHO
B KypCax MAaTEMaTHYECKOrO aHajuza M Bhicwed anreGpni. [Tepeunc-
JIMM HECKOJIbKO OCHOBHBIX MOJIOXKEHHH ajre6pbl H MaTeMaTHYECKOro
aHalM3a, Ha KOTOpble Mbl OyJeM OMHpaTbCs B AaJbHEHILEM.

Teopema X1. [aa awboix O08yx mHozousenos f(x) u g(x) nad
nosem P cywecmsyrom 0sa mHozousena Had smum nosem q (x) u r (x),

makux, 4mo
f(x)=g(x) g (x)+r(x),

npudem cmenenv r(X) MeHouie, 4em cmenens g(x).
Teopema XII (besy—Topuep). [das aobozo mnozourena f(x)=
=apx"+a X" - ... 4a,(n=1) u wucra o

f(xX)=(x—a)g(x)+r,
2de g (x)=byx""1+4 ... 4b,_;, by=4qa,, b, =ab,+a,, by==ab, 4a,
cosh,y=ab,_,+a,_,, r=ab,_+a,=f(a).

Teopema XIiI (tbopMlea Tennopa). JIan 1106020 MHO204ACHA F(x)
fax+h)=F(x)+ o AP (%) +2' F+... _|_ f”"(x)

Teopema XI1V. Jlw6oid mHozouren nad nosem P cmenenu n=1
mooem Goimb  npedcmasien 8 gude NPOU3BEOHUA HENPUBOOUMbLY
HA0 amum nojsem MHO204AEHO8.

Teopema XV. Hycmes F (o), ..., 2, By, ..., Bn)—mHo20416H HOD
nosem P, cummempuuecKuii no OmMHOWEHWIO K d8ym cucmemam He-
usgeCmunix oy, ..., 0, fy, ..., B, Toeda

F(ay, ..o,0, By, 00, Ba)=@ (0, ...,0, Ty, ..., T,),

2de M (04, ...,0,,Ty, ..., T,)— MHO204AER C KOIpPuyuenmanu us P,
04y «+ «, G, —3AEMEHMAPHYLE cummempudeckue MHO204NEHb.  OM
Cyy v e vy &y,
Ty o ooy T, —IAEMEHMADHOLE CUMMEMPUYECKUE  MHO204AEHbL  OM
10 ooy Bme
Teopema XVI. IIycmo ay, ..., 0,—KOpHU mHo204AeHa [ (X) crme-
nenu n. Toz0a saemeHmapHbie CUMMEMPUHECKUE MHOZ04ACHLL OM
Qs - - -, O, BULPANAIOMCA PAYUOHAALRO Hepe3 Koagpuyuermot f(x).
Teopema XVII. Cymma cuemuozo MHONECMEA CHEMAHbLX MHOJNCECMS
npedcmasasem coboli MAKICe CHEMHOE MHOINCECMBO,
Teopema XVIIL. [Tociedosamensbrocms Cmpozo BAONCEHHbIX Apye
8 Opyza unmepeanrod, OAUHbL KOMOPLIX CMPEMAMCA K RYAM0, uMeem
00HY U MOAbLKO 00RHY MOUKY, OOULYI0 8CEM URMEPBANAM U ABASIOULYIOCH
obujum npedeiom Aesbix U NpPABLIX KOKY08 IMUX UKMEPBAA0s.
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I pyrum# cJioBaMH, eCJiH JBe NOCJeJ0BATEIbHOCTH ACACTBATE/NbHBIX
gucen o, H B,(n=1, 2,...) TaKoBH, uTO :

oy <o, <ay<<...<P<Py<B,

i lim (f,—e,)=0, 1o cyumecrByior lime, u limf,, npuuem
. 1->am . n—» o n -

lim & =llmB

n-—>o0

N
Teopema XIX. ITycmo [(x)—mnenpepwsras e ceemenme [a; b]
Pynrxyus; moeda:

1) f(x) oepanudena na smom cezmenme.

2) Ecau f(a) u [ (b) umerom pasnbie 3HAKU, MO 8 IMOM CE2MERME
Aexcum no kpained mepe 00un Kopers f(x).

3) Ecau c——npocmou Kopens f(x), maxot, wmo a<<c<<b, mo
8 Jocmamouno manoil okpecmuHocmu c, caeea u cnpasa om ¢, f(x)
npuURuMaem NPOMUBONOAONCHBIE NO 3HAKY 3HAYEHUS.

Teopema XX. ITycme f (x)—nenpepoignasn 6 ceemenme (a, b] Pynx-
yusa;, m u M—coomeemcmeeRHO HauMenbuiee U Hauboavuiee 3Ha4e-
Hua f(x) 6 amom cezmenme; moezda

b
m(b-—a)< Sf(x) dx<< M (b—a).

Teopema XXI (Dfnep).
1) e =cosx-isinx; 2) %(e’“'—{-e""'):cosx.

HeficTBUTE/IbHOE YHC/O O MOIKHO MPEACTaB/AATb B BHAE CYMMBI
6ecKOHEUHOH cucTeMaTHuecKO# ApOOH ¢ OCHOBAHHWEM CHCTEMH CYH-
CJIeHHS, pPaBHBIM HeKoropomy nejomMy g>1, T. e. B BHJE:

o= ao—{- + cees 8

TAe Bce q;—ueable uHcsia Hnpu i=1 O0<<a; <<g—1. Coxpamemlo
dopmyna (8) 3amlHCbiBaeTCs B BHIE O=Q, 0,4, ..., [Ie d;, O,...
HasbIBalOT UM(ppaMu ApOOGHOH UYaCTH o; a4, HA3BIBAIOT UEJIOH 4acThlo &
H 3aNHCHIBAIOT TaKke B BHAe a,={a]. Mb paccmorpuM [a] Kak
¢GyHKUHIO OT o B IyaBe 4. B KauecTBe OCHOBaHHSI CHCTEMbl CYH-
cienust GoJabuieli uacTeio Oepercs g==10. MapectHsl cnexymomue
TeopeMbl.

Teopema XXII. JlroGoe Oeticmsumensnoe 4ucio o eOUHCMBEHHOIM
o6pasom moocem Gvime npedcmasaeno 6 eude (8), mak umo npu ecex
i0<a;<<g—1 u cywecmeyrom a;=g—1 co cxoao y2o0uo 6orb-
wumy i.

Becxone'mas{ CHCTeMaTHuYecKas Apo6b (8) Ha3nBaeTcH nepHOmH-
YeCKOH, eCcJH nepnonuqecxoﬁ ABAATCA MOC/IEA0BATENBHOCTD Lubp
ay, 0qy ... .
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Teopema XXII. [edcmeumenbroe uwucao o sgasemcs payuonass-
Hom moz0a u moabko moeda, Kozda npedcmaenexue o 6 eude (8)
ecmp nepuoduveckas 0pobs.

3ra TeopeMa, B YaCTHOCTH, 03HAa4yaeT, YTO €CJH IpPEACTaBJEHHE
@ B BHJE CHCTEMaTHYECKOA ApPOOH MO HEKOTOPOMY OCHOBaHHIO g = 1
ABJIAETCA MEPHOAHYECKHM, TO NePHOAHYECKOH OYJAeT H CHCTeMaTH-
yeckas Apobb, MONYYaIOmAsACss NpPH Pa3/IOMKEHHH & C APYTHM OCHO-
BAHHEM CHCTEMBl CUHCJICHHSA.

Ham yacto npupetcs paccMatpuBaTth ¢yHKUHH NPH HEOTPaHHYEH-
HOM pOCTe apryMeHTa, T. €. pacCMaTpPHBaTh IIPOLECC, NPH KOTOPOM
apryMeHT CTaHOBHTCA 6oJiblle JI060ro (GHKCHPOBAHHOIO HATypaJb-
HOro u4HC/a.

Onpenenenne 6. Dynxyus f(x) rasvieaemcs acumnmomudecky
pasHoll Pyukyuu o (X), ecau npu x— oo, fi. €. NPU HeoePAHUYeH-

X
HOM pocme X, cywjecmeyem npeoes OMHOWEHUR L9y smom npe-

o (x)
Oen pasen 1,
AcuMnToTHyecKoe paBeHCTBO (YHKIMH [ (x) H o (x) sanucbiBaeTcs

3HAKOM ~, TaK 4TO f(X) ~ @ (x) o3Hayaer, 4To lim f—%)= 1.
X = @

Mpumepn. 1) 24222+ Vx ~ 2% 2) sin%~%;
3) In(x+42)—e"*~ Inx.

ACHMIITOTHYECKOE PABEHCTBO f(X) ~ o (X) MOXeT HMeTh MecTo M
TOTAA, KOrAa pPa3HoCTb [(X) H @ (X) pacTeT [0 MOAYJIO C YBeNH-
YeHHeM X, OfHaKo pocT |f(x)— @ (x)| Meanenneii, yeM pocT |f(x)]

" |o(x)].
HedicTButenbHo, ecau lim i—)% =1, fm({x))= 1+6(x), rae npu

X~ @
x—o00 8(x) —0, orkyma caeayer, uto f(x)= (x)+4 6(x)w (x),
[f(x)—o(x)|=]8(x)|-]o(x)]. Hecmorps va 1O uto 8(x) cTpe-
MHTCS K HyJuo, npoussefenue |6 (x)|-| @ (x)| Moxer HeOorpaHHUEHHO
YBEJHYHBAaTLCA, XOTA M MejJeHHed, YeM |o(x)| u [f(x)|. Tak,
B TOJNbLKO 4YTO HAHHOM [pHMepe f(x)=x3+2x2+Vx, @ (x) =x8,
a |f(x)—m(x)[=2x2+1/x—->oo OpH HEOrpPaHHYEHHOM YBeJHYe-
HUH X,

Onpenenende 7. ITycms f(x) 1 @ (x) (o (x) > 0)—0dse pynxyuu,
paccMampusaemsie Ha HeKOMOPOM MHONCECINGE BHAHEHUL apeyMenma X,
makom, 4mo x—» oco. Pasencmso [(x)=0 (@ (x)) (wumaemcsa f(x)
pasro O boavwoe om o (x)*) o3Hauaem, 4mo Cywecmeyem nocmosH-
nas A>0, maxas, umo (f(x){<Am (x) 0Oaa acex Qocmamouro
boabluux x, m. e. npu X>> X,

Taxum obpasoM, O (o (x)) MOXKeT 03Ha4aTh N0GYI0 ¢pyHKUHIO [ (X),
YROBJIETBOPSAIOULYI0 NPH x>>X, ycdoBuio |f(x)|<<Aw(x), rae A
H x,, BooOIie roBOps, PasAUYHH AJA pasiaHuHBIX [(x). Mbl MoxeM
Becerga samucaTb O (o (x)) << Ao (x). :
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MpuMepn. 1) (x—1)2sinx =0 (x%); 2) V3 F1+1Inx=0(x%;

3 In(1—4)=0(1).

Teopema XXIV. 1) Ecau f(x) =0 (o (x)), g(x) >0, mo [ (x) g (x)=
=0 (o (x) g (x)).

2) Ecau f(x)=0(w(x)), mo O(f(x))=0 (o (x)).

3) O(o (%)) £ 0((0 (¥)) =0 (o (x)).

4) Ecau f(x)=0 (0 (x)), mo O (f(x))-0 (o (x)) =0 (@ (x)).

5) O (o (x)) 0 (g (%) =0 (o (x)g(x).

Hokaszarteanctso. 1) Ecaun f(x)==0(o(¥)), T. e. cymecT-
Byer A >0, Takoe, 4TO NpH x > x, uMeeM | f (x) | << Ao (x) u g (x)>0,
T0 lf(x)g(x)l<Ag(x)m(x)

2) 3anucek O (f (x)) o3Hayaer, 4TO f(X) mMOJNOXKHTeJbHA AJS pac-
CMaTpHBaeMblX 3HaueHu#i apryMenta. Ecau f(x)<<Ao(x), TO
[0 ()] <AJ(¥) < AjAe (x), T.e O(f(x))—O(ﬁ)(x))

O6o3uauus O (f (x)) uepe3 F (x), Mbl MOXeM 3aNHCATb 3TO CBOH-
CTBO B CJefyiolleM BHIe:

Ecnn F(x)=0 (f (%), [ () =0 (0 (®), To F(x)=0(o ().

Takum 06pa30M cumsoa O o6/1afiaeT CBOACTBOM TPAH3HTHBHOCTH.

MoxHo BMecTe C TeM OTMETHTb, UTO 3TOT CHMBOJ He o0jajaer
CBOHCTBOM CHMMeTpHUYHOCTH. U3 f(x) =0 (o (x)) He ciaepyetr o (x)=
=0 (f (x)). Hanpumep, Inx=0 (x), HO x5=0 (In x).

3) Ecam ans mnepBofi H3 paccMaTpHBaeMBIX dyuxuui O (o (x))
uMeeM |0 (o (x)) | << A,0 (x), a ansa BTopoil |0 (0 (x))]| << A,0 (x), TO
1000 ()0 (6 (NI =10 W)1H10 (6 (9) | < (At Ao (.

) Ecau f(x)=0 (o (x)), To, npuMeHsis CBOHCTBA 2 H 3 IaHHbIe
B 31'014 TeopeMe, MOJYUaeM

O (F(x)+0 (0 (x)=0(e (x)+0 (o (x)) =0 (o (x)).
5) [0(0 ()0 @) [=]0 (0 (x)]-]0(g () |< A0 (x) Ag (x)=
= Ao (1) g (¥). |
HDpumep. ’-‘—;}g——]n (1—}-—;1‘—)—}—0(%):0(%,)—0(%)_{.

ro(h)=o(#)+o(2)=o({).

Onpeneaenne 8. ITycme [ (x) 1 o (x) (o (x) > 0)—adse pyukyuu,
paccmampusaemble HQ HEKOMOPOM MHONCECTNGe 3HA4eHUll X, MAKOM,
umo x— oo. PaseHcTBO f(X)=o0(® (X)) (uutaerca ,f(x) paBHO o

MajleHbKOe OT ® (x)“) o3nauaem, umo lim (())—0

CuMBOJ 0 (@ (X)) MOXKeT 03HaUaTh, TaKHM 06pa3oM, Jio6yio GyHK-
LHI0O BHIA & (x)® (x), Takywo, uTo &(x)— 0 npH x— oo.

Mpumepn. 1) Inx=o0(x); 2) e'“+x+l 0(}!5")'
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YactHoiMA caydasiMH onpefieneHuR 7 u 8 sBasiorcs QyHKROMHA
puza O (1) u o(1). O(1) o3nauaer dymkumuio or x, orpaHHYeHHYI0
1O MOAYJIO NpPH BCEX X>X, a o(l) Q)ymmmo OT X, KoTopas
OpH X — 00 HMMeeT mnpened, ganﬂbm HYJIIO.

Opumepn. 1) (1+f‘ =0(1): 2 BX o).

TJABA 2
NMPOCTBIE YUCJIA
1. IPOCTHIE H COCTABHBIE YMCJIA

Kaxnoe HaTypa/lbHOe 4YHCJIO n HMeeT IO KpafiHeH Mepe jBa
HOJIOKHTEJNbHEX fejHTeNs1: | ¥ n. CyIecTBYIOT HaTypaJibHble YHcJIa,’
KOTOpLIe He HMeIOT NOJIOXKHTEJNbHBIX JeJuTeliel, OTJHYHBIX OT | H
camoro ceb4.

Onpenenenne 9. Hamypasrbroe 4ucio p HQ3bBAEMCA NPOCHILIM,
ecau p>1 u p ne umeem nososcumenshoix Oeaumened, OMAUYHBIX
om 1l u p.

Mp Gynem ofpluno mpocthie uncia o6o3HauaTh GykBol p. Ilep-
Bble NPOCThie UHCJa B HaTypaJbHOM pAAy:

2,3, 5,7, 11, 13, 17, 19, 23, 29, 31, 37, 41, 43, 47,...

Onpeneneﬂue 10 Hamypa/zbnoe yucao n>1 Hasvieaemecs co-
CMAGHbIM, ecAl N UMeem no Kpaitrell mepe 00UH NOAOHCUMeAbHbLE
0e/zume/zb, omaudnbi om 1 u n, CoriacHo sToMy onpejeJieHHIO,
ec/u n—COCTaBHOE UHCJO, TO y A HMeeTcs HEJHTeNb d, TakoH,

: n
4T0 n=ab, rie b=7 TOXKe Takoe, 4To 1 <<b<n.

Bce yerHnle gucna, KpoMe 2, cocTaBHBIE, TaK Kak npu n=_2k,
k> 1 Oyner 2{n u 1<2<n

Coraacro onpeseiennam 9 1 10 MHOMKECTBO HATYpaJdbHBLIX YHCEJ
pa3bupaercs Ha TpU NMOIMHOMeCTBa: 1) mpocThe uHcaa, 2) cocras-
Hble yHucaa M 3) yHcso 1, KOTopoe He NMPHUYHC/ASETCS HH K TIPOCTBIM,
HU K COCTABHHIM YHCJIAM.

Teopema 15, Ecau p u p;—npocmeie 4ucia u p s=py, mo p4 py.

HoxasaTedbcTBO., IOMOKUTENbHBIMH JeJHTENSIMH MPOCTOrO
p, sBAserca Toabko 1 M camo p,. Ilpoctoe uncao p =1 (no ompe-
JleJleHHIo) H p = p, (no yc.nOBmo3 TaK 410 p{ py.

Teopema 16. [I1a mo6oeo HamyparbHoeo 4ucra n>1 Haumers-
wuld, omaudHul om eOUHUYbL NOAOIKCUMEAbHbl Oeaumens 8ce2dq
npeacmae/zﬂem coboil npocmoe 4ucao.

JdokasatenbcTBo, PaccMoTpHM MHOXKeCcTBO M TIOJIOXKHTE/b-
HBIX, OTJIMYHBIX OT 1 genutesiefi yucja n. MuoxectBo M He mycro,
TaK Kak n € M(n|n u n>1). Coranacio teopeme 1 B MHOKecTBe
M pomxHo O6ubiTh HaWMenblilee uucyo ¢>1. Ecau OB ¢ He 6blJI0
NPOCTHIM YHCJOM, TO CyIlecTBOBaJo Obl @ TakKoe, 4To | <<a<<q H
alg, HO TaK Kak q|n, T0 TOrZa (reopeMa 6) Ouo 6w a|n, uro
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NPOTHBOPEUHT TOMY, YTO §-—HAHMEHLIUHA, OTJAHYHEIA OT eJHHHIHI
NONMOXHTENbHEH Zenutens n. Ilpenrnonoxenne, uTo ¢ He sABJIAETCA
NPOCTHIM YHCJOM, NpHBEJO HAC K TNPOTHBOPEUHIO, CJIeJOBATENBHO,
g—TpocTOe YHCJIO.

Teopema 17. Kamcloe namypairsroe wucio, omausroe om 1,
MO%CHO npedcmagums 6 éude npoussedeHus NPoCMbLX 4ucea.

HokasaTteabcTBo. Kaxiaoe npoctoe uncjao Mel paccMaTpH-
BaeM B BHJIE NpPOH3BEIEHHS, COCTOSIIEr0 H3 OJHOTO MHOXHTENA,
TaKk YTO /I BCeX MPOCTHIX HHCeJ, H B YAaCTHOCTH sl 2, YTBEPK-
nenue TeopeMbl BepHo. IIpeamosioxuM, uTO yTBepKJAEHHE TeOpeMb
BEepHO /s Bcex k, TakHX, uT0 2<<kR<n. O6o3nauuM uepe3 p
HaUMEeHbUIHHA, OTJHMYHBIH OT | NOJNOXKHUTEJbLHBIA AEJHTENb N, KOTO-
pBIfi COrJIaCHO NMpeABAYlLieH TeopeMe JOJXKeH GBITb NPOCTHIM YHCJIOM.
Torpa n=pk’. Ecau k=1, To njs n=p yTBepXKIeHHe TEOPEMH
Bepuo. Ecau 2 > 1, To 2<<k’<(n H, corjacHo Haulemy npeino-
Jqoxenuio, k', a cieloBaTesIbHO, H 1 NPEACTABHMBI B BHIE IPOH3-
BeJleHHsl NMPOCTHIX YHCEN, T. €. H B 3TOM CJlyuae Halle yTBEepXKJeHue
Bepho Jusi n. CorsacHo Teopeme IV yTBepXKjeHHe TeopeMbl BepPHO
JJI BCeX HATYpPaJbHHX UHCeN n == 2.

JIBa pa3yioXXeHH HA MPOCTble MHOXKHTEJH Ha3bIBAIOTCH OAMHAKO-
BbIMH, €CJIH OHH OTJHMUAIOTCH TOJIBKO MOPSARKOM 3THX MPOCTHIX MHO-
XKuTejel; Hanpumep, pasjoxenus 30=2.3.5 u 30=5.2-3 cun-
TalOTCA oJWHAKOBBIMH. Clexylomasi TeopeMa $BJSIETCS OCHOBHOM
TeopeMoil apU(PMETHKH HATYpPaJbHBIX UYHCE.

Teopema 18. [aa xancdozo Hamypasstozo wucsa n>>1 cywecm-
syem eOUHCMEEHHOe DPQ3AONCEHUE HA NPOCHIble MHONCUMEAU.

3ro 3HAUHT, 4TO i JIOOOro HATYPAJbHOIO n IBa Pas3jOKEHHS
Ha NPOCTHIE MHOXHTENH MOTYT OTJIMUAaTbCS TOJBKO MOPSAKOM 3THX
MHOXKHTeJEH,

HokxasateabctBo. [lpegnosoxuM, Yto MHOXecTBO M Ha-
TYpPaJbHBIX YHCEJ, IJ5 KOTOPHIX €AUHCTBEHHOCTb Pa3JjIoXKeHHS Ha
IPOCTble MHOXKHUTEJNIH HapYIIeHa, He mycTo. Torga coryacHo TeopeMe |
B MHOXecTBe M HMeeTCs HaHMeHbllee YHCJIO 17, M KOTOPOTO
HMeIOTCS] J[Ba Pa3J/IHYHHIX PAa3JIOKEHHsI Ha INPOCTblE MHOMHTEJH:

n=py... Ps=qy ... 4;. (1

Cpend mpoOCTHX YHCET Py, ..., Py, Gy, - .., §; BHIGEDPEM HaHMeHb-
mwee: NycTb 3To OyneT, Hanpumep, p,. UHCJIO p, OTJIHUaeTcsi OT
BCEX ¢, (1< j<f), TaK kaK eciu Obl p;=g;, T0, COKpallas paBeH-
ctBo (1) ma p,, nNoayunaH Obl 1Ba pa3/iHUHBLIX pa3JOKEHHS Ha

n
MpOCThie MHOKHUTENH JUISl YHCAA —- , KOTOPOE MeHbllle, ¥eM 1. py < ¢,
1
npu Bcex j=1,..., ¢t u (reopema 15) p, ¥ gq,.

Mbr MoxeM, MpeACTaBHB ¢, B BHAe ¢,=pk+r, Toe k=1,
1 <<r <p,, NOACTaBUTb 3TO BHpaxeHHe BMecTo ¢, B (1). TMonyuyum

_ N=piP,y...Ps=P1Rq,...q;+R, : (2)
e R=rq,.. .4, : :
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Hs (2) Bpmﬂo (TeopeMa 10), uro PllR»

R=rq,...q,=p/l, (3
T e r< p1<q1, R <n, Tak u4to R, coriacso npennonomeﬂmo,
MMeeT TOJILKO eJHHCTBEHHOE NpEJCTABJICHHE B BUAE NPOH3BeNCHHS
NPOCTHIX MHONKHMTeNeH, KOTOpOe MOXKHO MOJNYYHTb, pa3farast B ¢ops
myae (3) r u [ Ha npocrele MHOXHTenau. [lonyualomuecss Torna us
(3) mBa pasnoxeHH R Ha NMPOCTHE MHOMXHTENH JOJ/UKHHEI COAEpPKATh
OJIMHAKOBHE MNpPOCTHE MHOMXHTENH, a CJeJOBAaTeNbHO, [OCKOJIBKY
P1%qs, ..y PL5=G;, 1|, UTO NPOTHBOPEUHT YCHOBHIO 1 << r << py.

[Ipepnonoxenne, 4TO MHOXKecTBO M He mycro, npHBesNO Hac
K TNPOTHBOpEHMIO, cJeloBaTeNbHO, M mycTo, T. e. Kaxjoe n>1
HMeeT eJHHCTBEHHOe Da3JIOXEeHHe Ha MPOCTHle MHOMKHTEJH.

B pasiiokeHHH n=p;p,...p, CPENH HHCEN Py, Py, ..., Py MOTYT
ObiTh OJHHAKOBHIE NPOCTHIE MHOXHTENH, H €CJH, Hampumep, CpPelH
HHX [ePBble £ PA3JIHYHBI, Mbl MOXEM 3aIHCATh 1L B BHAC N = pP3'...pL"
Ecau uenoe uucyo n<<0, 10 —n >0 4, UpPelCTaBUB — 1 B BHJE

—n=p}'...p%", The BCe p,——nonapﬂo pas3iHYHBIE NPOCTHIE YHCJIA,

GymeM umetb n=—pi}*...p%*. Takoe npeicTaBjeHHe, KaK 5TO
cienyeT H3 TeopeMnl 18, ToXe 0o6sanaeT CBOACTBOM €IHHCTBEHHOCTH.
Onpenenenne 11. Karnonuueckum pasroxceHuem uyero2o 4ucia

a>1 waseieaemcs npedcmasrenue a & eude a=pT...py, ede
P1+ ..., Pp—NONAGPHO DA3AUHHbIE MPOCIMbIE YUCAQ, O, ..., X—HQ-
mypasersle qucaa, Kanonuueckum passodcenuem yeaozo HucAa
a<<—1 Ha3bisaemcs  AHAAOZUMHOe — npedcmasierue 6  6ude
a=— pl . .pk . : .

Ilpu al—-...—ak-l T. & @=p,...p, UYHCJIO Q HA3BLIBAIOT
cBOOOLHEIM OT KBaJparToB.

KaHoHHueckoe pasnoxeHue n=a,...a,=b,...b; MOXKHO no.uy!mrb
nepeMHOXasi KaHOHHYeCKHe Pas3JIOXKeHHs 4HCes dy,..., d, HJIH YHCE
by,..., by. Teopema 18 nokasmiBaeT, YTO pe3yJbTaT IIOJIyllHTCSI OMH
H TOT XKe. B yacTHOCTH, TaKHM o6pa30M CnpaBeJJIiBa CJeAYIOmAst
Teopema.

Teopema 19. Ecau p—-npocmoe wucro, pfa, pXb, mo pkab.

Teopema 20. Ecsu a=4 pP...p%*—kKanonuueckoe npedcmas-
ACHUE HUCAQ A, MO NOAVHUIMEAbHOE tzucxzo d fze/memm Oeaumenem
a mozda u moasko moeda, Kozda d=ph ...pk , OB, <, ...,
0<B,<a, '

Hokasatreabcrtso. Ilyers d]a u npocroe p|d, Toraa pla,
cJle[loBaTesIbHO, COTJIacHO TeopeMe 18 p JOJIKHO COBMafaThb € OJHUM

H3 YHMCeNl Py, ..., Pp. 1aKUM 06Gpa3oM, B KaHOHHYECKOe pa3Jjoxe-
HHe d He MOXKeT BOHTH HPI ozum NpPOCTOfi MHOMHTEJb, OTJHYHEIA
OT P1, eovs Ppy T. € d= pl .. phe

Ecin nmpu Beex i 0<<B;<<a;, 10 a= pY. . . pg -—pl ...pg"q,

rae g=ph~B  pBP_pnenoe uncio, 1. €. d|a.
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Ecan xe xoTsa 6bl OJ.'lHO B;>a;, T0 U3 NPEANOIONKERHS a dq,
T. €. H3 @= pY...pr=p; ...pgq nocje COKpAIleHHs Ha p' MH

nonythm 6bl IJIsl HeJIoro 4HcJaa “:E JBa Pa3IMUHHEIX PAasJOXKEHHS
I3
Ha TPOCTHIE MHOXHTEJH.

Takum o6pasoM, d= p1 cen pg" SBJIAETCA JeJINTeJeM @ Torja H
TOJILKO TOTJAa, KorXa Jas Beex { 0<<f;,<a,.

[TocnenoBaTebHOCTh NPOCTHIX YHCEN HEeOTPAaHHUeHHA. JTOT pe-
ayabpTat Guin moJyved eme EBranjgom u nomeineH B 1X kuure ero
,Hauan“ B xauectBe 20-fi TeopeMsl.

Teopema 21 (EBkann). Mnosxcecmsao npocmsix quces GeckoHedHo.

HoxazatenbcTBo, [IpeamosoxkuM, 4T0 MHOXKECTBO MPOCTHIX
YHCeJ KOHEYHO H COCTOMT H3 uHcen 2, 3, 5, ..., p, rie p-—nochel-
Hee, camoe O6OJbIIOE MPOCTOE UHCJIO. PacCMOTPHM HarypajbHOe
qucao N=2-3.5...p+ 1.

2%N, 3YN,..., pfN, Tak Kak HenocpeiCTBEHHO BHIHO,
uT0 TnpH JeNeHun N Ha Bce uHcaa 2, 3, 5,..., p noayuaercs
ocTaToK, paBHHH 1 (Teopema 2). Takum ob6pasom, N He jenurcs
HH Ha OJHO NPOCTOe 4YMCJO, T. e. (TeopeMa 16) N=1; a BMecte
C TeM HemocpeACTBeHHO BHAHO, uTo N > 1. [Ipeanmonoxkenne, uTo
MHOKECTBO MPOCTHIX UHCeJ KOHEUHO, MPHBEJIO HAaC K POTHBOPEUHIO,
T. €. TIPOCTbie YHCIa 00pasyloT 6eCKOHeuHoe MHOKECTBO.

B npanbHefiiem OygmeT NOKa3aHO, uTO NPOCTHIE YHCJA, XOTS HX
H OGeCKOHEUHO MHOTO, COCTaBJSIIOT HeGOJbLIYIO YacTh BCeX HATy-
pajbHHIX uHCeJ., MOXHO JIerKO J0Ka3aTh, YTO B HATYpaJbHOM pPsLy
CYILECTBYIOT CKOJIb YFOAHO GOJIblIHE TPOMEXKYTKH, 3arloJHEHHHE
CHJIOWIb ONHHMH TOJBKO COCTABHLIMH YHCJIAMH.

Teopema 22. Kax 6sr seauxko Hu 66ir0 yenroe wucro k=1, 6 Ha-
mypaassHoM pAOY MOXNCHO Haumu k cocmasHuix wucer, Henocpedcm-
eerHHo caedyowux 0pye 3a Opyzom.

HoxkasateabctBo. Yucno (8- 1) =2-3... (k- 1) penurcs
Ha Bce umuchaa 2, 3, ..., k41, Tak 4TO CpeAM uUHCEN

D42, RIS, ooy (B D (1) 4)

nepBoe JIeJHTCS Ha 2, Bropoe Ha 3 M T. X. JO NocaeqHero k-ro,
KoTopoe nenuTcs Ha k--1. Taknm o6pa3oM, Kaxkjoe M3 STHX UHCeJ
HMeeT IOJIOXKHTEJIBHOTO Je/HTenss, OTJIHYHOro ot 1 u camoro cebs,
T. e. Bce uucaa (4) cocraBHble.
Crnenyiomas TeopeMa JaeT KPHTepHH, NO3BOJSIOMMHHA CYIHThb,
ABJISIETCA JIH HATYPaJbHOE HHCJO 72 MPOCTHBIM HJH COCTaBHEIM.
Teopema 23. Ecau namypaseroe wucao n(n>1) ne Oeaumcs

MU Ha 00RO npocmoe wucao, He npesocxodawee V' n , mo ono npocmoe.
HoxasarteancTBo. Ecam 661 n 6HIJIO COCTABHBEIM, TO 1t = ab,
rie 1<<a<<n, 1<<b<<n. Uucna a u b He Moryr OHTb OJHOBpe-

MenHo Goabure, wem V'n, Tak Kak Torza ab 6mio Gm Goablue,
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ueMm n. Iycrs, nanpumep, a<<Vn . Tockoabky a>1, y a KomKeH
CYylleCTBOBaTh MO KpaifiHeH Mepe OAHH MpPOCTOH JeJIHTeNb P M TOTAA
pln, rie p<<a<<V'n, 4T0 NPOTHBOPEUHT YCJOBHIO,

OueBHAHO, YTO €CJIH 1 JAeJHTCA XOTS Gl Ha OJHO NPOCTOE YHCJO,
MeHbIlge WK paBHoe VN, TO OHO ABASETCH COCTABHBIM.

Ins Toro ytoOm M3 MHOMKECTBA HATYpPalbHHLIX YHCEJ BHJIEJNATDH
NpOCTbie YHC/Ia, MOMKHO B3ATh BCe HATypaJbHbIE YHCJA JO 3aJaHHOM
TPaHMIH H, NOJb3YsiCh KPHTEPHEeM TeopeMbl 23, oONpelesuTb RJA
KaXJOoro M3 HMX, BJSETCS JU OHO IPOCTHIM MJH COCTaBHHIM. Do-
jee ynoGeH cnoco® OTCEHMBAHHA COCTAaBHEIX YHCEJ, M3BECTHHIH elle
rpeyecKOMy MaTeMaTHKY 2partocheHy (276—194 rr. po namedi
3pHl).

3ror cnocob, NONYYHBLINH Ha3BaHHe pellieTa DpaTocheHa, OCHO-
BaH Ha cJjenyiomell Monudukaunu TeopeMnl 23.

Teopema 23'. 1) Ecau 6 mHoMecmse HamMypasbuolx —4ucer
2, 3, 4,..., N 3a4epknyme uucaa, Kpamrbe nepeoim r NPOCHbIM
wucaam 2, 3,..., p,, mo nepeoe (HaHMEeHbIUEE) He3A4ePKHYMOe
qucao 6ydem npocmovim.

2) Ecau gviepkryme 8ce 4UCAQ, KPAMHbIE 8CeM RPOCMbIM HUCAAM
90 VN, m. e. sol6pames r mak, 4mo p,<VN<p,+1, mo ocmas-
wueca yucaa 6ydym cosnadame ¢ MHONCECHIBOM BCEX NPOCINGLY HUCEA P,
maKux, 4mo VN <p<N.

JdokasareabcTBoO. 1) Kaxpgoe cocraBHOe YHCJIO n JEAHTCA
[0 KpaliHe#i Mepe Ha OXHO NMPOCTOE YHCJIO, MeHbilee, ueM n. Eciu
YHUCJIO 1 He JeJHTC HH Ha ORHO MPOCTOE YUCJIO, MEHbIilee, YeM 71,
TO OHO AIBJIIETCS MPOCTHIM.

2) Kaxzoe cocTaBHOE YHCJO 7, TAKOE, UTO V' N <n< N, reaurcs
(Teopema 23) mo xpafineit Mepe Ha ommo mnpoctoe p; <<V n<V'N,
T. e. Ha omHo M3 umcea 2, 3, ..., p,(p, <V N <p,,,), H, caelo-
BateJIbHO, OYyJeT BLIYEPKHYTO.

Tpocreie uncna p >V N ue nensatcsi wa 2, 3, ..., p, H, TAKHM
obpasoMm, He 6YIYT BLIYEPKHYTHI.

Teopema paer caepyiounii anrOpATM HAXOXKJIEHHS BCeX NPOCTHIX
yuces << N: B MHOXKeCTBe HaTypasbHHX YHCE

2,3,45,6, ..., N

nepBoe yHcao 2 npoctoe. BhiuepkmBaeM BCe UHC/a, KpaTHHE 2;
TOTrJia NepBoe HEBHIUEPKHYTOE YHCAO 3 mpocToe. BrluepkHBaem Bce
YHCJ/a, KpaTHble 3; NepBOe HEBBHIYEPKHYTOE YMCJIO 5 MPOCTOE H T. 1.
ITponoikaem 3TOT mpoliecc, MOoKa He BHiYePKHeEM BCe YHCJA, Kpar-
Hble HafileHHBIM NPOCTHIM 4YHcJaaMm 2, 3, ..., p,, [Ae p, TaKoe, 4TO
p,<VN, a caenyomee mpocroe p,,;>V N. Bce ocraBmuecs
HEBHIYEDKHYTHIMH YHCJA JajyT HAM MHOMECTBO IPOCTHIX YHCeN,

aexamux Mexay VN n N (Bkmowas N, ecau oHO npoctoe), a

32



BMecTe C paHee HafIlecHHBIMH NPOCTHIMH 2, 3, ..., p, Mb noJydaeMm
BCe NMPOCTHlE YHCJA, He npeBocxojsdilHe N.

Mpumep. Ilyctb N=50. IlocnenoparesbHbie BHIYEPKHBAHHS
JaioT (pHC. 1)

X&“aﬁ\ﬁ‘lﬂﬁmﬁ 13,8 18,16,17,18,
19,20,84,22,23,%,24,26,27,28,29, 38,31, 32,33, 3¢,
35,36,37,38,39.0,41 4R, 43, 54,58, 46, 47,48, 49,50,

Puc. 1.

ITopuepkHyTHI TpOCTHIE uYHCJA p,-<l/5—0 (2, 3, 5, 7). Ocraaucs
HEBBIMEPKHYTBIMH NPOCTHE 4YHMCHa, Jexamue mexay /50 u 50.

2. PAKTOPH3ALIKUSA

Hpouecc NpeacTaBJcHua YHCEJT B KAaHOHHUYECKOM BMJIAC MhbI 6yJ16M

HasbiBaTh (akTopu3auvesi. OOIWHH MeToZ (AKTOPH3aUHH 33JaHHOTO
4HCJa 3aKJI0YaeTCsi B TOM, YTO 1 NPOOGYIOT HeNUTh NOCJENOBATENIbHO

Ha mpocTele yucaa 2, 3, 5, ..., p,<]/n- JO TexX mop, HoKa He
HalJeTcst MpocToe HHCJO p, Takoe, 4to p|n. Ecam Ttakoe p Haxo-
INTCSE, (haKTOpHU3ALHUs 7 CBOZUTCH K (paKTOPHU3aLHH MeHbIIETO YUCJIa;
eCcJi K€ CpPefH 3THX BCEX NPOCTHIX YHCeJ HeT HE OJHOTO Jeju-
TeAs n, TO COrJacHO TeopeMe 23 caMo n HpPOCTOe.

Hnsi 60JBIIHX A 3TOT AJATOPUTM TpeOyeT ROJNTHX BBIUHCJEHHH.
Hmerorcst TabGaHLbBl, € IOMOIIBIO KOTOPHIX MOXKHO IPOH3BOJHUTH
tdhakTOpH3aLHI0 uHCes, JeXamHX B JOCTAaTOYHO IIHPOKHX Npejesiax.
Taxk, nanpumep, Tabaunun Jlemepa, cocraBjenHble HM emé B 1909 r.,
JAIOT JLJd KaXJ0ro HatypaJbHOro yucaa n<s 10000000 Bennuyuny
€ro HaWMeHBbIIETo MNPOCTOro JEJNHTeNsi, TAaK YTO C HOMOUIbIO 3THX
Ta0OJIHI, MOXHO HafTH KaHOHHYECKOe pPas3JjoXKeHHe Ha NPOCThie MHO-
XKHTeJH JAJs Jo60ro 4YHCJA, JeXallero B INpefeJax HNepHBIX
10 MHJITHOHOB.

Muorue maTeMaTHKH JaBajin PsfJi CHOCOOOB, pPacCUHTAHHHIX Ha
yMeHblleHHe 00beMa BLIKJAJOK, HEOOXOAMMBIX AJs1 (haKTOpH3ALHU
OTIEJABHBIX KJaccoB 4HCed. HekoToprie M3 3THX NpHEMOB OCHOBAHH
Ha NpHMEeHEeHHH NPOCTHIX ajJre6panYecKHX TOXKIECTB.

Ecan mHorouNeH f(x) mpeicTaBiieH B BHJAE NPOH3BEACHUS ABYX
MHOTO4JIEHOB P (x¥) U ®(x) ¢ meJnMH KoabduilmeHTamu, TO NpH
J1060M LeJIOM n, TaKoM, 4T0 Y () >1 u @ (n) > 1, f(n), oueBHIHO,

NpencTaBasieT coGofi cocTaBHOE HYHCJIO H (akTopusamus f(n) cBo-
IuTCs K (pakTopH3amHH (1) H o (n).
ITpumMep (tak HasnBaeMad Teopema Codu KepmeH).
Yucno n*4-4 npu n>1 Bcerga CocraBHoe.
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1o cnenyer u3 Toro, uT0 ntH-4=(n*+2n4-2)(n*—2n-+2),
rjge npu n>1 oba MHOXHTensa Goabiue |.

CDaK'roppraaumo YHCEJ MOXHO OCYIIECTBJSATh € TOMOMIBIO Clie-
Lylomell TpoCTOfi TEOpeMEI. |

Teopema 24. Paccmompum npu Hedemuom n=9 4ucaa:

Ny=n, Ny=N,+1, N,=N,;+3, Ny=N,+5, ...
N1 =N 1255 =1 5)
2] Vw2 [
mak, 4mo 8000ue
Ny= N2t (1< [552]);

n 6ydem cocmasneim mozda u moasko mozda, Koeda @ euipasie-

Huu (5) wmexkomopoe N, =12, m. e. npedcmasisem co60l nNOARbLU

Keadpam, npudem 8 snom cayuae n=(f—s)(t-s).
HokasareasctBo. U3 (5) nonyuaem:

Ny=n+ (1434 ... 4 (@25—1)=n-ts? <o<s<["‘6“9]).

Eciu N,=n-4s2=12, To n={2—g2=({-—s) ({ +5).
1) pu s< ngg uMeeM n>=6s4+-9>2%4+1, ff=n-ts?>
> (s+1)2, t>s+1, {—s> 1, Tak uT0 nR—COCTaBHOE YHCJIO.

2) Ecau n HeyeTHoe cocraBHOe, TO n=ab, Iic @ ¥ b—HeyeTHHe
ukcna, Takie, uro 3<<a<V'n, Vn<b<s. Ipn s=11;—a no-
.nyqaeM N —n—{—s?—-ab—{-(b_a)z:(b_‘;i)z, rie O
<2 <———3) TaK UTO IeJioe %{ié ["’;9] .

I[Tpumep. HaliTh pasjioxeHwe HAa NPOCTBIE MHOXKHTEJH

gucaa 391.
HaxoxnM nepBuie umena Buga (5):

N,=391, N, =392, N,=2395, N,=400= 202
3gecs s=3, f=20, Tak uro 391=(20—3)(20+ 3)=17.23.
Nprumeuanue. Ecan npumenarts TeopeMy 24 nas uucna n, He Jend-

merocs Ha 2, 3 w 5, To B (5) MOMKHO OTpaHHMUHTLCA 3HAYCHHAMH s<£:1—_419 .

Helicteutensno, Torna n=ab, rae Tea=Vn, Vr<be< —;— H
b—a 1 /n
5= —-2——- = 7 <7— 7) .

Cpean OTHeNbHBIX KJACCOB NPOCTHIX YHCEJ B CBOE BpeMs 3Ha-
UHUTEJbHBIA HHTePeC BHI3BIBaJ BONPOC O NPOCTHX YHCJaX BHAA
2"—1. HnTtepec X 3TOMY BONPOCY - BO3HHK B CBSI3H C H3y4eHHeM
TAaK HasbIBaEMBIX COBEPUICHHHIX uHCex (CM. raasy 33). Ilpocruie
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uucna Buiga M,=2"—1 paccmaTpuBajluch, B YACTHOCTH, (paH-
uyackuM MateMaTHKOM XVII Beka MepceHHOM, H TakHe YHCJIa MO-
JYUHJIH Ha3BaHHe NPOCTBIX 4ucesn MepcenHa.

Ecau 4ucno n HeueTHoe cocrtaBHoe, To 2°—1 OylIer TakKe
COCTaBHBIM UHCJIOM, TaK KaK U3 n=ab, 3=<a <n, 3<<b<n crenyer

2% 1 =(2°—1)(2¢®-D . 2¢0-n 4 4991 ]),

n n

[Tpu nr060oM yeTHOM 1 == 4 uncaa BUga 2" —1 = (22 - 1> (2” + 1)
COCTaBHBIE.

Takum obpasoM, 2"—1 MoxkeT ObITb NPOCTHIM HYHCJIOM TOJBKO,
ecnM caMo n=p npoctoe. [Ipu NpPOCTEIX 3HAYEHHSAX N ==p YUCJIO
2P —1 MOXeT OKas3aTbCsl MPOCTHIM, HO MOXKET GbITb H COCTaBHHIM.

Hanpuwmep, npu p=2, 3, 5, 7, 13, 17, 19 Mbl nonydae™m npoctoie
yHcaa Mepcenna 22—1=3, 22—1=7, 25—1 =31, 27— =127,
218 —1=8191, 21"—1 =131071 u 21°*—1=>524287, a npu p=11,
23, 29 uncaa 2P—1 cocTaBHblE.

Ilpu GoabiHX 3HAYEHHAX p ompejeseHHe Toro, OyaeT au 2F-—1
NPOCTBIM HJIH COCTaBHBIM, TpeGyeT OO0JbILIHX ~BhIUHCIEHHH. Briio
BbIICHEHO, 4To 23! — 1 (Disep, 1750 r.), 261 —1 (TlepByxun, 1883 r.),
2% —1 u 21971 (Tloyspc, 1907 u 1914 rr.)—mnpocTble Yucaa,
o 1952 r. campiM 6OJIBLIIMM H3BECTHBIM NPOCTBHIM YHC/AOM MepceHHa
ABJSM0Ch UHCJ0 2127 —|; npocToTy aTOrO UHCAa, HMelowero 39 uudp,
ycraHoBua Jlioka B 1876 r,

[IpumeHeHune OBICTPOJEHCTBYIOIIHX CYETHBIX MAIIHH MO3BOJHJIO
3a TocJejHHe ToJbl HalTH 3HAUUTENbHO GOJbIIHE NPOCTHIE YHC/IA
Mepcenna. B 1952 r. 6ms0 ycranoBseHo, uto 2F—1-—mnpocroe
yucjao npu p=>521, p=607, p=1279, p=2203 u p=2281.
B 1957 r. Owio HaiimeHo npocToe uHcao MepceHHa, 232171,
uMeontee 969 nupp. B 1962 r. Oman HaiiieHsl JBa NPOCTHIX
uncna Mepcenna 24%33—1 g 244231 a B 1965 r. ee Tpu mpoc-
TBIX YHcJa MepceHHa, a uMeHHO 29989—], 29941 ] y 2112181 UYpyego
211213 ] pmeet 3376 uudp u siBAfeTCA BoOOLIe CaMblM GOJBILHM H3
M3BECTHLIX HaM NPOCTHIX yHcesa. CymiecTBYyeT JIH 6ECKOHEYHO MHOFO
NPOCThIX 4YHcen MepceHHA? DTOT BONPOC He pellleH JO CHX MOp H,
N0-BHAHMOMY, SIBJSIeTCS UPe3BBIYAHHO TPYAHBIM.

Yucna Buaa 2"+ 1 MOryt GbITb NPOCTHIMH TOJNBKO NpH 1= 2%,
Ecan n umeer xora O6H OAMH HedeTHHIH Jenuteap a> 1, To

2"+1=(2%+1)(2 +...—2£‘+1),

rjie, KaK Jerko BHAETb, NOCKQJIbKY n =3, a =3, o6a MHOXKHTead
6onpe 1, Tak uto 2" 4 1—cocTaBHOE YHCIO.

DepMa BhHICKa3aJ NpPeANOJOXeHHe, 4TO BCe YHCJa BHAA F,==
=22 | 1 npoctble; 310 Kak GYATO NMONTBEPXAANOCH TeM, YTO NpH
k=0, 1, 2, 3, 4 IelCTBUTEbHO NOAYYaJHCh NPOCTHE UHCHA
3, 5, 17, 257, 65537, Caeayiomee YucaO Takoro Buja 2:° + 1 6buto
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yKe HaCTOJbKO BeJHKO, 4To Pepma He cyMes ONpefesiuTb, MPOCTOoe
OHO WAW COCTaBHOE.

B 1739 r. Dilnep mnokasaj, 4TO 3TO YHCJIO COCTABHOe, H TEM
caMbiM onposepr runoresy ®epMa. Jiiaep ykasan obwuil nyte Ans
(hakTOpH3aLMH YUCes TAKOro BHJA, AOKA3aB, UTO BCe JEJMTENH YHC/A
BuAa 2:* 41 nosmKHB uMeTb BuA m2" 4 1.

IlpocTthie uucha Buja 22 4 |, KaK H3BeCTHO, CBSI3aHbl C 3ajaueil
MOCTPOEHHS NMPABHJIbHBIX MHOTOYTOJBHHKOB C NOMOLLbIO LHPKYJIS H
auHedkd. T'aycc poKasaJj, YTO NMpaBWIbHBIH MHOrOYrOJbHHK MOXET
ObITh NOCTPOEH C MNOMOILBIO LHPKYJS H JHHEHKH TOrJa M TOJBKO
TOrAa, KOTJAa YHCJIO €ero CTOPOH # paBHO 2°p,.p, ... p,, Tle Bce
npoctble yncna p; umeror Bug 22 - 1. Cpenn nepsuix 1000 3naue-
Huif n(n>1) uMeeTcs Bcero TOJABKO 54 uMcla TAKOTO BHJA.

Heonpasnasueecss npeanonoxenne ®epma, 4To Bce UHCJ/A BHAA
2" |1 mpocTble, eCTeCTBEHHO CTABHT 3aJauy MOCTPOEHHS JPYTHX
¢yHkuuii f(k), 3HaYeHHSIMM KOTOPHIX IIPH BCeX HATYypaJbHBIX &
SBJANHCE OBl TOJBKO NMpoCThle YHcna. @yHKUHH, KOTOpble NPHHH-
MawT NOApPSA MHOTO INPOCTHIX 3HaYeHHH, ObIJIM H3BECTHH JABHO.

Ofinep ykasan HHTepecHbi MHOTrouJeH x2—x-+41, KOTOpHIH
npu Bcex weaslXx x oT O go 40 BKJIIOYHTENIbHO MNPHHHMAET TOJbKO
npocteie 3HaueHHs. IIpw x=41 u x=42 3HaueHHS 3TOr0 MHOTO-
yjiena OYJyT, OZHAKO, YyiKe COCTaBHBIMM 4YucJAaMu. Jlerko BHAETH,
4TO BOOOIe MHOTOYJIEH C LeJbIMH KO3hhHIHEHTAMH He MOXET NpH
BCeX HATypPaJbHBIX 3HAaYEHHSX apryMeHTa NPMHUMATHL TOJBKO NPO-
CThble 3HAUYEHHH.

Teopema 25, Jlo6oii mHoeouren ¢ Yeabimu Kospduyuenmany npu
HEKOMOPpOM HAMYPALLHOM 3HAYEHUU GP2YMEHmA NPUHUMAen 3HA4e-
Hue, npedcmasgasouiee coboL COCMABHOE 4UCAO.

HokazarteabctBo. [lycth [ (x)=apx"+a;x""1'4...+a,,
rae Bece g;—uesple uyHcja. [lpennosiokuM, 4Te NPH HEKOTOPOM £
[ (R)=p, the p—mnpoctoe 4uca0. MI3BeCTHO, YTO MHOTOUJIEH CTENEHH
n NpPHHHMaeT OfHO M TO Xe 3HaueHue He GoJiblle, YeM B 7 TOUKaX,
TaK YTO Haiijercsl Takoe mesoe f>1, uro f(k+ pt)=%p. Pasnaras
[ (£ -+ pt) mo crenensaM pt, noayuaem:

f(k+pt)=F(k)+e,pt+cy (pP+ ... +c, (pt)", (6)

Tae Bce ¢;—uesble unucaa. Ilockoabky f(&)=p, u3 (6) noayuyaewm,
uto p|f(k+ pt), Tak uto f(k+ pt)—cocTaBHOE YMCJO.

IIpumep. Muorounes x2-43x-+4 1 npuHHMaeT mpocTHe 3Ha-
yeHHs npu x=1, 2, 3, 4, 5. Oxanako nockoasky f(1)=>5u f (6) %35,
1O f(6) cornacHo AOKAasaTeJbCTBY TeopeMbl 25—COCTaBHOE HHCJIO.
HefictBuTenbHo, f(6)=55. Touno Tak ®e u3 f(2)==11u f(13)5411
caenyer, 4to f(13)==209—cocraBHoe unucio. n

B Teopeme 25 npeanoJioxenne, 4To paccMaTpuBaeMasi GYHKUHST —
MHOT O4JIeH, CYIIECTBEHHO.

W3 Becten BuJ HeKoTOpblX (YHKUHUi f(X), NPHHHMAIOWMKX MpPU
BCEX HATYpPAJBHBIX 3HaUSHHAX ApryMeHTa TOJABKO NPOCTHE 3HAUEHHUT,
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Tak, nanpumep, Muanc B 1947 r. gokasaJs, uTo. cyHiecTByeT jeil-
CTBHTEJIbHOE YHCJO o, Takoe, 4to f(x)=[a3®] npH Bcex MNeJHX
x > | npHHHMaer 3HayeHHUs, NpejcTaBasdiomue co60l npocThie Yucia.
B 1951 r. HuBeH HecKOJNBKO YTOUHHJA 3Ty TeopeMy, lOKasaB, 4TO

8
s Jgroboro €>> - CyWIECTBYeT o, TaKoe, 4TO [@¢"] npu Bcex meabx
x == 1—Bcerga npocroe 4HCJO.

Hcmopuzeckue Kommenmapuu ko 2-ii 2aa8e

1. EBkiuj—BeJIMKUH JpeBHerpedeckKui MaTeMaTHK, XHBUIUH
okojo 300 r. no uame#t spwel. ,Hauana“ EBgauga-—saxuefinee
NpOU3BeJleHHe Bceli JpeBHerpedeckKofl MaTeMaTHUeCKOH KYJbTYpHI.
OcHOBHOe ero cofiepXaHHe — H3J0KeHHe CHCTeMbl TeOMETPHH, OJAHAKO
B HEM paccMaTPHBAIOTCS H HEKOTOPHIE TEOPETHKO-UUCIOBEIE TPOGJIEMBI.

Teopema 19 B Heckonbko apyro# ¢opme umeercs B ,Hauamax“
EBkaupa.

2. Teopema 18 no cBoemy coJiepKaHHIO JaBHO H3BECTHA H YaCTO
HEOCHOBAaTe/JbHO paccMaTpHBasach KaK OYeBHAHOE I[IOJIOKEHHE.
Tounas c¢opmyaHpoBKka ¢ JHOKa3aTeJbCTBOM 3TOH Teopembl Oblia
BNnepBble gaHa IayccoM.

3. dparocen (276—196 rr. po Hawed 5pbl) O TAABHBIM OHG-
JHOTeKapeM 3HaMeHUTOH AJjekcaHapuickoli OGubauoTeku. Ilomumo
HCCJIeJOBAaHHSl PacHoJIOKeHHs] NMPOCTHIX YHCeJ B HaTypaJbHOM Py,
3aHUMaJICsl H3yyeHHeM TaK Ha3blBA€MBIX MHOTOYTOJBHBIX YHCEI.
dpartocten Obly Gojlee H3BecTeH He KaK MaTeMaTHK, a Kak reorpad
H acTpOHOM, CJeJaBIIMH, B YAaCTHOCTH, Ha OCHOBAHHH H3MepeHHs
IJHHE MepHIHMaHa Mexny AuJekcaniapuefi ¥ AccyaHoM JOBOJIBHO
TOUHBIH pacyeT BeJUUHHB 3eMHoro wapa. OH 3aHHMaJCA TaKxe
XPOHOJIOTHelR ApeBHell HCTOpHH.

4. ®ubonauuu (J/leonapno Ilusanckuit) 6611 nepBLIM MaTEMAaTHKOM,
YKas3aBIliMM, YTO JAJf HAXOXKAEHHUs JeJHuTesell 4ucja n nocm'roqno

HCIIBITATh JEJHMOCTh 3TOTO UHCJ/IA HAa YHCJA, He NPeBOCXOIsMIHe

5. Teopema 24 ocHOBaHa Ha Hjee crioco6a (haxTOpH3al KK dJepma

6. Mepcenn (1588—1648) paccmarpuBaJ NpoOCTHle YHCJA BHJA
2"—1 B cBoeM counnenun ,Cogita physico-mathematica“. Tot dakr,
uro yucsaa 2'7—1 u 2% —1 npocthle, OBlJI YCTAHOBJIEH HTAJBSIHCK UM
mateMatukoM Karanban (15562-—1626) mo Mepcenna. B cymiHocTH
NpocThie 4uCia, HocsAmMe MMs MepcenHa, BCTpeualuch eile B TPy-
Jax JpeBHerpeyecKHX MaTeMaTHKOB.

Ecan B3aTb nOCHEROBaTENBHOCTL Sy. Sgy ... ,S;...,T0€ S =4,
Sx=5Sp-1—2, T0 (kpurepmit Jlioka) M =2P—1 npu npocrom p Gy-
ZeT . mpOCTBIM YHcJoM MepceHHa 'ror,u,a H TOJbKO TOrja, Korjia
S,3==0 (modp). B Hacrosimee Bpemsi uucna MepceHHa Haxozsr,
l'IpHMEHiIﬂ GHICTPOAefCTBYIOLIHE .3JIEKTPOHHO-BHUHCIHTEAbHBIE -Ma-
mqul OGBIYHO - HCTIOJIB3Y s TPH . sToM kpHTepHil Jlioka. . .
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Tlo-suauMoMy, 6oJblIas 4YacTb uyMcesa BHAa 2P—1 cocTaBHHIE;
HanpuMep, NMpPH NPOCTHIX 3HAYEHHsIX p B Opeaeaax 2300 < p < 3200
Bce uncJa BHa 2P— 1 oxasajHch COCTAaBHBHIMH,

7. B HacTosimee BpeMsi H3BeCTHO, YTO WHCJ/a BHAa 22~ 1 cocTas-
Hole npu k=5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 18, 19, 21,
23, 25, 26, 27, 30, 32, 36, 38, 39, 42, 52, 55, 58, 63, 73, 77, 81,
117, 125, 144, 150, 207, 226, 228, 250, 267, 268, 284, 316, 452, 1945.

Heaurtenn GosbliMHCTBA M3 3THX 4ucen Pepma Guliu HaBeHH!
TOJLKO B Camoe IOCJeJHee BpeMst C MOMOIIbI0 3JEKTPOHHBIX BBHIUHC-
JUTeNIbHBIX MamuH. Jlo cHX nop He oGHApYMKEHO HH OXHOrO MpO-

croro umcna euga 22+ 1 npu k==5.

8. Tleppuie Tabmuuel ans daxTopusauuy uuces Ouind onybiau-
koBaubl eme B XVII Beke. Ogna u3 HuX, cocraBjeHHas [leasem
(1668), maetT BO3MOXKHOCTb NPOH3BOAATH (AKTOPH3ALHI0O YHCEJ B
npepenax go 100000.

Tabnuua, ony6auxkoBannas Jlemmepom B 1909 r., paer maa
KaXkJOr0 HATypaJbHOrO 4YHCJA, JekKalero B MNpefelax NepBhiX
10 MHUJAMOHOB, HAWUMeHBIUHH mnpocToll gJeaurtesb. IlosbCcKHit MaTe-
matuk §I. Kynuk (1793—1863), paGorapiuunil B [IpakckoMm yHHBep-
cuTeTe, COCTaBMJ Tabauubl 1719 (aKTOPH3aLHH YHCesa B Npenesax
no 100000000, no aTu Tabnuusl N0 CHX NOp HE HameyaTaHbI.

Hspgana tabauua NpocThiX YHCeJ, JeKalluX B Ipelesax NepBblx
11 MHAMHOHOB HaTypaJpHBIX unces. TabJuna nepBHX IUIECTH MHJIIU-
OHOB HPOCTHIX YHcesa, HanboJibliee H3 KOTophix paBHo 104 395 301,
sanucana 8 1959 r. Ha MUKpOINJEHKeE.

TJAABA 3

HAHMBOJILLIMA OBLHIUA JEJIUTEJID.
HAUMEHbLIHEE OBHIEE KPATHOE

1. OBIIUE AEJIUTEJIH H OBIIHE KPATHBIE LIEJBIX YHCEJ

Teopema 26. Kascdoe yeroe uucro a==0 umeem moibko KoHeuroe
MHOdiCecmBo Oeaymenell.

HokasateabcTBo. Ilycte d|a, torma a=dq. Tlockonbky
a0, T0 ¢=£0, u, caenosarenpHo (teopema IX), wenoe wumcao
lg1=1, |a|=|d]-|q|=]d|.

CyuiecTByeT TOJbKO KOHEUHOe MHOXKeCTBO LeJblX d, TakHX, HYTO
ld|<|al.

Onpenenennn 12, 1) Obwjum Oesumenem yeavlx uucer a,, ... ,a,
Hassvlieaemcs awboe yeaoe d, maxoe, umo dla,, ... ,d|a,.

2) Hauborbwum obujum Oesumenesm yeabix Hucer ag, ..., a,
Ha3bieaemca Mmaxol noaoxcumenbroili obujull Oerumensv ag, ..., a,,
womopeili deaumcs Ha a060i Opyeoli obujuli Oeaumerb smux wucen,

HauGonbmuil ofmui fesiurens 4ucaa d,...,a, o603Hauaercs

(a,, ..., a,).
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Takum o6pasoM, (4, ..., a,)=d O3Hauaer:
1) d>0 uenoe

2) d|ay,...,d|a, L §))
3) ecan 8la,,...,8]a,, 10 8|d
Teopema 27. 1) [as aobuix yeavix wuces a,, ... ,a,, 43 KOMOPLIX

xomsa Obl OOHO OMAUYHO OM HYAR, Cyuiecmsyem Haubosvbuwiull obuuil
Odeaumens.

(¢ a .
2) Ecau ay==4py ... ps* ..., a,==pl* ...p¥, 2de p,, ...
oo, Py PAa3AUYHbIE NPOCMbIE HUCAQ, MO
(011 ...,a )_ min(@g, ..., ¥y) . p;nm(as,... ,V3). (2)
JdokasateabctBo. PaccMoTpuM cHayana caydal, Koraa
Bce a;=%0. O6o3HauuMm uepe3 p;, ..., p, MHOXKECTBO MNPOCTHIX
yHCceJ, KOTOpble SIBJAITCH HASJNHUTENSAMH XOTs Obl OZHOTO M3 YHCE]
a,,...,a, TOTAA @, ..., @, MOXHO 3anHcaTb B BHJE
(¢ (¢
a,=4pt...ps* ..., q,=xpl...pY, 3)
rae Bce a; =0, ..., y;, = 0—HeKoTopue uesanie yucaa. as storo

JOCTaTOUHO 3allHcaTb Kaxaoe ;== 4 | B KaHOHHueckod ¢dopMe H
J00aBHTb HeJOCTaloUlHe INPOCTble MHOXHTEJNH B HYJIEBOH CTeNeHH,

a ecqu a;=4-1, To B34Tb a;=+ py...pd. JlokaxeM, uTO

d__:pll'nin(a,,...,v.) p;nin(a,,....v,g)

IBJII€TCS HAHOOJbLIHM OOLMM JeJHTesIeM YHCel a,, ..., a,. B

HefictsurensHo: 1) d > 0. 2) [TockoabKy oy == min (&, . .., ¥1),- .

., ag=min(a, ...,Ys), TO corjacHo TeopeMme 20d|a,, H co-
BEpLIEHHO aHAJOTHYHO noJjy4yaeM, uyrto d|a,,...,d|a, 3) Ecau
8la,,...,8|a,, To B pasnoxeHHH O Ha NPOCTbiE MHOXKHTEJH He
MOT'yT COllep)KaTbCﬂ NpPOCTble MHOXKHTENH, OTJIHYHBIE OT Py, ... , Ps»

k k
Tak 4yTo 6 Mmeer BuA O=p* ... p,*, rae
k<o, ...,R <<y, Tak 4TO k;<<min(a, ..., Y1),

. . . e s . . . s e . .

k;<.o.cs, ,k <ys, TaK !u'o k<< mm(as,... ,ys)

u coraacHo Toi xke Teopeme 20 §|d. [Tockosbky mnsa d BeIIOJHEHH
Bce ycaoBusi (1), onpelensiomiye HauOONbIUMH OOMIMH JAeJIHTEb

JAHHBIX uuced, To d=(a;, ... ,a,).
Ecaun a,-40,...,a,5%0u (a,,...,a,)=d, Tou
@y eera, 0,...,0)=d.
JHe#crBurenpro: 1) d>0; 2) d|a,,...,d]a, u d|0,...,d]|0;
3) ecam O-—jgeauTtenn BceX YHced a,,...,4q, 0,...,0, 10 &,

B YaCTHOCTH, HeJHTeNb 4y, ...,a, H 8|d.
Takum o6pa3sowm, Hauéonbmuu obmuii  meJsHuTeNb cymecmye'r
H TOTja, KOrAa 4acTb YHCeJ PaBHa HYJIO. e
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Teopema 27 naeT BROJMHe onpeleJieHHbIH AJNTOPHTM AJA HaXO0X-
JeHHs Haubojbllero obmero aenutens d KOHEYHOTO MHOMXKECTBa
nesnix 4ucea &, ..., a,. ECHM cpefH 3THX dYHceJ ecTb X0Td Oui
ofHO, paBHoe £ |, TO oueBuMpHO, yTOo d==1. EcaH Bce OHH OTAHYHDI
oT &1, TO ocTaBiasieM TOJBKO Te H3 HHX, KOTOPHE OTJIHYHMB OT
Hy/d, 3aMHCbiBaeM HX B KaHOHHYeCKOH dopme, a 3aTeM AOIHCHIBaeM
HeJOCTAIOIIHe [IPOCThle MHOMXHTeJH C [0Ka3aTeJsIMH, PaBHLIMH
Hymo, T. e. OepeM ux B BHue (3); HauGoJbIUMH OOIUH NEJHTEND
Haxoxutcsi Torga no ¢opmyde (2).

Ecau Bce q; paBHbl HyJ0, TO JIOGOe uejoe uucao & OGyger ux
ofIMM JesuTesieM, H He CYILeCTByeT Lesoro d, KOTOpoe IeJHJOChH
6br Ha Bce 3TH 8, T. e. B 3TOM cJaydYae HauOOJbLIEro OGILErO NeMH-
Tesil He CYILEeCTBYyeT.

[Tpumep. Hafitn wnanGonpmui oOWUA JeJHTEAb YHCEN

= 1000000001 u 5= 1000000000000001, sanucaHHHX B ABO-
HYHOH CHCTeMe CUUCJEHHS.
Ilepexons K [AeCATHYHOH CHCTeMe, MOJydYaeM:

a=29 4 1=(28—2541) (25 +1)=57.9=23%.19,
b=915 1 | = (21025 4 1) (25 4+ 1) =993.33 =32.11.331,

TaK u4to d=232=09.

Teopema 28. Hauborvwiui o0bujuii Oeaumers uwucer a, ..., a,
sce20a boastie 106020 Opyeo20 0bujeeo Oeaumenrs amux 4ucen.
HoxasarteasnctBo. Ilycts d=(qa,,...,a,). Bo3sbMeM moGoil

apyroii ofmuit nenurenr § sTux umncesn (8=4d). CorsacHo onpepe-
JeHMo Hauboabwero obwere paeaurens ((1), ycmosue 3) §|d, rak
4to d==8q, 4 nockoabky d >0, {dl~(6] [q], [q]40, 1. e.
[gl=1, d= =18|=06-~d, Tak uT0o d>6

Teopema 29. " Ecau (al,...,a")— , bjd 4 b>0, mo

(_1 ap\__ 4
A =T

a
NMpunmeuanue. U3 b|dud|a; cneayerb|a;, Tak uto BCe uMC/a F‘uenme.

HoxkasateabctBoO. 1) d >0, b>0 TaK 4TO %>O.
2) Uad|a; cnenyer (teopema 8), uro - ' npu Beex i=1,...,n.

3) Ilycts Gl—b‘— npu Beex =1, ...,n; Torgabb|a; (i=1,...,n);

0b—o06muil peautenb uucea g;, a, 3Ha4YHT, Ob— genuTeNb MX HaH-
6oJbuiero obwero ﬂenme.nﬂ d, 1. e. 6b|d, a caemoBaTenbHO, MO

Toﬁ xe Teopeme 8, § , 5 b yHOBNETBOpSieT ycnoauﬂM 1), onpene-

a, -
.nmoumM HaHOOJIbIINA oﬁuu{ﬁ Jxe.rm're.nb qHcea b R
Teopema 30. (ay, ..., @y_y, @) =@y .-, i), Q).

Taxum o6pasom, nauborswul obugud 0e/mme/tb n qucen (n 3)
MOOKHD. Halim, HAllOR. CRAaRR Haubonsusut 06wl denumers n—1-

)



quces U 6348 3amem Hauborbuwiuld obuwjull Oesumenv om NOAYHEHHO20

maxum obpasom uaucra d’'=(a,, ... ,a,_,) u nocrednezo 4ucra a,.
Hoxasareascrso. Ilycte p,,...,p,—npocTeie uHcaa,
ZessimiHe XOTst Obl ONHO M3 4YHCeN 4y, ..., Q,.
v v
a,==4p P v, =Pyt ... ple, a,=p" ... pst,
rae Bee a;=0,..., n; =0, v, =0 uedste,
min(oy, ..., pyvy)=min(min(e,, ..., k), V1),
min (%, ..., Wk, Vo) =min(min (e, ... ,lkg), Vy),

4TO COrJlacHO (2) H NOKa3blBaeT Hallly TeopeMy.
[MocnenoBatespbHO NpUMEHAST TeOpeMy, [OJyYaeM, 4YTO ecC/i

(a;, az)=d,;, (dy, ay)=d,, ..., (d,_y, a,)=d,_y, 10 d,_, Oyner
HAHOGOJBIIHM OOMUM JejiuTeNeM 4ucel dq, 4,, ..., d,.
. Onpepeaenne 13. Ilycme a,, ..., a,—omaudtoie om HYas yeavie

yucra. Haumenoswum 06Lt§uM KpAMHOIM  dmux 4uces Ha3bLEaArOm
HauMenbliee NOAOHCUMEAbHOE UHUCA0, KPAMHOEe 68Cem IMmuUM HUCAAM.

Haumenblilee obillee kpaTHOe uHcea a,,...,a, oOo3Hayaercs
lay, ...,a,)
TakuM o6pasom, |a,,...,a,]=m o3Hauaer, 4TO:
1) m >0 ueJsoe
2) a,lm,...,a,|lm L@
3) ecnu M>0u a[M,...,a,|M, o m<M )
[MonoxuTeNbHble KpaTHble JMIOOBIX TaKHX 4Hcea ay, . .. , 4, o0pa-

3YI0T HEKOTOpOe MOAMHOXKECTBO HATYPaJIbHOrO psiza Tak, 410 (Teo-
pema [) cpexm HHX wuMeercsi HauMeHbuliee. TakuM o6pa3oM, st
JI060r0 KOHEUHOrO MHOXeCTBA (e/IblX YHCEJI, He COoJepIKallero HyJeH,
CylecTByeT HaMMeHbliee ofilee KpaTHOe.

Teopema 31. Ecau a, =4 p¥ ... p%°, ..., a,=+pl* ... pd, 20e
gce a; =0, ..., v; =0—yervie uucaa, mo
) max (@g, «-v , Ve) Max (Bg, ..v» Vs)
m=|ay, ..., a,]=p, ! Y Ps s s, (5)
Hoxkasareabctso. 1) m>0 uenoe,
2) o, <<max (%, ..., %Yy), ... ,0 << max (a, ... , Yy, TAK 4TO CO-
raacuo teopeme 20 a, [ m. AHaJOTHYHO NOJyYaeM, YTO dy | M, . . .,a, | m.

3) Myctre M >0 uenoe u a,|M,...,a,| M.
‘ M pi ...ps‘N (l 0 npu scex i).

Us a,|M,...,a,|M creayer, 410 o) < ll, ceos Yi<<hy, TaK UTO
{,=max (&, ..., Y1)
~ Ananoruuso nonyqaeM'

I, = max (&, ..., yz), ey Zs>f_m‘ax' P s)s



Tak uro m|M, H, ClenoBaTeJbHO, NOCKOJNBKY m M M nonoxu-

TeNbHB, Mm=<< M.
Jlns m BHIIOJNHEHB! BCe YCJAOBHA (4), U, 3HAYUT, M — HauMeHblliee

ofilee KpaTHOE @y, ..., Q,.
IMpumep. HaliTh HauMeHblllee ofiee KpaTHoe YHcen a = 333 333,

b=420 u c=—312.
HaxonuM KaHoHHueCcKHe pas3jioxeHud a, b u c:
a=3-111111=3.111.1001 =32.7-11.13.37,
b=22.3.5.7, c=—2%.3.13.

Ilo dopmyne (5) moayudaewm:
la, b, c]=2%.32.5-7-11.13.37 == 40a = 13 333 320.

Teopema 32, Haumernsiiee obujee Kpamroe 08yx UAL HECKOAbKUX
yucen ecezda Asasemca Odeaumetem Aro6oeo dpyeoeo obuyezo Kpamrozo
smux wucea, m.e.ecaum=\ay, ...,a,), a;|M,...,a,|M, 10 m| M.

JorasarenbctBo. m>0, Tak 4T0 M MOXHO NpeACTaBHTH
B BHae M=mqg+r, tne O<<r<<m. HUs a;|M u a,|m caenyer,

YTO @, | 7. AHANIOTHUHO TIOJyYaeM, YTO @y |7, ..., @, |, T. €. r KPaTHO
BCEM YHCIaM 4, ..., d,. [IOCKONbKY m-—HauMeHbllee M3 Bcex
NOJIOXKHUTENbHBIX uKcCes, KPATHBIX &, 4y, ..., ,, H r<<m, TO r He
MOXeT OBITb MOJIOXKHTENbHBIM, T. e. r=0, M=mq, m|M.
Teopema 33. [ay, ..., q, 3, a,]=lay, ... ,a,_,], a,), m. e. nau-

Menbuiee 00ujee kpamuoe n uuces (n==3) MoscHO Hailimu, Habos
cHa4aara Haumensuice obujee Kpameoe n—1 uucer u 6348 3amem
Haumenbluee obujee Kpamuoe Om NOAYUEHHO20 MAKUM 06PA3OM YUCAQ
m'=lay,...,a,_,] u nociedneeo uucia a,.

JlokasaTenbCTBO COBEpPIIEHHO aHAJOIHYHO HOKA3ATEJbCTBY
TeopeMbl 30. JlocTaTOYHO B NPOBELEHHOM TaM PacCyXAEHUU BCIOLY
3aMEHHUTD B3ATHEe HaHMEeHbIUEH BeJHYHHB — HauGOJbLIEH, T. €. Beaje
BMecTO ,min“ HanucaTth ,max*.

Teopema 34. ITycmoe a>0, b >0 yeave, (a, b)=d u [a, b]=m,
moeda dm=ab, m. e. npoussedenue Haubonvuiezo 0Ouwieeo Oesumenn
U Haumerouieeo obujee0 Kpamuo2o 08Yx NOAOKCUMELOHbIX HUCEA DABHO
ux npoussederur.

HokaszateabcTso. IlycTe a=pP...pH, b=ph. . . ph
(Bce a; =0, B; =0 uenwle); Toraa (teopeMnl 27 u 31):

min(a;,B) min (a,, Bs)
d=p1' lﬁl---ps (G 9
m =prr1|ax<a,,ﬂx) ... phex @y Ba)’

min (o, 61) + max (o4, ﬁ1) =+ 611

min (&s,' B;) + max (as 1.53).=’a.; + Bs.. .

Tak uto dm=ab.
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Mpumep,a=132=22.3.11, 56=90=2.32.5, rorrad = 2.3 =6,
m=22.32.5.11=1980 u, geiicteurenpuo, 6.1980=90-132.

Teopema 34 mokasbiBaer, 4TO HaHWMeHbllee ofiee KpaTHOE ABYX
MOJIOXKUTENBHBIX YHCeN a H b MOXHO HafiTH mo Qopmy.Jie

b
[d, b] =q m .
H3 nokasaTeancTBa JIerKO BHIETh, YTO €CJAH B3SATb He JBa, a
6onbule yucea, T, e. B3ATh @¢; >0, ...,a,>0, rie n=3, To mpo-

H3BEJAEHHE @y ...d, MOXET 0KasaTbCs GOJblle, YeM NPOH3BEACHHE
dm Han6GoJIbIIero oOILero AeIUTeJsl H HAaUMEHbILIEro 06LIEro KpaTHOro.

2. AJITOPUTM EBKJIHZA

Haxoxaenne HaunGoabuero cbmero feautens no gopmyse (2)
BO3MOXKHO, €CJH MpeABapuTeJbHO HalleHbl KAHOHHUECKHE PasJioxkKe-
HHSl paccMaTphBaeMbix uucesa. Jna odeHb GOJBUIHX YHCEN HAXOXK-
JeHHe TAKHX pAa3JIOXKEeHHH CONPsiKeHO ¢ OOJBbIIHMH TPYIHOCTSIMH,
Ins HaxoxJAeHHsi HaHOoJpluero obuiero JesuTesst ABYX YHCEJ Cy-
HIECTBYET ellle JApyrcid anropuTM, KOTOpHIH Obis AaH EBkaumom.
Anroputm EBKnuga 6Gasupyercs Ha Teopemax 35—37, B XOTOpHIX,
He OTroBapuBasi 3TOT0 KaxAblH pa3, Mbl GYJeM BCe paccMaTpHBaeMbie
BEJHUHHBl INPEANOJAaraTth HUEJbIMH YHCJIAMH.

Teopema 35. Ecau bla u b>0, mo (a, b)=0.

HokazateancTBo. 1) 5>0; 2) bla'u blb; 3) ecau Sla u
8|6, 1o, B uwactHocTH, 6]b. ITockobKY ANt b BHITOJHEHH! BCE YCJIO-
Bun (1), onpefensiiomue HauboAbUIHH OOLIMH JenHTedb @ U b, TO
(a, b)=>b.

Teopema 36. Ecau a=0bg+r, mo (a, b)=(b, r).

HokasateannctBo. Ilycte (a, b)=d; Torma: 1) d>0; 2) u3
dla, db w r=a—bg caenyer (teopema 1) d|r; 3) ecan b, §|r,
10 8la; 6—o6muft nenutesnr a u b, H, caefoBateabHo, O[d.

Taxkum o6pasoM, BCe YCJOBHsI, onpefensiiomue d B KauyecTBe
HauGoJpliero OGIIEro AEJUTENs] YHCeA b W r, BhimoJHeHH: (@, b) =

=d==(b, r).

Teopema 37. [lra sobuix yertix a u b>0, ede bta npu He-
KOMOPOM S CYU4ECHBYIOM YeAble HUCAA Gy, 1y « oo G A Ty, Tay o v vy g
makue, 4mo b>r; >r>...>r, >0,

' a =bq0+ ry )

b=rq,+r,

ri=rys+r;
e e e . (6)
Fsmg=Tlg_1G5-1+ T l
Tso1="Tsls J
H (a1 b)=rs
HoxasateabctBo. CornacHo Teopeme 1 gas a u b>0,
The bfa, MOXHO HalTH g, M ry, TaKHe, YTo a="bqgy+r, 1 0 << r, <Cb.
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HOna b u r; MOXKHO HaHTR 4MCNA ¢y W r,, TaKHe, YTO b=r,q, +r,,
rie 0<<r,<<r,. Ecau r,=0, Mul 3aKaHuWBaeM Hall NpOLECC, eCaH
x)e ry,>>0, To NJia ry H ry HAXOMHUM §, H I'y, TAKHE, UTO Iy ="yGy+ I3,
O<rg<<r, u 1. A

Boobme Mbl ags rp_y M r,(0<<r,<{r,_,) HaXOBHUM @, U I'y.j,
TaKHe, UTO ry =TIyt Mpyrr 01y <<rp moecan r, =0, 10
TpolecC 3aKaHUMBaeTC, a eciM r,,, 0, npouecc NPOROIIKAETCS
TakHM e myTeM. IlosyyaeM COOTHOlIEHHS BHJAA:

a=bg,--
b—’lql‘f”z
~f202+f3

L.
rie b>r1>r2 - ’

TIpouecc noctpoenuss paseHcTs (7 ) He MOxeT OhITh GECKOHEUHBIM,
TAK K4K TOTAa CYIIecTBOBa/0 Obl GECKOHEUHOE MHOXKECTBO pasJ/uu-
HBIX HATyPaJbHBRIX YHCEJ r,, Jexamux nvexAy 0 u b. BMmecre ¢ TeM
N0 YCNOBHIO CaMoOro MOCTPOEHHSI MpPOLeCC 32KAaHUMBAETCH TOJBKO,
ecau Hekoropoe ry,;=0. TeMm cambiM J0OKasaHo, YTO NPH HEKOTO-
poM s Oyger r, ., =0, Tak uro (7) 3aKaHUHBAeTCs] COOTHOLIEHHEM
re.,=rg, H MB HodydaeM (6), npuueM b>r, >r,>...>r,>0.
Tlonbaysick Teopemamu 36 u 35, nonyyaem:

(@, b)=(b, ry)=(ry, ry)=...=(r,_y, ry)=r,.

Tlpn b<C0 MOXHO BOCIOJIB30BATLCST OUEBHAHEIM COOTHOLIEHHEM
(a, b)=(a,—b), Tak uro Teopema 37 BMECTe C JOmoJHAIOmEH ee
TeopeMoil 35 JaeT ajJrOpHTM, MO3BOJIAOMHA HAXOAUTb HAHGOJIBLIUII
06U AesHTeNb [ABYX JIIOOBIX LENBIX YHCEJ, M3 KOTOPBIX XOTf Gbi
ORHO OTJIHYHO OT HYJIs.

[Tp umep, Halitn naubospmuii obmuil gesurteip uncea 1173
B 323.

ITocnenoBatesbHBIM JIeJIEHHEM HaXOLHM:

1173 =323-3+4204

323=204-14119
204=119-1+85

119= 85-1+34
85= 34.2417

M= 17.2,
Tak uto (1173,323)=17. ' ,

IMosb3ysice anroputMoM EBKAuAa, moxHO HaliTH Hau6OJbUIHH
o6ImuA JeluTesb JIIOOOr0 KOHEUHOTO MHOMECTBA LEJBbIX HOJNOMKH-
TeJbHBIX UHCEN @y, Gy, ..., 0, s atoro, nonb3ysch aJIr‘OpPlTMOM
TOC/IelOBATE/IbHO  HAXOMUM: dy == (a4, 8,), dy=(d;, ag)y - v s, 1=
=(d,.s a,) 1 coraacHo Teopeme 30 d,_ 1—(al,a2, Sy ,,) B cay-
yae Xe, KOTAa 4acTb q; PaBHA HYJIO HJIH OTPHIATE/bHA, MNOJB3Y-
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. s '
10TCSl TeM, 4TO (a,,4a,, ...,a,)=(la,|, |as|,...,|a,]) (teopema 5),
npHYeM, KakK OHJIO yKe OTMeUeHO, NMPU BBLIYUCJIEHHH HaHGOJBILEro
obiuero AeNHTeNs, YHCIA, PaBHBle HYJIO, MOXHO BooOIle He NPHHH-
MaTb BO BHHMaHHe. Asroputm EBK/HIa NaeT BO3MOXKHOCTh HAXOAUTH
HaMMeHblllee oflllee KpaTHOe JI0GOro KOHEYHOTO MHOXKeCTBa M0JIO-
JKHTeJIbHbIX YHCeN a,,d,, ...,d,. a8 3Toro, nmosbsysch TeopeMamu
34 u 33, nocnaefoBaTeNbHO HaXOJUM:

a,a
di=(a,, @), m, = f: (a1, @], dy=(my, ay),
ma
m2 = dlz = [ml’ a3] = [alv azv 03], vy dn—l = (mn—Z’ an)’
m, .a
My-1= -;—"_E;-ﬁz [mn—Z’ an] = [alf Ay, oy an]'
Ecau wacre 4ucen a; orpuunatesbra, TO, NOJb3YsCh TEM, YTO
lay, ...,a,)=[|a,|,...,]|a,|], Boluuc/eHHsT TPOBOAAT HJS YHCEN
la,l,....]la,]|.

[Tpumep. Hailltu HaumeHbimee obumee KparHoe uucea 1403,

1058 u 3266.
Anropurm Eskaupa ana uncen 1403 u 1058 mmeer BupA:

1403 = 10581+ 345, 10568 = 345.3+ 23, 345=23-15,
TaK 4TO

d, = (1403,1058) = 23, m, = 1403, 1058] = 1403. 10>

=64 538.

. Ilpumensin  aaroputm EBkauza, HaxoguM Temepb d,=
= (64 538,3266) =46 wu, HaKoOHel, m, ={1403,1058,3266] =

— [64 538,3266] — 64 538 . 2220 — 4 582 198,

3. BBAUMHO TNIPOCTBIE YHCJIA

Onpenenenne 14. Yucra a,, ..., a, HA3616a100MCA 63AUMHO NPO-
cmolmuy, ecau (@, ...,a,)=1, m. e. ecau Hauboavwuti obuyui Je-
Aumenv 3mux duces pased 1.

Onpenenenue 15. Yucaa a,, .. ., a, HA36/8a0MCA NONAPHO 63AUMHO

npocmuimu, ecau (a;, a;) =1 npu acex iz=jl<isn, 1<<j<n).

[Ipumepnl. 1) 15, 21, 77—B3auMHO MPOCTHIE YHCJA, OJHAKO
3TH 4YHCJa He SBJISIOTCH NONapHO B3aHMHO NMPOCTBIMHE,

2) 34, 53, 99, 115—nmnonapHo B3aHMHO INPOCTble YHCJA, CJeA0-
BaTe/IbHO, TeM GoJiee B3aHMHO NPOCTHIE,

Teopema 38. [lsa 4wucaa a u b, omauunsie om 0 u 4= 1, 83aumno
npocmet mo2da u moabko mozda, Ko20a UX KAHOHUYecKue pasaovce-
Hua He codepocam 0OUHAKOBLIX NPOCMbIX MHONCUMmMened.

HokasareabctBo. 1) Ilycrs (@, b)=1. Ecau 66 mas ne-
KOTOPOro MPOCTOro 4hcaa p Oblio pla H plb, To p ABJsIOCH Gbi
oGumM AequreneM a ¥ b, a nockoaery (@, b)=1, T0 6le10 6ol
I'=p=2.
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2) Ecau KaHOHHYeCKHMe pasjioxXeHus a u b He cojepxar ofmux
TIPOCTHIX MHOXHUTeJeH, TO @ M b MOXKHO 3anucaTb B BHJE:

a=p™...p% b=ph. . ph,
rle B KaxIo# nape a;, B; OyneMm HMeTb OLHO UHMCJIO, PABHOE HYJIO,
T. €. mpu Beex i=1, 2,...,s umeeM y;=min(e;, f,)=0 u (reo-
pema 27) (a, b)=1.

Teopema 39. Ecau p—npocmoe yucao, mo pfa moeda u moasko
moeda, koeda (a, p)==1. '

I[oxaaa're.nbc'rso Ilpu a = 4 1 310 oueBuano. Ilpn a5+ 1
pfa o3Hayaer, YTO KAaHOHHYECKOE DA3JIOKEHHE @ He COACPNKHT
MPOCTOr0 MHOMUTENST p; COIJIaCHO HpelblAylieil Teopeme 310 Gyner
TOrZa W TOJNbKO TOrja, Korga (a, p)=1. _

Teopema 40. Ecau (ay,...,a,)=d, mo 4ucia ‘—Idl y . .,%” 83a-
UMHO npocmuole.

lokasatenbcTBo, Teopema sBJsierc YaCTHBIM CJyYaeM
Teopembl 29 npu b=d.

Teopema 41. Ecau clab u (a,c)=1, mo cb.

Hoxasatennctso. B cayuae ¢=241 ¢jb aas moGoro b,

[Tpu c=%1 paccMOTPHM KaHOHMUYECKOE PA3jIOKEHHE ¢ = -+ pI'...p¥.
Ilo ycnoBuIO npH HEKOTOPOM HEJNOM g

ab= p1 v ps s (8)
(a,c)=1, TaKk 4YTO MHOXHTEAH p;*, ..., pY He BXOAAT B KaHOHHU-

ueCKoe paasioxeHde a (TeopeMa 38), a Toria, NOCKOJLKY KaHOHH-
YeCKHe pas3JIoXeHHS JleBOW M NpaBoil yacTH paBeHCTBa (8) A0JKHBL
coBrnagatb (Teopema 18):
pY...p¥ b, 1. e. clb.

MMprameuanne. Iloabsysach 3Toft TeopeMofi, JIerKO J0Ka3aTb, YTO H3 pa-

BEHCTBA JBYX HECOKpaTuMHX ApoGeil cJjeflyer paBeHCTBO MX YHCJHUTENEH H 3HA-
a 4

MeHaTeseH, T. e. ecan (a, o) =1, (¢, d)==1, = b=1, d=1, 10 a=c,

b=d.

Teopema 42. Ecau (a,, b)=1, ..., (a,,, by=1,mo(ay...a,b)=1,
m. e. npousgedenue uucenr, Kascdoe U3 KOMOPHIX 83AUMKO NPOCHO
C OOHUM U MeM He YUCIOM, MAKIHCE B3AUMHO NPOCHIO C SIMUM HUCIOM.

JdokasarteabcTBo. PaccMOTPUM TpH BOBMOXKHBIX cJyyas:

1) b=0. M3 ycaosusa (a;, 0)=1 noayuaeMm, uTOo mnpH BCcex {

=41 u rToraa (g,...qa,, b)=1.

2) b=%1. B aroM cayuyae (@;...dq, +=1)=1 npu mobuix
nejasx a,, ..., a,.

3) b0, b;&:tl PaccMorpuMm B 3TOM cayyae KaHOHHReCKoe
pasnoxenne b=+ pl*... p¥.Tlockoaeky (a,, b)=1,..., (a,, b)=1,
MHOXHTENH pY*, ..., pd corjacHo teopeme 38 HE BXOAAT HU B ONHO
H3 KaHOHHYECKHX Da3JIOXXeHHH uHCel dy, ..., d, & CJICLOBATEJBHO .
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(npumeuanue Ha crp. 30), He BXOAAT M B KAHOHHYECKOE Pa3/oXKeHHe
HX TPOU3BEJEHHA a, ...d,, TAK UYTO MO TOH XKe TeopeMe 38 HMMeeM
(a,...a,b)=1

Teopema 43. 1) Ecau (a, b)=1, mo npu aobeix yeaotx neompu-
YameavHoix n U M umeem:

(a*, ") =1.

2) Ecau npu raxkux-aubo 08Yyx Ueablx NONONCUMEAbHBIX SHAYe-
Huax n u m (a*, b™)=1, mo (a, b)=1.

HoxkasareasncrtrBo. 1) H3 (a, b)=1 cornacHo mnpemniaymei
TeopeMe NpH a;=...=¢a,=a(n>0) noayyaem (a*,b)=1, a or-
ciofa TakuM e oGpasom npH m >0 noaydaeM, uro u (a”, b")=1.
Ecan xorsi Obl ofHO H3 uHcea n,m paBHO 0, TO yTBepXKIeHHe
OYeBHJHO.

2) Ecau (a*,0")=1, n>0, m>0 u (a, b)=d, 1o u3 dja, djb
nocyefoBaTenbHO nosydaeM: dla”, djp”, d|(a”, b™), d|l, d=1.

dra TeopeMa, B YACTHOCTH, NOKa3biBaeT, 4TO ecaH (a, p™) =1,
rfle p-—ImpocToe 4Hcao, To (a, p)~1, a cJaenoBaTeabHO (Teo-
pema 39), pla.

Teopema 44. Ecau py, p,—npocmete 4ucaa u p,==p,, Mo npu
Mobux yervix n=0, m=0 (p%, ps)=1.

IDorasarteancTBo, Jlaa ABYX pasHbIX NMPOCTBIX UHCENa p, H
p, umeem (teopema 38) (p;, p,)=1 u, NPHMeHAd MNpPeIbLIAYILYIO
TeopeMy, nonayuaeM (p}, pr)=1.

Teopema 45. Ecau yeaoe noAoxcumeavHoe uucao d— deaumens
npou3ssedenus 08Yx 63aUMHO npocmbix wuced @ u b, mo d moocem
Gbime npedcmasieHo U npumom eOUHCMBeHHbIM 06pasom 8 eude npo-
u3sedenus 08yx nososcumersvusix wucea 8, u 6, maxux, umo 8 a, 8,/b.

IokasateabcTBo. ITycTh pit... ps*—KaHOHHUECKO® pa3Jo-
xkeHHe d. [TockoJMbKY a W b—B3aHMHO NpPOCTHe YHCJA, MPOCTOi
JeJIUTENb p;, BXOAAIMKE B KaHOHHUYECKOE pasjoxeHHe d, He MOXKET
OHITh OJZHOBPEMEHHO JlenuTeNeM a u b, T. e. n1uGo p;ta, aubo p;{b.

PaccmoTpuM cHauasa cayuwait, korna p;fa. Hs pfa cuenyer
(a, p;)=1, (a, pi)=1 (teopembnl 39 u 43), ¥ TOTHA, MOCKOJbKY
#d, dlab, umeem pPlab, pi|b (teopems 6 u 41).

TouHo Tak Xe B caydae p;4b moayuaeMm piija.

TakuM 06pa3oM, Kaxjblfi MHOXKHTeNb d BHAA pi' ABJAsAeTCS JIHGO
IeauteneMm a, aubo genuteneM b, T. e. d=pit... ps = §,8,, rae
d.a, 6,)b. : :

IlpeacraBnenve d B BHEe 6,8;,, rme O,la, §,)b, (a, b)=1,
€IHUHCTBeHHO, TaK KakK mHHaue Owbjio Obl JBa Pas/IHUYHBIX
KaHOHHYECKHX DAa3JIOXeHHs JJs1 4yHCJa d (CM. mpHMeYaHHe K oIlpe-
Jenenuo 11 ma crp. 30). '

Teopema '46. Il1poussedenue 08yx 63aUMHO NPOCMbIX NOAOHCUMENL-
HbLX 4ucer DABHO KBadpamy Keaozo0 ducaa mozda U moAbKo moeda,
Ko2da kaxcOolli u3 comHoXNcumened ecmo K8aopam yeaoz0 4ucida.
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Iloxasa're.nbc'rno. 1) Ecan a=s%, b=12, To ab=(st)*

2) Ilycts ab==n? (a b)=1. Ecuan xaHOHHYecKoe pa3J/ioxKeHue n
HMeeT BHA n=pi'... ps', TO KaHOHHYECKHM pasjoxeHHeM ab 6yer
ab = n""-—pm‘...ps . INockoabky (a,b)=1, kaxauii peautenn ab
BHAa p;¥ apasiercs JAHGO HesauTeJeM a, JHOO HesHTeNeM b H, TaKHM
o6pas3oM, a H b—TakxXKe NOJHbIE KBagparhl.

Teopema 47. Ecau a,, ..., a,—nNONApHO 63aUMHO NPOCHIbIE HUCAQ,
mo [a,,...,a,]=a,...a,, m. e. HaumeHbuiee obujee Kpamuoe no-
NAPHO 830UMHO RPOCMLIX HAMYPAAbHBIX 4UCEA PAGHO UX npousse-
denuro.

OoxkasarenpcTBO. [lpu n=2 yrBepm reHHe TEOpeMH BEpPHO,
Tak Kak Hu3 (a,, a,) =1 caexyer (Teopema 34):

a18a
[ay, @] = @y )

[peanonoxuM, YTO0 yTBePXKJEHHE BepHO Aaf JOOBIX n NomapHo
B3aHMHO TpPOCTHX uucea (n=2). BosbmeM a06pe n- 1 nonapHo
B3aHMHO NPOCTHIX UHCJA @y, ..., G, Q,.4; Q,,,, OYIYUH B3aUMHO
IIPOCTEIM CO BCeMH YHCJAMH a4, ..., 4,, B3aHMHO IIPOCTO C HX INpO-
H3BellcHHeM (TeopeMa 42), u TOTjJa COIJIACHO CHEJaHHOMY HpeAro-
JOXKEHHIO H TOMYy, 4YTO NpH n=2 yTBepKJeHHe TeopeMbl BepHo
noJiyuaem:

[ay, ...,a,, a, 11=[la,, ... a,), a,.1]=[a, ... a,,a,,,]=
=0a;...0

=a,a,.

n an+1'

CornacHO NpUHIHNY IIOJHOH MareMaTHYeCKOH HMHIYKLHH yTBep-
JKJeHHE TEOpeMbl BepHO IpPH Mo6oM n = 2.

Teopema 48. Ecau ay, . .., @,—NONAPHO 63AUMHO NPOCIbLE HUCA
u ab,...,alb, mo a,...a,lb.

IHokasareancrtso. [ToycnoBuio b—obwmee KpaTHoe @y, . . . , Q.
Haumenbiiee ofmee KpaTHOe NONAPHO B3aHMHO NPOCTHX YHCE]
a4, ...,4,, paBHoe (Teopema 47) a,a, ... a,, COTiacHo TeopeMe 32
JOMKHO OHTh HequTejeM Jwo6oro obmero KpaTHOTO 3THX YHCEJ,
T. €., B 4YaCTHOCTH, JeJHTejeM b.

FJ1ABA 4
PYHKUHA [x]
1. PA3JIOXKEHHE n! HA TPOCTbIE MHOXHTEJIH

Onpenenenne 16. Llerodi wacmoro delicmeumensbnozo 4ucaa o Ha-
3vi6aemca HauboAvliee yeaoe 4UCA0, He npesocxodaiuiee a, m. e. ye-
A0e uucao n, makoe, umo n<<a<<n-+ 1. llenas yacth uncia o

o6o3nauaerca [a]. CaegoBaresbHoO, .
[@] < & <[] + 1. (1)
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Onpeneaenne 17. [pobuoild uwacmero Oelicmeumervtozo 4ucra o
Hasvieaemces passocms a—[a].

Jlpo6nasi dacTe uHcaa o o6o3Hauaercs {a}. CiefoBaTelIbHO,
{a}=a—[a] 1 0< {a}<l.

INpumepn. [5,8]=5; [3]=3 [a]=3 [—T7,39]=—38;

[—e]=—3; {4)=0; {n}=0,1415.. ;
{_2_3}=£
7 7"

Teopema 49. IIycme a— delicmeumenbroe noAOKUMEbHOE HUCAO,
d—yenoe noaoscumensvroe. uUcro noaoxHcumesbHbIX HlUcen, HE Npeso-

d
HJokasarteabcTBo. PaccMOTpUM TMOJOKHTENbHBE YHCJA,
KpaTHHE d H HeMpPeBOCXOASINHE ®; TYCTh HauboJbllee U3 HHX GyneT
paBHO sd, Tak uTo (s+1)d yXe Oojblle, 4eM @; 4YHCIO TaKHX
yucen

cxodawux o u Oerswjuxca Ha d, pasHo [3] .

d, 2d, 3d, ..., sd

PaBHO 8, rje sd << o << (s+ 1) d, ciaegoBatebHO, § << % <s+1, 1. e.

s=[2].

Teopema 50, [aa awboco Odedcmsumensrnozo a>>0 u yerozo

- [5]-[3)

JlokaszaTeabcTBo. Mexnmy [a] M o HeT UedbiXx uHceN, H
MO3TOMY YHCJIO 4Hces, KpaTHhX d, B cermente 1, [a], paBHoe co-
rJiacHo Tpejbayneli Teopeme [[—Z—]] , DaBHO TaK¥e BeJIHYHHe [—‘;—] ,
Bbipaxkaionlel YHCJO 4HceJ, KpaTHHX d B cermente 1, a.

Teopema 51. [laa awbozo OelicmeumensHoco 4ucia o pPA3HOCHb
[a]—2 [%] mogicem pasramoca moavko 0 uau 1.

HoxkasarteabcTBo. Haa moboro a umeeM a—1 <[a]<a,
TaK 4To e '

-2 (5] <a—2(5—1)=2
W —2[5|>a—1—25=—1,

a
T. e. nenoe yucao [a]—2 [E—] MOXeT  paBHATBCA  TOMBKO O
_Hau 1.
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Teopema 52. ITycms p—npocmoe wucso, n=1 yerce. [aa no-
Kazameas o HauselCulell cmenenu p, aexzmqea n! umeem:

[ Bl e

m. e. npu a, pasHom cymme (2), p°in!, Ho p**linl.

MNpuvmeuanne, Pan (2) npeacraBnsier cofoit KOHeuHHH PAf, TAK KakK,
ecJIH B 3HaMEHaTese MOABJSAETCH CTeneHb p¥, 6OAblIafg YUCAMTENS £, CJAaraeMbie
B (2) o6pamalotes B HYJH.

HokasateabcTBo. Ilpn n<<p Bce cnaraeMsie B psge (2)
paBHBl HYJIO, H BMeCTe C TeM HeHCTBHTEJBHO B 3TOM cJyuae IIOKa-
3aTejib HadBBICIIEH CTeNMeHHM p, Jedswed n!, paBeH HYMO, TaK 4TO
IJ5 TAKHX p U 1 yTBepPK/JeHHe TeopeMbl BepHO.

Bo3bMeMm Temepp NPOH3BOJABHOE NPOCTOE YHCJO P M TPHMEHHM
MeToh HHAyKUEM no n. Ilpuw n=1 Teopema Bepua, TaK KakK B 3TOM
cnyyae n=1<Cp. [IpeanonoxnmM, 4To yTBepKICHHE TEOPEMBI BEPHO
IpH BCeX A, TAKHX, 4TO '

l<=n<<N, rae N nence (N=2).
Ecan N <{p, To yTBepKieHHe TeopeMbl BepHO Ansl N, Kaxk 310

GBLI0 OTMEUYEHO BBILIE.
Ecan N = p, 10 cpenn muoxutesaedt 1,2, ..., N npoussegenus N!

qHCcno Aessuuuxcs Ha p OyZeT paBHO (TeopeMa 49) [%] . Ilpous-

BeJleHHe BCEX OCTAJbHBIX MHOXHTeJeH umcaa 1-2... N oGosmaunm
yepes M.
Toraa

‘N!=p-2p....[ ]pM p[ ] [%] rae piM. (3)

U3z N =p creayer lg[?]<N. ‘
Taxk 49To CorjlacHO NpelNnOJIOKEHHIO NOKa3aTeNb HAMBHICHEH CTe-
. [N
neHH p, gensmed [7] !, paBeH:

e e

p p® p?
(reopema 50). M3 dopmynel (3) monydaem, 4T0 HAHOOJBLUIHA MOKa-

3areJb CTeneHH p, Hdenasiein N1, paseH [‘%’—]—{— [g—] -+ [p—j\;] +...
TakuM 00pa3oM, yTBepKJACHHe TeOpeMHl BepHO Aast N H B 3TOM
cayuae. CorsniacHo opHo# w3 ¢opM TpHHNUNA MOJHOA MaTeMaruye-
cko#l MHAYKUHH (TeopeMa IV) Teopema npu npoH3BOJBHOM TPOCTOM p
BepHa JJs J000ro HaTypajbHOTO f. -
IIpumep. Hafitn HanGoaburee @, Takoe, urc 3%1000!
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[To dopmyse (2), umeem:

wm [ [0+ [+ [+ [59] + (7] =08
TaK uTo 34%9|1000!, Ho 399X1000!.

TeopeMa 52 naeT BO3MOXKHOCTb HAaXOZUTb KAHOHHYECKOE PasJo-
XeHue n!, a UMEHHO, TNOCKOJBbKY KaXJoe MPOCTOe p BXOAMT B Ka-
HOHHYECKOE pasJjioKeHue nl! ¢ NOKa3aTeseM, paBHEIM

PN
L I;Ip[?HF]*“'_ @

Hast dyukuns T (x)= Dlnn Ha ocHOBaHMHM paBeHcTBa (4) U

paBeHCTBa [%]] = [%] , cn?a;ennmsoro A aoboro nejoro d >0,
foJy4yaeM:
T(x)=ln[x]!=21np<{%]-{—{g;]—l—...). (5)
p

B dopmyne (5) MOXKHO OrpaHHYNTLCS NPOCTHIMH YHCIAMH P << X}
NpH OCTaNbHBEIX p CJlaraeMele PABHEI HYJIO.

2. TOUYKH C UEJOYHCJIEHHBIMH KOOPAHHATAMH

BosbMeM Ha NJIOCKOCTH pelIeTKY, 06pa30oBaHHYI0 BCEMH TOYKAMH
(%, ¥) ¢ ULeJOYHC/JEHHBIMA KOODAHHATAMH X, y. Pynkuus [a] urpaer
6GoJIbLIYIO POJIb NPH TOACYETE Ta-
KHX TOYEK, JeXalluX BHYTPH 4
HEKOTOpOH  3aMKHYTOH KpHBOH.
Teopema 53. ITycmo [ (x)—
HEOMPUYAMeIbHAR U Henpepsig-
Haa npu a<<x<<b ynukyusa,
Jucao movex ¢ 4eaouucCreHHbIMY
KOOPOUHAMAML,  AEKHAUUML 8
Kpugoaunelinotd mpaneyuu a <

b g i Ll
o« .

sx=<<b, 0<<y=<f(x) (uckao- i R gt
uasa, makum obpazom, mouKu, i
Aexcaujue Ha ompeske ocu X}, §
pasto E 6 Pue. 2
Do ®

HdoxasarteanncTpo. [lpn mobom nenom k(a<<k<<b) Anuna
oTpeska M'M (puc. 2) paBHa [ (k). Uncio Touyek ¢ uesbIMH Koop-
AMHATaM¥, JieXaltuX Ha STOM OTPEe3Ke (HCKJiouYad TOUKY Ha OCH X),
PaBHO yuC/y HeJbIX 3HAUYEHHH Y, TaKHX, yTo 0y << f (R), T. e. paBHO
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[f (k)]. TlockoanbKy BCe TOMKH C lleabiIMH KoopaHHaTaMH B A’AMBB’
pacrnojararnTcs Ha TaKHX OTpe3Kax, I'lle a <<k <<bh, To obulee 4ucjo
5THX TOYeK paBHO cyMmme (6).

Ecan kpuas AB 3ajaHa ypaBHEHHeM C MapaMeTPoM, T. €.
fx)=f(N, x), n npu H3MeHeHHH 3Toro mnapaMerpa N uJjowasas
kpuBosinHelnofi Tpanenuu A’ ABB’ HeorpanHyeHHO BO3pacTaer, TO,
@CTECTBEHHO, BO3HHKaeT BOnmpoc 06 oLieHKe MOpsSJKa pocTa uyHCja
TOYEK C IeJOYHCIeHHbIMH KOODIHHATaMH, JeXalluX B 5Toi 06JacTH.
HVIHTYHTHBHO $ICHO, YTO ecJH KpHRasi AB He siBiseTCA CJHIIKOM
H30THYTOH, TO YMCJIO TaKHX TodeK OJIH3KO K nJjowaid ¢GUTypHl;
OflHAKO BOMPOC O TOM, KaK CHJbHO MOXKET OTJHYaTbCsl PacCMaTpH-
BaeMOe YHCJO TOYEK C [eJIOYHCJEHHRMH KOOPAMHATAMY OT IJIOAH,
06HYHO BHI3BIBaeT Cephe3HBie TPYLHOCTH.

Ocobnifi HHTEpEC A/ TEOPHH YHCeJ MPEACTaB/AIOT CJlyYau, Koraa

n
KpuBass AB ecth nyra runep6oJs! Y= WIH OKDYKHOCTH Y=
=V r?—x?%. Ilpn pacCMOTpEHHH HHCIa TOYEK C MEJOUHCJCHHBIMH
o o n
KOOpAHHATAaMH B OGJACTH, OTPaHHYEHHON TrunepboJof y=—, HaM

NoHAafOOHTCS Clefyoumias TeopeMma.
Teopema 54,

E—lnx+C+O< ) 7)

\

1<l ks

//\

20e C—Hexomopas ROCHIOAHHAA.
IlokasarTenbCTBO. 3aMeHAS TOILIHTErPAJbHYIO QYHKIHIO ee
HanboJbIIEM M HaHMeHbINHM 3HAYEHHAMH, IoJy4daeM:

k+1dt .
—r,l.1< ST<?’
TAK 4TQ *
k41 dt ) )
0<—,i——§ <t

1 1
Ws cxonumocty psina ) ('iz‘"k’?l) COTJIACHO M3BECTHOMY MpPH-
k=1

3HAKY CpaBHEHHsS] PSAAOB CJeAYeT CXORHMOCTb pAla a;-+ay-+..

1 k+1d .
rie ag=-—— ST. O6osnayass cymmy storo psna vepes C, mno-
JdydaeM: *

2 3 4 .
e=(i={ )+ (=[N +(-[D+ @



Ecau B cymme (8) B3ATb uneHH HayuHas c¢ (N 4-1)-ro, to

E+1
&,y /1 1 1
0< Z ( S )<‘ by (T“Tl): ¥i’
k=N+1 k=N+1
TaK 4YTO

o=(1-{#)+(4-

I+ gt oot T+c+o(1¢~>=1n1v+c+o<ﬁ).

Takum obpasoM, cootHoumenne (7) AOKA3aHO AJs HENhIX SHa-
YeHUH X.
Iyets [x}=x—06, rae 0<<6 < 1; Torma

1n[x]=1n(x—9)=1nx+1n(1———2>=1nx+0<—1~).
b= B temrcro(f)-mrcro(2).

1<k=sx k=[x]
Yneao C HaselBalOT NOCTOSAHHOH fsepa. M3 (7) caeayer, uro

C= lim (1+~;+ —}—————lnN) 9)

N-o>o

Briuucaenunst pawt, urto C=0,577215...
Teopema 55. Yucao S (N) mouex ¢ Yer0UUCLEHHbIML NOAOH L~
meAbHbBIMU KOOpOuHamamu 6 obaacmu, 02paAHuteHHol aunepboiorl

Y =—1:— U KOOPOUHAMHOIMU NOAYOCAMU, PAGHO
S(N)=NInN+2C—1)N+0(VN), (10)
ede C—nocmosannan irepa.

MMpamMeuanne. JIad TAKKX ToueK C IEJNOYACJEHHEIMA KOOPAHHATAMH
uMeeM lsCx<C NV, Tak uro S(N) (puc. 3) corsacHo Teopeme 53 MoXer OHTDH

3aluCaHO B BHJEC: N
sw=3 [F]-

- Hasa noaydyenusa oueskH (10) safo mpefiBapHTeNbHO TPEACTABUTHL S(IV) Apy-
roii dopmyJoi.

HoxkasarteabcTBo. BosbMeM Ha runepbone (puc. 3) y= N
“troukn D(V'N, V'N), A(1,N), B(N,1) u HX npoeKuus Ha ocH

koopaunat: D’ (V'N, 0), D"(0, V' N), A’ (1, 0), B' (0, 1). (Byksu
5_3’



C ONHHM WITPHXOM O3HAYAIOT
NPOEKIHH  COOTBETCTBYIOMIHX
TOYEK Ha OCh X, a4 C XBYMH
WTPHXaMH-—H2 OCh y.)
Bauny cuMmerpum runep-
60Ji6! OTHOCHTEJBHO GHCCEK-
Tpuch OD KOOpAMHATHOTO yTia
YHCJIO TOYeK C LeJIOYHCJIeHHB!-
MH KOODAMHATAMH (HMCKJOUast
TOUKH Ha 0OCAX) B KPHBOJIH-
Hefinpix Tpamenusix A’ADD’
u B'"BDD" opupakoBo H CO-
riacHo Teopeme 53 papHO

T~
e et e B S B [
/ RN Loy Z [—k—] .
ol A Jig " i
g 1<kesVFN
Puc. 3 Yycao Touek ¢ HeJodu-

CJeHHLIMH KOOpIAMHATAMH B
RKBajgpate OD'DD”, uckJouast TOYKH Ha OCAX, PABHO

> [VN]=[VN].
1<k<sVN
Taxum ofpasom, pas S(N) nonyuaem dopmyay:
N
sm=2 X [F]-VT (11)
1sk<sVN
Ot6paceiBast cKOGKH BO BCEX CJaaraeMpiX CyMMBI MpaBofi dacTH

N N
paseHcrsa (11), 1. e. 3aMeHHB [T] YHCNAMH ——, Mbl H3MEH7eM

KaxJoe CJaraeMoe MeHblue, YeM Ha 1, a BCIO CYMMY-—Ha BeJHUHHY,
MEHBIIYIO, YeM 2V'N. C Jpyrofi CTOpOHHI, [l/ N|=VN—B, rie
0<8<1, tag uto {V'N]*=(V'N—8)*= N—l—O(V__)

M3 pasenctra (11), noab3ysice TeopeMoit 54, nosyuaem

S(N)=2N Y. —k——N—l-O(V—) 2N<1nVW+c+0<VN>>

k<VN
—~N+O0(YN)=NInN+@2C—1) N+O(VN).

Bonpoc o TouHo# ouenke yucsaa S(N) MoxkeT OHTb MOCTaBJIeH
B BHJle cjefywoulelt npo6ieMsl: B dopMmyJie

S(N)=NInN-+(@2C—1)N+O0(N?) (12)
OOJAYYUTE Mt O BO3MOXKHO MeHbIlIte 3HauYeHHE,
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Teopema 55, JoKasaHHas Y
B 1849 r. [Inpuxne, aaer pna 8 3ua-

1
yeHHe 6=—§. 3HaunTenbHO GoJiee

TOYHHI pe3ysabraT Obll HOJYYeH
B 1903 r. pycckuM MaTeMaTHKOM
I'. ®. BopoHsM. CylecTBeHHO
yCOBepILEHCTBOBAB MeTOJ NOJACYeTa
YHCJTa TOYEK C IeJbIMH KOOpAHHA-
‘TaMH, Bopono#i nomyunn mas 8

B (12) 3HaueHue § =%+e, rge e —

CKOJIb YrOAHO Majasl TNOJOKHUTEN]b-
Has BeqWyMHA. MICTHHHOe HaWMeHb-
mwee sHaueHue & B dopmyne (12)
Jo cHx mnop neussectHo. Co Bpe- Puc. 4.

MeHH MNosBJeHHs paboTbl BopoHoro

6blJIO TIONy4eHO MHOTO pe3yJbTa-

TOB, NOCTENEHHO YMeHbIIaBIUUX O; OAHAKO 3TH YTOYHEHHs OKa-
3aJIUCh He CAMMIKOM 3HayuTesbHbiMM. Hanpumep, B 1959 r. pasa

13
6bLTIO TIOJMYYEHO 3HAYeHHe 74'6+8' BMmecTe ¢ TeM M3BeCTHO, UTO
1

627, TaK 4TO <6< 0—}—8

Paccmotpum eme 3ajjayy mojcyeTa YMCJA TOYEK C UEJBbIMH KOoop-
JMHATAMH, JeXAallHX B Kpyre ¢ IEeHTPOM B Hayaje KOOpJIHHAT,
paauyc KOTOpOro r HEOrpaHH4Y€HHO YBCJIHYHUBACTCA.

Teopema 56. Yucao A(r) mouex ¢ deaomu KoopouHamamy
8 Kpyee x®+ y*=r? soupamcaemcsa opmyaol

A(r)y==ar40(r). (13)

JokasaTenbcTBO;, PaccMOTpPUM TOYKH C LEJbIMH KOODHAH~
HATaMH, Jexamue B cektope 0=<<x<<r, O0<<y<<Vri—x%, T. e.
(puc. 4) B MON, BxJwouas TOUKH, Jnexamue Ha oTpeskax OM,
ON u nyre MN. O6Go3HauuM 4YHCJO 3THX TO4YEK 4epe3 B (r).

Jaa xaxpoft Tako# TOYKH BO3bMeM KBajpar €O CTOPOHOH, pas-
Hoii 1, JeBasd HHXKHAA BepllHHA KOTOPOr'O COBMAjJaeT C JAAHHOMH
Toukoii. Bce 3TH KBajpaThl 3aK/iOYeHB! B ceKTope M’ON’, orpanu-
YEeHHOM OKp Y2KHOCTBIO:

XB4yt=(r+2)2.

JeficTBuTeNbHO, JeBasl HUXHSA BeplIMHA KBajpaTa MO YCJOBHIO
yAajieHa OT Hayasla KOODAMHAT Ha pacCTofiHMe, He OOMNblliee, YeM r,
a rnepellBUXXeHHe B INpefesax KaajpaTa cO CTOpPOHOH, paBHOH 1,
MOXXeT H3MEHHTb pPacCTOsiHHe OT IEHTpa He _60J1bu1e, yeM elle Ha
ABE eIUHHUIHL,
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C npyroit CTOpOHBI, YaCTb MVIOCKOCTH, 3aHATAA 3THMH KBajpaTaMi,
sakJjioyaer B cebe ceKTop MON, orpaHHUEHHBIH OKpPYIKHOCTBIO:

X2 yt=r2.

[lefACTBUTENILHO, €CAH TOUKA (X4, Y,) JIEKHT B 3TOM CEKTOpE, TO
OHa yJAajieHa OT Haya/la KOOPAHHAT HA PACCTOsHHe, He 6oJjblliee, YeM r.
ITockombRY [%o] << %9, [Yo] <Y, TOUKa ([X,], [y,]) TakXKe ynanena
OT Hayajla KOOPAWHAT ‘HA paCCTOsiHHe, He OoJsipiue, €M 7, T. €. OHA
ABJISIETCA JIeBOH HHXKHeEH BepIIHHOH ONHOTO H3 pacCMaTpPHBAEMbIX -
HaMH KBaJApaToB.

Ha  [xl<<xo<<I[xol+ 1, [yl <<yo<<lyol+1 saxmouaem, uro
TOYKa (X, Y,) NPHHAJJIEKHT 3TOMY KBaiparty.

Uucnao B(r) Touek ¢ HeSOYHCIEHHBIMH KOOpAHHATAMH B cemope
MON pasHo cymMMe nJowagefi BceX 3THX KBaAparoB, T. €. Mpel-
cTaBjser Co00H BeIHYHHY, 3aKJOUEHHYIO MeXAY MNJONIaAbIo CeKTopa
MON wu nnomansio cekropa M'ON':

1 1
anng(r)g-Tﬂ(f+2)z.

Meni nosydaem orcroga, uto
<B(r)—74l-nr2< T‘n(r+2)2——}-nr2=nr+n,
B(r)=art+0(r).

4B (r) paBHO 4YuUCAY TOYEK C LEJOYHCJEHHBIMA KOOPAHHATAMH
B Kpyre x*+4y?<<r® ecaH cUMTATh KaXkAyI TaKyl TOYKY, Jexa-
Y0 BHe oOceli KOOpPAHHAT, OAMH pa3, TOUKH, JexKallHe Ha OCsX
KoopauHaT,— ABa pasa, a Touky (0, 0)-—uernipe pasa.

Orcrona caenyer, uTto

A(r)y=4B(r)—4{r]—3=nr24-0(r).

Ouenka (13) 6blia u3sectHa eme [ayccy. [lpumensis  meton
Bopouoro, nosabckuii MatematHk CepnuuckHit B 1906 r. mokasar,
470 hopmyJa

A(ry=nr*+0(r)
. ) ’ ] 1
BepHa NMpn V=3 . DBblto jokasano Takke, uYT0 V=, T. e
L<v< 3 B HACTOsIllee BPEMsi M3BECTHBI OLEHKH A(r) €O ‘sHa-
YeHHSIMH 'V, MCHBUIHMH, deM g » OIHAKO TOUHAS. HAHMeHbINas Bemx-
upHa v B 3TOH cbopmyne 0. cHx nop HeuaBecTHA.’ \ '
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Hcmopuseckue xommenmapuu k 4-it zaase

1. Teopema 52 BrepBbHle BCTpedaeTCcss BO BropoM H3januH 1808 r,
kuurd Jlexanppa ,Teopus uucen“. OcCHOBHble pe3yJbTaThl HCCJIe-
posauuii I1. JI. UebblleBa N0 TeOPHH MPOCTHIX UHCeJ 6a3upyOTCS
Ha 3TOH TeopeMe, ToYHee Ha ¢dopMyJe (D), KOTOPYO OGBLIYHO Ha3bi-
BalOT TOXjaecTBoM YeGrileBa.

2. Teopema 55 Guiia omy6ankosana {upuxne s 1849 r. Hemen-
Kkuii MatemaTHk I1. Jlexen-Hupuxae (1805—1859), ceMbsi KoTOporo
npoucxoauaa u3 ®paHunH, GONBIIYIO YacTb MH3HH NMPOBeJa B Bep-
auHe. JlexeH-IIupuxjie-—ofHH M3 KPYNHeHIIHX MaTeMaTHKOB
XIX Bera, okasapmuil 6oJblIOe BJAHSHHE HA pPa3BUTHE MaTeMaTH-
YeCKOr0 aHaJiu3a H TeopHH uduces. B aHa/n3e ocoGeHHO 6oJiblioe
BHAUEHHE HMEIOT ero paboThl M0 TEOPHUH TPUTOHOMETPHUECKHX PSJIOB
H pubdepeHHANbHEIM YpaBHEHUAM MaTeMaTH4YeCKOH u3uku. B teo-
pHM uYHCeJ OH J0KasaJ OCHOBHYIO TeopeMy O MpPOCTHIX YHCJAX
B apudMeTHueckoi nporpeccuu. IlpuMeHeHHble HM MpPH 3TOM psibl
MONYyYHIH Ha3BaHue psajgoB Hupuxye (cM. 33-0o u 36-10 ruaBbi).
Jupuxje moayuua GbyHIaMeHTAJbHBIH pe3yJabTaT O YHC/E eIHHHLL
3aJaHHOTO 10JI a/jrebpaHyecKHX 4YHCeJ M ONMpejeJsHJ YHCJI0 OHHap-
HBIX KBaJpaTHYHBIX (OPM € 3aJaHHBIM JUCKPHMHHAHTOM.

3. ®opmyaa (11) Boepsbie BcTpeyaetcs B pabotax llapast pmura.

4. Teopruii ®enoceeBuu BopoHoit (1868—1908) —3ameuarenbHbIH
pPYCCKHi MaTeMaTHK, PaboThl KOTOPOTO MOYTH LEJHKOM MOCBSIIEHbI
tTeopud yuces. ['. @, BopoHOH oOCTaBHJ CPaBHUTENBHO HeGOJbINOE
yucjao pabor, OJHAKO OHH NPEACTaBJSIOT CYIIECTBEHHBIH BKJAaJ
B TeopHuio yucen. Ero pa6oTsl, NOCBAIEHHBIE TEOPHH KBaJpaTHYHbIX
¢dopM, HAIOT cyllecTBEHHOe pa3BHTHe TAaK HAa3bLIBAEMOTO MeToJa He-
MpepbIBHLIX mapaMeTpoB. BOpoHOH HOCTPOWI aJrOpHUTMBI JJA  Bbl-
YHCJIEHHS] OCHOBHBIX €IHHHI, KYOHUecKOro MoJisl.

Mewmyap I'. @. Boponoro 1903 r. ,,O6 ongHoll 3ajaue H3 TeopHH
aCUMNTOTHYECKHX OYHKUUA®, B KOTODOM OH TMOJYYHJ OLEHKY

2 [%L]A, MOCJAYKHJ OTHPABHBIM MYHKTOM HCCJeJOBaHUl acHUMNTO-
k=1
THYECKOTO NOBeleHHs Pa3JHYHbIX YHCJOBHX (yHKIHA. B uacTHOCTH,
sTa pabora OKasaja 00JblIOe BAMUsIHHE Ha (HOPMHPOBAHHE METOJOB,
Pa3BHTBIX B MEPBbIX TEOPETHKO-UUCJOBBIX pPab0Tax HALIETO BHIJAIO-
merocs cospeMennuka M. M. Buuorpazosa.

OueHka 3To#l (D)YHKLHH HMeeT 4Ype3BbuaiiHO O6o0JiblIOe 3HAYEHHe
B TEOPHH YHCeJ M PAcCMaTPHBAETCS KAaK OJHA U3 IEHTPAJbHBIX ee
3anau (cM. 34-10 raaBy). Haunuasa ¢ Jdupuxae, BopoHoro # BmJOTH
JIO. Haulero BpPeMEHH HCCAeHOBaHHUIO 3TOH (yHKUHH, 0003HaUYe€HHOMH
y Hac uepe3 S (N), nocesimeno odyeHb 6oJblloe Yucao paGoT.

Pa6oTbl -BopoHOro o :aHaAMTHYECKOR TEOPHH YHCEN KacaloTcs -
Takxe OGMMX BONPOCOB O METOAAX CYMMHpOBaHHS (yHKIHH; OAUH
H3 5THX METOAOB MOJNYUHJ B maremaTHKe uMa Bopowuoro. :
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TM1ABA 5
KOHEYHDBIE LIENNHBLIE APOBU

1. NIPEJCTABJIEHHE PALMOHAJIbHbBIX YHCE
LENHBIMH APOBAMH

Pauuonanbhbie 4HCJa MOXHO 3ajaBaThb B pasHOH ¢opMe, HANpH-
Mep, OKHO H TO e YHCJO MOXHO 3afnHuCaTh B BUJAE OTHOIIEHHS
IBYX UeABX YHcel —ba— KAH B BUJNE CHcTeMaTHueckoll Jpobu no He-
KOTOPOMY OCHOBaHHIO g, IPHUEM 3Ta CUcTeMaTtudeckas APoOb MOXKeT
6bITb KOHeuHOH UAH OeCKOHEeYyHOH, B 3aBHCHMOCTH OT BhIOpa OCHO-
BaHHSl CHCTeMBl CUHCJEHHS. 3alucb B BHJE CHCTEMAaTHYeCKOH Apobu
HMeeT pAj CYIeCTBEHHBIX NpeHMYyecTB 0cO0eHRO NpH NpHOIHXEH-
HbIX BBLIYHCJEHHAX, ORHAKO CYIIECTBEHHHle HEeYJIOOCTBAa BO3HHKAIOT
H3-3a TOTO, 4TO (popMa 3aNHCH 3aBHCHT He TOJBKO OT paccMaTpH-
BAeMbIX BeJIHYHH, HO H OT OCHOBaHHS CHCTEMBI CUHCJEHHS.

B aT0ii rnaBe MBI paccMOTpEM Jpyrylo ¢OpMYy 3amHCH pamHo-
HaJbHHIX 4MceJ, a HMEHHO NpejcTaBJeHHe HX B BHJe TaK HashlBae-
MbIX HENpepHBHBIX HJH LeNHbX Apobefi. BoJbIIHM NpenMyIecTBOM
anmapaTta uenHblXx Apofefi siBAseTcs TO, YTO BbhipameHHe JM000TO
pallHOHAJbHOTO YHCJa B BHAE LENMHOH APOOH He 3aBHCHT OT KaKHX-
Jau60 IAPYTHX BEJHUYHH, KPOMEe caMoro storo uuciaa. Jlpyrue jocro-
HHCTBA, @ TakXe H HEJOCTaTKH 3TOrO anmnapara §o0 CpaBHEHHIO
C annapaToM JeCATHYHBIX M APYTHX CHCTEeMaTHUeCKHX. Apobell 6yayT
pPacCMOTpeHBl No3xKe.

Onpenenenne 18. Koneunol wenpepuoistoti 0poboro Hasvieaemcs
HUCA0, 3anucanHoe 8 sude

b
ao_l..__'-__baf
a+——
a,+
.
L]
b
+.%
ag’
ele a,, ay, ..., a; by, by, ..., b—uyeavie uucaa.

Mo G6ynem, KoHeuHO, npeanosaratb, 4TO BCE 3HaMeHaTeJH,
BCTpeyaloliiecs B 3TOH APOOH, OTJHYHEI OT HyJs. OuYeBHIHO, YTO
BEeJIHYMHA TaKOH HeNpephIBHOH APOGH MoXeT OhnITb 3allHCaHa B BHAe
p

o TRe P v Q—uenpie yHCaa,

Ecau b, =b,=...=b,=1, a;=1 npu Beex i=1,2, ...,5—1
H a,> 1, TO TaKyl0 HENpepHBHYIO APoOb HA3hHBAIOT OGO LIKHOBE H-
HOH HenpepelBHOH JApOObI0 HJIH LENHOH APOObIO.
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Onpeneaenue 19. Koueunod yennod 0Opobsio HA3LIBALMCR 4UCAO,
sanucaxnoe 6 aude
1

o+ ——
a
1+a2+
. (D
' 1
+ >
as‘l+—a_3
rie a,, a,, ..., @,—uHease 9Hcaa, a, =1, ..., a,._; =1, a;>1.

Mpumeuanne. Ilpu s=0 g5 = g, MOXKeT GHITb JIOOLIM IEJLIM YHUCJOM.

Byzem ans yno6cTBa 3anmuchiBaTh UenHylo apobs (1) B BuIe

g+ Ya,+¥ay+ ... +Ya,_,+Va,.

Yucna a4, a;, ..., a, OyleM HasbBaThb 3JeMEHTaMH [EMHON
npobu.

Teopema 57. Jliwboe payuoHarbHOE HUCAO DPABHO HEKOMOPOU Ko-
HeuHol yenHod Opobu.

HdoxaszateabcTBo. Jlioboe palHOHAJNBHOE THCJIC MOXKHO

npeACTaBUTb B BHJE —Q—l, rie P u Q uenvle, npuueM Q =1, Aaro-
put™ EekJuaa ans takdx uuces P H Q JaeT Lenb PaBEHCTB:
P=Qa,+r,
Q=ra,+r,
ry="ryas+71,
........ T (2)
Fg_g=Tg10 —1+rs
Fse1 =T /

e Q>r,>r>...>r,.>0.
PaBenctBa (2) MOXHO 3anHcaTb B CJEAYIOEM BHJE:

Pyl Qg b
Il € ) MR €y
%=02+(~:L—)-, ceey ::—-::=a;_1+“(",s~_l_l)r rs,;1= 5

s e ‘ s
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OTKYAa NOJyuaem:

£
Q

I
8
_|_

HJH B COKpalleHHOH 3allHCH:
P 1 1 1
—CT———ao—l—-Ual—}—J%—)—...—)—Jas_l—{——jas.

Has neqoro uyucna, T. e. B caydae Q =1, B papeHcTBax (2) Gyjer

TOJIBKO OJHO nNepBoe paseHcTBO P=1-P+0, u nenHas Aapobn

oboppeTcs Ha a,=P.

EcTecTBeHHO NOCTaBHTL BONPOC, SABAACTCH JM TAaKoe pasiioxke-

HHe B LENHYI0 ApoOb E€JMHCTBEHHBIM, T. €. MOMXET JH CYLIEeCTBO-

P
BaTb KOHeUYHas HeNnHas IIp06b, paBHas —Q-—, C 3JeMeHTaMH, OTJHY-

HBIMH = OT HENOJHBIX = YacTHRIX @;, TOJAYYEHHBIX B  aJATOPUTMe
EBkaupa (2). Mpl foOKaKeM, 4TO KaXJIOe palHOHA/JbHOE YHCHO
MoxXeT ObITb eIHHCTBEHHBIM 00pa3oM Ipe/CTaBJIEHO B BHAE TaKOH
uenHof apo6H. ITOT (akT CyLEeCTBEHHO 3aBHCHT OT TOro, 4YTO
B OnpefesienHe KOHeYHOH WenmHOH JApPo6H BKJIOUEHO YCJOBHE, 4TO
nociaeaHuil saeMeHT a,> 1(s=%=0). Ecam 6b MpI, paccMarpHBas
BhIpaXKeHHe BHAA (1), JonmycKanH IJisi [OCJeJHEero sJeMeHTa 3Haye-
Hue, paBHOe l, TO €IHHCTBEHHOCTb NpEACTABJCHHS YyKe He HMeJa
6l MecTa, HanpHMmep:

o Vg L Vg0 Vg Vg, Yp,

Teopema 58. Cywjecrmsyem odua u moavko 00HQ KOHe4HAS yen-
Has Opobb, pPasHAA OAHHOMY PAUUOHAABHOMY HUCAY.
HAokasateabcrtBo. [lpeanojsoxuM, uTO CYIECTBYIOT XABe

P
pasJiuyHble KOHEYHbI€ LEITHbIC J.'lpOﬁH, paBHble -—Q—, T. €.

p
” —Q—=ao—|——1/a1—|-ﬂa2+...—|—1’a,=
=g g L YUy 1/
=a,+"a,+ aa—l—...+-jat, rae t==s. 3)
Ecau Owl 6biJIO ao—-ao, al—al, ceey G =a,, TO, ITOCKOJIbKY

3TH JBe LENHbIC llpOﬁlfl npeanosaararTcs paBJlH'-lellel t>s.

OtHpMeM M3 ofenx dacrefi pasencTBa (3) ay=4a,, npupasﬂﬂeM
SHaMeHaTesIH TOJyYalOHHXCA NoC/e 9TOre ApobeH (YHCIHTENH y HHX

OXMHAKOBHIE), OTHHMEM MOCJ/IE 3TOIQ U3 OOeHx yacTel a, =a, HT. A,
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TAaK 4TO B KOHIE KOHI[OB NMOJIYYHM a,=a -|——’ s+1+ ...—I—Ha,',q-ro

NPpH a,=a; H TNOJOKHTEJbHHX G541, ..., G; HE MONKET HMETDH
MECTO.
Takum 06pa3oM, HafileTcst TaKoe R(0<k=<s), uto
Qy=0ay, Gy =01, ..., Qp_y=0p-y H 0, F=0s. -

[Mocrymasi, kak H Bblue, T. €. OTHHMasf B (3) g,=a,, NpHpas-
HHBas MOCJIe 3TOTO 3HAMEHaTeJH H T. A., A0 TOTO Kak B (3) Hcues-
HYT @y=a,, @;=0y, ..., @,_,=0;_; U obosnauas a,+Ya,,  +

+ ... -|—ﬂaé. yepe3 R, MoJyuuM:
R=a,4+Ya, +...+Ya,=a,+Ya,, +...+Ya, (4

Ecau s=#k, 10 a,=R=[R].
Ecau s=~Fk-+ 1, TO, NOCKOJBKY COTJIACHO ONpelesIeHHIO LEeNHOH

Apobr a,. ., =a,>1, OGyleM HMeTb 71— <1 ua,=[R].

Ecau s> k-+1, 10 ak+1+...+—/a >1 u B 3TOM cJayuae

TakXe a,=][R].
Mur BuzuM, uTO BO Beex ciydasix a,=[R]; coBepiueHHO aHaJjoO-

ruyHo U3 dopmyanl (4) nomywsaeM, uTO ak—[R] T. €. a,=ay,
B TO BpeMsl Kak Rk ObJo BHIOpaHO Tak, 4TO a, % ay. Tpennosoxe-
HHME, YTO CYINECTBYIOT JBe pasJIHUHble KOHeUHBle IlenHbie Apobu,
p

paBHbie -, MIPHBENO HAC K MPOTHBOPEHHIO, T. €. Jio6oe patHo-
Ha/llbHOE YHCJIO TOJbKO €JHHCTBEHHbIM 00pa3oM MoXkeT ObiTb pasiio-
KEHO B KOHEUHYIO UenHyio Apo0b.

Teopemb! 57 W 58 ycTaHaBJHBAIOT B3aHMHO OJIHO3HAYHBIE COOT-
BETCTBHSl MeXIy PalHOHAJbHBIMH YHCJIAMH H KOHEUHBIMH HENMHBIMH
IpOGsiMH.

-

2. MOAXOASAUIUE APOBH

ﬂﬂﬂ'ﬂaHHOﬁ LeAHOH ApOGH
’ao—l—ﬂal—l—yaz—l—...—l—ﬂas (5)
6yleM paccMaTpHBaTh TaK HasblBaeMble NOxxoAsimHe APoOH:
Ay=a,, A,=a,+Va,, Agzao—l—ﬂal—l—i’az,...
vy Ay=ag+- Yo+ Yo, + ..+,

Onpene.neﬂne 20. n-i nodxodaujeli dpobosro (0 <<n<<s) K Koueu-
nau yennot Opobu (5) Oydem nasvieamo eeauwuny o

Ah‘*‘“o+‘”d1+”a;’+...‘if-ﬂa;,~ L (6)
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PaCCMOTpPIM TENEpb ABE MOCJAEAOBATC/NLHOCTH qHCceJa:
PO’ Pl""’PsHQO’ Qli"'v Qs’
onpejesieHHble PEKYPPEHTHRIMH COOTHOINEHHUSAMH:

Pn=Pn—1an+Pn-2’
2<<n<s )
Qr=0Qu-18,+ Q-
H HaYaJIbHEIMH YCJIOBHSIMH:
Py=a,, Q,=1, Pl—aoal—i—l Q,=uqa,. (8)
HenocpencTseHHo BHAHO, UTO COOTHOWEHMsA (7) BMecTe ¢ ycJjo-
BusamMM (8) mpHM JaHHBIX a4, @y, ..., Qs OAHO3HAYHO ONPEAENASIOT
BeJIHUHHbI:
Py, Py, ..., Pou Qy Qy ..., Q.
Teopema 59. Ecau aq, ay, ..., a,—23semenmsl yenuoti 0pobu (5),
mo nocaedosameavrocme 4ucer P, u Q,(n=0, 1, ..., s), onpe-

Oeaennan opmyramu (7) u (8), obaaclaem mem csoticmeom, 4mo

P . .
npu 8cex Imux n OMHOUIEHUE 6’—‘ pasno n-ti no0xodaujeil dpobu (6).
n
HJoxkasaTteabcTBo. IlpuMeHHM MeTox NOJHOM MaTeMaTHue-
ckoft MHAYKuMH 1m0 n(0<<n<<s). Una n=0, n=1 u n = 2 Heno-
CPeJCTBEHHO [1pOBepseM, UTO

Py Pi_awm+l_ gy Py_Pia+ P 1
%= g~ =T, Gl=gag =t Tt Ya,

COBNAJAOT ¢ HYJAeBOH, MepBOH H BTOPOH nojxojsameid ApoGblo.
IlpennosioxuM, 4TO yTBepKIAEHHE TEOPEMbl BEPHO AJIs N(2<<n<s),
T. €. 4TO nopxoasinas Apobs (6) papBHa:
p Pn_1a,+P
A —=n__In-1"n n-2 .
n Qn Qn-lan+Qn-2 (9)
BosbMem (n+4-1)-10 moxxoasmyro ppo6es A, ., H sanulleM ee

B BHJE:
l B
A"+1=ao+a___. ¥

a,+
" apey

HenocpeACTBeHHO BHAHO, YTO eCJM B n-i NOAXOAANEH XPOGH
. 1
A, BeMYUHY a, 3aMEHMTb BeJH4HHOM a,,—i—-a—;;—1 , TO moayduMm A, ;.

P, iy Py.s Q,_1, Q,.; BHPaXawTC pPEeKYPPEHTHHIMH COOTHOMIE-
nuamu (7) u (8) wepes @, @,, ..., @, ¥ He 3aBHCAT OT Q..

3amenns B (9) a, Ha a,,—l-a—":, nonydaeM A, T. €,
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! oo Py
L P (ant oy )+ Prms Prcstut Pacat 222
SRR S (PP W O S S S 2
n-l n. Q1 n-2 vn—l n n-% G+t
Pyt Dt

Guty _ Prpt1+ Pnoy__ Ppay
Qn_l Qnan+l+ Qn—l‘ Qn+l

Q"+a,,+1

CoraacHo NpHHOHDY HOJHOH MaTeMaTHYeCKOH HHAYKIHH COOT-

: p
HOlLIeHHe A,,:—Q-" BepHO npu Beex n=0, 1, ..., s

Onpeneneﬂne"21. Yucaumesramu u 3HAMeHamesamy nodxods-
wux dpobed K Koweuroil yennold OpoGu (D) Ha3LBAIOMER 6EAUHUHLL
P, u Q,(n=0,1, ..., s), onpederennsie peKYyppPeRMHOIMU YCAO~
suamu (7) u (8).

OTu HA3BaHUS ONpaBRaHH TeM, 4TO OoTHoweHue P, K Q, coraacHo
TeopeMe 59 paBHO n-fi nopxoxsimeidr ppo6u. Mbl OyneM NoaToMy

n

B JalbHeillleM 7-I0 MOAXOAsYI0 ApoOb (6) o6o3HauaTh yepe3 .-
n
[MocnenoBatenbHOe BHIUHC/AEHHe YHCAHTeNeH P, W 3sHameHatened Q,
NOAXOAAIIHX Jnpobefi no ¢opMmynam (7) yao6HO pacnojarate mno
cxeMe ‘

21} 251 ag cor ag
Pn 21 aoal+l ves cee oo
Qn 1 & ree cee ces

Kaxnas cremyomas nycras KjeTKa 3amoJiHsSeTCs Pe3yJIbTaToM ome-
panuil Haj YHMCJAMH JBYX TNpEIBAYIIHX N0 TOPH3OHTAJHM KJETOK H
COOTBETCTBYIOLIHM &,,y, CTOSIIIHM Haj 3TOH NyCTOH KJETKOH [cM.
dopmyaut (7)].

ITpumep. HafiTn noaxopsumue ApoOGH K HeMHOH ApoGH

24V 4 Vi V3 Uy Uy Vg Vg

P, 2 5 7 26 33 59 | 269 | 866

Q. 1 2 3 11 14 25 114 | 367




Toxxoxsmue Apobu g-” (0<<n<T7) paBHH COOTBETCTBEHHO
n

2 7 26 33 59 269 866

5
T2 311’ 14’ 25 114’ 367
Nocreanssa noxxoxsmas 1po6sb, OYEBHLHO, paBHA BeJHUYHHE BCeH
KOHEYHOH LenHOH ApobH. /
PaccmorpuM psiji cBOHCTB NOAXOASIIHX ApOGeH, HX yHCJAHTeNel

H 3HaMeHaTtejel, ,
Teopema 60. [Ipu n=1, 2, ..., s eotnoansemca paseHcmso

PnQn—l—Pn—lQn=(—1)n-1' (10)

HoxasatennctBo. IlpoBeneM mHaykuuio no n. Ilpu n=1
pasenctBo (10) cnpaseanuBo. JlefcTBUTENBHO,

Pi=aa,+1, Qu=1, Py=aqa,, Q,=a,, Tax ut0o P,Q,— P,Q,=1.
Iycte (10) Bepno npu HekoropoMm n (1l <<n<<s—1); Torza

Pn+1Qn—PnQn+1= (Pnan+1+Pn-—1) Qn'—Pn (Qnan+1+ Qn-1)=
= —(PnQn—l_Pn—lQn) = _('—" l)n-1= ('—' l)n’

T. €. DaBeHCTBO (10) BEpHO M IpH n-+1. CorjacHO mNpHHIHMY
NOJIHOH MaTeMaTH4eCKOH HHAyKIuM paBeHcTBO (10) BepHO Npu BCeX
n(l<n<s).

Teopema 61. Yucaumeav u 3uamenamens /uo6ou nodxodsauel
dpobu—e3auUMHO npocmble YUCAQ.

HokasarenbcrtBo. Ilpp n=0 P,=a,, Q0=1, TaK 4TO
(Py, Qp)=1.

ITyets n>0. O6Go3Hauum uepe3 d HauGOJMBIIME OOILMH JHeaHTEqD
P,uQ,.e.(P,, Q,)=d. V3zpasencra P, Q,_,—P,_;Q,=(—1)""1
(TeopeMa 60), nOCKOJBKY diP,,, d|Q,, nonyuaem dl(——l)” 1 rze
d>0 u, crepoBaredbHO, d=1

p
Ecan panuoOHaJIbHOE YHCJO 72— pasJoOXHTb B LENHYIO llp06b, TO

P o
nocneJHsAsl nojxopdmas JIpobb Q—’ npejicTasaser coboli  Hecokpa-
$

TUMYIO Apo0b, PaBHYIO %. Takum o6pasom, pasjioxeHue B LenHYIo
Jpo6b MO3BOJISIET OCYIECTBJSTh coxpam.eﬂne xpobeii. '

‘ Mpumep. Cokparutb ApoGb g‘g‘ﬁ

TIpencrasnsg 31y JApob6b B BHAE KOHeUYHOH TenHOH JAPOGH,
HaxoiuM:

2297

9911
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Haxonum nonxopsauiue ppobu:

P, | o 1 2 9 1| 2 131

Q, | 1 4 9 4 | 49 | 89 | 583

2227 131 131

3911 — g3 * TAC ggg— YXKe Hecokparnmas IpoOb,
Teopema 62. [Ipu l<<n<s
Pp_ Ppoa_ (=71 :
1) Qn Qn—l— QnQn_l ’ (ll)
Pp Py .l 1
2) Qn Qn_ll——QnQn—l' (12)

- HMokasateasctBo. P,Q,.,—P,_,Q,=(—1)""1, oTkyza
~noaydaem (11) u (12).

Teopema 63. 3namenamesu nodxodauux 0Opobeti K yennold
dpobu (5), nHauunasn ¢ nepsozo, 06pasyiom MOHOMOHHO 803PACMAOLLYIO
nocaedosamesbHocme, m. e.

1=Q,<Q, <@ <. .. < Qs

oxkasareabctso. Q,=1, Q;=a,=1=0Q,, TaKk uro Q,

H @, nojoxure/bub, COOTHOILEHHE

Qn—:Qn—lan—,_ Qn—z (2én<8) (13)
MOKa3blBaeT, YTO H BCe CJeAyIOllHe 3HaMeHaTeJH Q,, Qi ..., Qs
NOJIOXHTeIbHEl, [Ipu n =2, nockoabky Toraa a,==1, u3 (13) mo-

Jyudaem:
Qn > Qn—l' 1 +0= Qn—l'

Mpumeuanue. Ecau uensas Apo€b MOJOXKHTENbHA, TO, KaK 5TO Hemoc-
pelcTBeénno cieayer w3 dopmya (7) 1 (8), UYHCAHTeNH ee MOAXONAWMX ApoGed
TakxKe 06pa3ylOT MOHOTOHHO BO3DACTAIOMYIO MOCJIEA0BATENILHOCTh.

Teopema 64, [Ipu n=2
P,Q,-.—P,:Q,=(—1)"a,. (9
JIokaszaTeabcTBO. 3aMeHsas B Jesoit uactu (14) P, u Q,
no dopmyaaM (7) H Hcnodb3ysa TeopeMmy 60, mosyuaem:
.PnQn—Z—Pn—ZQn=(Pn—1an+Pn—2) Qn—z_Pn—2 (Qn—lan+ Qn—2)=
=0, (P Quy— P Q) =(—1""a,=(—1)"a,
Teopema 65. Yemnuoie nodxodsaujue Opobu obpasyrom sozpacma-

oo, a Hewemuole nodxodsuue Opobu — ybuisarouyyto  nocedosa-
menbHocmb., -
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HokasareascTBo. M3 (14) nonyuaem:

Pn Pn 2 __ (“l)nan
Q@ Qua QuQuss’

TaK YTO NPH N YEeTHOM HMeEeM Q >Q"", a NIpH 1 HeYyeTHOM
n n-2
P, P, 2
Qn Qn 2
n 1 Pn
JBe moaxonsmue apobu 0 H 5>, Y KOTOPHX HOMep OTaH-
n-1 n
yaeTcsl Ha eguHHLY, OyJeM Ha3blBaTb COCEJHHMH.
Teopema 66. 3 Osyx cocednux nodxodawux Jdpobedl uemnasn

0poGo 6cee0a menoule HewemHow.
JlokaszarenbcTBo. CorjacHo TeopeMe 62 HMeeM:

Pn____Pn—l (_'1)" !

Qn in Qin.

ITpu n yerHOM ﬂ< n-1

P
2 , @ IPH N HEYEeTHOM —"> Q" :, TaK YTO
n—-1 n .

P
U3 JBYX COCeIHHX ApolGeit Q—"—‘- H TQ—" YeTHAs Bcerja MeHblie He-
n-1 n

YeTHOH.

Teopema 67. Jliwbas uemnas nodxodsawas pode menswe aobor
HeuemHol Opobu,

JdoxasarteabcTBo. Ecau O X0Tb OfHa 4eTHas ApoOb Gbliaa
GoJibllle WJIH paBHAa HEYETHOH, TO COIJIaCHO TeopeMe 65 mocJegHss
yeTHast Jpo6b Toke Obljia Obl GoJsblle mocjaefHell HeYeTHOH, YTO
NPOTHBOPEUHT TeopeMe 66.

Teopema 68, Paccrmosnus (moOyau pasHocmeid) mexcdy coced-
HumMyu  no0xXodsujumyu OpoGamu YMEHbWAIOMCA C  YBeAUHEHUeM UX
HoMepa.

JdokasaTenbcTso., CorjacHo TeopeMaM 62 u 63 wmeeM:
Poag Pyl 1 1 Py Puy
Qn+1 Qn Qn+1Qn Qn-lQn Qn Qn—l

Mpumeuannue. Teopema 68 sBAfeTCA TakKXe HeMOCPENCTBEHHKIM Cief-
crBuem Teopem 65 u 67.

OTH TeopeMmbl IOKA3BIBAIOT, YTO MOAXOAsIIHE ApOGH C YETHBIMH
W HeueTHHIMH HOMepaMH SBJAIOTCS JIeBLIMH M [paBbiMH KOHIAMH
BJIOKEHHBIX APYT B Apyra WHTepBaJoB, T. €.

Po
<Qa< < Q <Q3<Q1

., P : g "
npuyeM [OCTefHSA LenHaa Apols Q—‘ c¢OBHAajaeT ¢ BEJHYHMHOH Bceii
§

HenHo#i ApoOH.
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FTNTABA 6
HPPALIHOHAJIBHBIE YHCJIA

1. KPUTEPMH HPPAHHOHAJILHOCTH

MHoxecTBO AefiCTBUTENBHLIX dHCeN 3aK/jiouaeT B ceéfe, B 4ACT-
HOCTH, BCe pallHOHaJbHble YHCJa; BCE OCTalbHble JEHCTBHTENbHBIE
YHCJ/la HAa3blBAalOT HPPaLUOHAIbHBIMH.

Onpeneaenne 22, [edcmsumensnoe 4ucio o HA3bBAEMCS uppa-
YUOHAALHLIM, €CAL OHO OMAUYHO OM 8CeX PAYUOHAAbHUWX HUCenr,

S (
m. e. ecau - npu 6cex yeavlx a u b.

CyLILECTBOBaHI/Ie HppallHOHAJBbHbBIX YHCEJ OblJIO  IOKa3aHo ellle

rpedecKUMH MaTeMaTHKaMu. MppauuonanpHocts umcaa V2 Gbiia
H3BeCTHa ellle B V Beke IO Hallled 3pbl MareMaTHKaM nudaropos-
CKOH ILIKOMBI, a J0Ka3aTesbCTBO 3TOrO YacTo mpunuceiBaercs [Tuda-
ropy, XOTSl TOYHO HEHU3BECTHO, ObIJIO JH OHO HOCTPOEHO MM CAMHM
HJH KeM-J1HOO H3 ero yueHHKOB. [IOCKONBKY MHOMKECTBO BCEX pallHO-
HaJMbHBIX UHCEJ CUETHO, OCHOBHYIO MAacCy JAeHCTBHTENbHbIX YHCEJN
COCTaBJISIIOT HppalHOHaJNbHBIE YHCJA.

B srToft rnaBe MBl paccMOTpUM NpocTeilliHe METOAb!, M03BOJI-
IlHe YCTaHaB/HBaTb HPPaLHOHAJbHOCTb HEKOTOPHIX KJAACCOB YHCE,
a TakXKe JOKaXXeM HPPallMOHAJNBHOCTD HECKOJbKHX BEJMUMH, 4acTo
BCTpeuyalolluxcsi B MaTteMaTtHke. Ha mepBblii B3rasig kakercs He-
ONpaBAaHHLBIM TO, YTO 3ajaya JOKa3aTeJbCTBa HPPallMOHAJMbHOCTH
Kakoro-au6o nefCcTBHTEJILHOrO YHCJA O OTHOCHTCA K TEOPDHH YHCeN,
OHAKO BKJIOUWEeHHe TaKoi npobieMaTHKH B TEODHIO 4uce/] CTaHO-
BHUTCSl Cpa3y SICHBIM, €eCJH [OCTaBHTb 3TOT BOMPOC B CJeLyioumeH
cdopme: IOKasaTh, YTO HE CYIIEeCTBYET LeJbX YUcesa a H b, Takux,
yT0 bha =a.

Hanum cHayana OJHY TeOpeMy, YCTaHABJIMBAIOLLYIO HPpallHOHA b~
HOCTH JOBOJIHO IIHPOKOTrO KJjacca JeHCTBUTENbHBIX udces, BCTpe-
yapmuxcd 0Co0eHHO YacTo B IWIKOJBHBIX Kypcax aare6pel #
reoMeTpuH.

Teopema 69. [Iycmb [(x)=x"+cx""14 ...+ ¢, — MHO2044EH
C Yeroimu Kodppuyuenmamu, Oelcmeumenvroe HUCAO O.— KOPEHb
f(x). Toeda o aubo yeaoe, b0 UpPAYUOHANbHOE HUCAO.

HoxasateancTpo. 0—1es0e YuCA0, TAK YTO MBI PACCMOTPHM
ToJIbKO cayuadl a==0. [Ipeanosoxum, yTo o He sABJAAeTcA Hppa-

a
OHOHA/JMbHBEIM YHCJIOM, T. €. YTO O -— pallMOHaAJbHOE YHCJO, OL——7 ’

rie ¢ u b neawe, b=1, (a, b)=1. Iloacrasnss oc=% B ypaBHe-

nue f(x)=0 u ymHOXasi ofe 4acTu ero Ha D", mosydaem:
—a"=c,a"" W+ ...+c,_ab" 140",

3+ | | o o7



M3 3TOro COOTHOLIEHHS HemoCpeACTBEHHO BHAHO, uTO bla”.
ITockoabky (a, b)=1, TO (Teopema 43) (a*, b)=1 u bja" moxer
6RITh TONBKO OpH b= 1, T. e. o= g —1eJoe 4YHCJIO. .

ITpuwmep. Ecin HaTypaibHOe YHCIO @ OTJHYHO OT BCeX n-X
cTeneHefl HesbIX 4HCEJ, TO 3/ @ — MPPAUHOHAJNLHOE YHCJIO.

- JlefictBuTenbHO, 1/ @ ecTh KopeHb ypaBHenus x"—a=0. Ecan
yneno /@ He SBASETCH LeJBIM, TO COTJIACHO TeopeMe 69 OHO
nppauronaastoe. Hanpumep, V2 — uppautonaibHoe 4HCIO, TaK KaK
nocJeIoBaTebHOCTb KBaApaToB lebix uncesa umeet Bun0, 1,4,9, ...
M HH OJMH M3 3TMX KBajapaTtoB He pase 2. Uucno /21 umppamuo-
HaJibHOE, TaK KaK MOC/eJOBAaTEJbHOCTh NMOJMOKHTENbHBIX KYOOB Ie-
JBIX 4Hcen umeeT BHI 1, 8, 27, ... H HU OJHMH U3 HHX He paBeH 21.

HppannoHanbHOCTh HEKOTODPBIX JEeHCTBHTENbHBIX YHCEJ MOMKHO
YCTAaHOBHTb C INOMOLLBIO KpHTepueB, chOPMYJHPOBAHHBIX B CJEAYIO-
LHX ABYX TeopeMax.

Teopema 70. Ecau o.— payuonasvHoe 4UCAO, MO cCyuecmsyem

¢ >0 maroe, umo 0a1 a0boi payuonareHol Opobu g—¢a 6ynet

CnipaBeiJInBO HEpPaBeHCTBO:

[ o2 ] =7 (1)

HokaszarteascTBO. Ilycth a::%, rie [=1. BosbMeM
c:jL . JIns mo60i pauuoHaabHOH Apo6H —g— #% 6ynetr kb—al=£0,
a caepoBaTelbHO (TeopeMma 1X), menoe uucio |kb—al| =1, u Toraa

—l
b

zli_i

_|kb—al|_ 1 _ ¢
T 5|~ =

b = b

b

Teopema 71. Ecau 0aa 106020 nOAONKUMEAbHO20 HUCAQ C CYuie-
. a
cmayem xoms 6ol 00Ha napa yeavix yucer a, b, makux, 4mo Tt

la—-% <z, ?)

mo o.— uppayuoOHaAIbHOE YUCAO.

JokaszateabcTBo. Ecau 661 @ 6bL10 panHOHAJBHBIM, TO MO
Teopeme 70 Hamyochb 661 ¢ >0 Takoe, uTo Ans q0O0H JApoGH %%a
BBHINMOJIHSAJIOCE OBl HepaBeHCTBO (1), 4 3TO NIPOTHBOPEUHT TOMY, UTO
COTJIACHO HAIUKM YCJOBHAM JJ/11 3TOTO € CYLIeCTBYeT %%a Takoe,

4TO HMeeT MecCTO HepaBeHcTBO (2). Ilpeanojoxenue,  uro a— pa-
HHOHAJILHOE YHCJO0, MPHBENO HAC K NPOTHBOPEYHIO, 3HAUMT, & Hppa- -
LLHOHAJIBHO.
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ITpuwmep. Hdokasars nppaumHaanocm uucna o

11 (="
a=1—sptgg—gs ...+ =L T

Bo3sbMeM npousBosbHOe ¢ >0 u BbibepeM n HACTONbKO GOJBUIAM,
1 ‘ ;
uToGEl Oblo 2%°+!1>— . TlosoxuM,

. . 1t —1)n
b= 2, a=22<1——§+§;—...+( )>.

a u b—uenvle uncnaa. Ilpu Takux a u b
i |

9+ 1)2-2(n +2}2

1

a c
’<2<n+1>2 por g

a—7F

TaK UTO ¢ HPPanUoHAJBHO.
Teopema 72. Ecau npu Hekomopom g>1 pasioscerue o @ cu-
cmemamuu4ecKyro 0pobb ¢ OCHOBAHUEM CUCMEeMbL CHUCIEHUS, PABHBIM g,
codepacum CKoAb Yye0OHO OAUHHbIE KOHEHHble YenodKu, COCMosuue U3
00HOL u moil xe yuppel, mo o — uppayoHALbHOE YUCAO.
HHaue roeopsi, ec/iH B pasJioKeHHH

'—Co+ + +... 0= <)

dan arobozo n, Hadaymcn Chi1=Chia= .. =Chpp (R>ny), npuuem
CoFChi1 R Chip FChinirr MO O UPPAYUOHAABHO.

HokasareabctBo. Ecan 6b o OblI0 panHoOHAJbHBIM, TO
pa3jioXkeHHe a B CHCTeMaTHYeCKyio JApoOb ¢ OCHOBaHHEM g Obl10 Gbl
nepruonnueckuM (teopema XXIII). Takoe passokeHHe He MOMKeT
HMeTb OJHOH LubpE B NepHole, TaK Kak JJsi GeCUHCIEHHOr0 MHO-
HKeCTBA N Chyp FChins1- 1IPEANOJONKEHHE K€, UTO NEPHOL COCTOHT
N3 HECKOJIbKHX LH(pP, TaKKe NPOTHBOPEUHT HALIHM YCJIOBHSAM, TaK
KaK B 5TOM Cly4ae He MOLJH Obl CYIIECTBOBATb LEMOYKH H3 OAHOM
nudpsl LiHHOA GoJsbllie, YeM 4YHCIAO UHDP B mepHOAE.

ITpuMmep. Yncno a, 3anucHiBaeMoe B JeCATHYHOH CHCTeMe

cuucjaeHus B Buge a=0, 121122 ... 11 ... 122 .,.2 ..., uppauso-
| S N
n eAHHnY n ABOEK

HaJIbHO.

2. HPPAHHOHAJIBHOCTb € u» 7%

Teopema 73. Yucao e uppayuonarvro.
a
HoxasaTtedbcTBo. [IpeanonoxuM, urto €=+, Tle a u b—

HaTypaanue yhcaa. HMssectHo, uto

: 1
1= —
¢ = 11"'21 it
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a . . - : . . :
Hs e=<- CHlelyeT, uTO ale”l—mnenoe uKcno, TaK UTO OENBIM

6yleT U 4YHCNO
A=allet = (1—fi4g—.. )

al

1 ]

a (Grm—arm* )

Mnb nonyuaem otcroma
1

@+
T. e. Mexkay O u 1 jexur nenoe uucsao. [Ipeamosoxxenue, 4To e
paiHoHaJbHO, MPHBEJIO HAC K NMPOTHBOPEUHIO, 3HAYHT, € HPpalHo-
HaJbHO.

Teopema 74. Yucsao a1 uppayuonasbro. ,
JokasaTtenscTso. [Ipefnmosoxum, YTO & PpanHOHAMBLHO,

a
T. €. i=—, rfle @ U b—HartypaabHele yncaa. [Ipy yBeauueHHH n

1
0<<cA<al a+1<1,

b ’

1 /a2 \" o
BeJIHUMHA m(%—) —>0; M03TOMy MOXKHO HAaHTH # TaKoe, 4TO BHl-
MONHSAETCS HEPAaBEHCTBO

n [a?\" 1
PaccmoTpuM s Takoro n (yHKIHIO
f(x) =2 x (a—xy" (4)
T n! ’

3aMenss n Lxepe3 5 Y pasiarag (n—x)"=qz (a—bx)" no cre-
neHsiM bx, MOXKHO npeﬂCTaBHTb f(x) B BHUme:
1 .

f(x) = (CoX" 0 XM LX), )]
tak uto f(0)=f" (0)=...=f""1(0)=0. Ecan paBencrso (5) mnpo-
aubbdepeHnHpOBaTE § pa3, rAe S==n, TO NOJYYHM:

1 s!
(5) —_— —
f (O) e nt cs-nS! - cs—n(s ﬂ) nl (s—-—n)!
. s!
Bunomnansubii kKoahdHIHEHT A=) — lenoe UHCIO, TaK H4TO

™ (0), fe*0(0), ..., @ (0)—uenanle yMcaa.
W3 paeencrBa (4) BuiHO, uto f(x)=f(n—x), Tak 4ro, HH(D-
(epeHnHpys, moaydaeM AJs Bcex R

FO @) =(—D* P (n—x), f"”(ﬂ)—(—l)”f"”(o)

H, cnénoaaTeano f)y=f"()=...=f""D(n)=0, a f™(n),
, [ (1) —nenbie - uncHa. . ; _
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Harerpupys f(x)sinx no uacrsiM, moayuaem:

Sf(x) sinxdx:f(O)—|—f(n)+Sf’ (x)cosxdx=

= [(0)+ f (7) — S " (x) sin x dx
)

{17 (x) sin xdx = (0) + F' (m)—§ 71¥ (x) sin x dx

. P
n

{ fem (x) sin x dx = f@ (0) + @ ()

TaK Kak cjeayiouiasi npousBopHas f(27+2? (x) TOXKJeCTBEHHO paBHa
HYJIIO.
W3 paeeHcrBa (6) noayuaem:
1

(7@ sinxde=(F )+ F (@) — (" Q)+ () + ... +
+ (— 1P (0) + e () = 4, (7)

rae A—uenoe uucho. Ilockoabky B uHTepBade (0; ) nogbHTErpab-
Hast yukuus [ (x) sin x mojoxuTesbHa, HHTerpaJ B JeBoii uactu (7)
6onbuie Hyass u A== 1. C gpyroii cTOpoHbl, U3 paBeHcTBa (4) BUAHO,
uyTo npu 0= x << 7 uUMeeM:

1 a\n
2 opln — il
[ < m“ n!(b)
U NOoCKOJbKY sinx =<1, To nmpu HauweM BuiGope n (cM. (3)) MMeeM:

A=§‘f(x) sin xdx <% (§>"<%
0

1
T. €. 7>A> 1. Tlpeanosoxenune, 4TO N paLHOHAJBHO, IIPHBEJO
Hac K NpPOTMBOPEYH0, CJeJ0BaTel]bHO, Jl— HppalHOHaJbHOE YHCJO.

Hcmopuueckue kommenmapuu k 6-it 2aaee

1. Teopema 69 npusamnexur Iayccy.

2. MppanuonaabHOCTb YHCIa 7 ObJIa I0KA3aHa BOepBHe B 1761 r.
¢pannysckum MatemaTukoM JlambeproM. Ilokasareabctso JlambGepTa
OCHOBAHO Ha NPHMEHEHHWH HenpepuiBHBIX ApoGeii. JlokasareancTso,
NpHUBeZeHHOe B 3TOH KHHre, Obljio jaHo Husenom B 1947 T,
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3. Apudmernueckas npupoja MHOTHX BeJHUYHH JO CHX 1Op He-
n3gectHa. COBpEeMEHHBIM MATEMATHKAM [OKa HE YAaJIOCh YCTAHOBHTH,
SIBJSIIOTCSl JIH DAlLlMOHAJBHBIMHU HJHM HDPallHOHAJbHBIMH HEKOTOpbIe
YacTo BCTpeyalolHecsi NOCTOSAHHble. Tak, Hanpumep, HEH3BECTHO,
ABJSETCS JIH pallHOHAJbHBEIM HJH HppalHOHAJbHBIM 3HJepoBa MO-
crosinHass C (cM. Teopemy D4).

[JTABA 7

CPABHEHMHUHA

Bo Bceil stofi riase ™Mbl OYyJAeM pacCcMaTpHBAaThb TOJBKO MHeJIbe
uynucaa H obo3HAUaTh HX JATHHCKHMH OYKBaMH.

Bo3bMeM npoH3BOJIbHOE (PUKCHPOBAHHOE HATYpaJibHOE YHCJO M
u OyleM paccMaTpHBaTk OCTATKH NpHU JeJeHUH Ha M pPas3jHYHBIX
enplx 4yHcesn. Ilpu paccMoTpeHUM CBOHCTB 3THX OCTaTKOB M TIpO-
BeJleHHH onepauuid Hajg HUMHU YJZOOGHO BBECTH MOHSITHe TAK Ha3blBae-
MOr0 CpPaBHEHHSI O MOJAYJIO,

Onpepenenne 23, I[eavie uucia a u b Haesviearomes cpasrumbimy
no modyaro m, ecau pasHocms a—b Oeaumca Ha m, m. e. ecau
mlja—b.

Takum of6paszoM, cpaBHeHue NpejcTaBjasieT Co00#l COOTHOUEHHE
MeXJIy TpeMsi uyucjaaMM a, b UM m, TpuueM m, Urpamwlee poJb
CBOEro poja 3TajoHa CpaBHEHHS, Mbl Ha3biBaeM MojayJeM. Ilas Kpart-
KOCTH MBI OyJieM 3TO COOTHOLIeHWe MeXAy a, b W m 3anuchLiBath
CJeAYIOMHM 06pa3oM:

a= b (mod m),

a u b OyleM Ha3blBaTb COOTBETCTBEHHO JIeBOH M MpaBOH YacTIMH
cpaBHeHus. Uucao m, crosiiiee moj 3HAKOM MOAyJsi, OyleM Bcerja
CUMTATh HOJIOXKHTEJLHBIM, T. €. 3anice modm OyjeT 03HauYaTk, UTO
mz 1.

Ecnu pasHocte a—b He jenuTcst HAa mt, TO Mbl OyJIeM 3aIUChiBATh
3TO Tak: a == b (mod m).
CornacHo onpepejienno a == 0 (mod m) o3Hadaer, 4TO a JEJHTCSH
Ha m. \

IMMpumepn. 101 =17 (mod 21); —5=28 (mod 11).

Teopema 75. a cpasnumo ¢ b moz20a u moasko mozda, Koz0a
a u b umerom odurakxosvie ocmamku npu OeieHUu Ha M.

HokasatenbctBo. 1) [lyets a=b(modm), 1. e. mla—b.
IlpeactaBuMm a W b B Buge a=mqg,+r,, b=mgy,+r,, rIe
O<<r,<<m, D<<ry,<<m. V3 stux npexcrasneduii a u b nonyvaem
a—b=m(g,—4q,)+r,—r, HO mja—b, Tak uTO Mo Teopeme 10
6yneM uMeTb mlr,—r,. [loCKONBKY — M < r;—7ry<m, a cPeiH
yuces, abconloTHAs BeJIHYHHA KOTOPBIX MeHblle, 4eM m, ToJbko 0
JIETIMTCS Ha m, TO moJiyuaeM r,—7r,=0, r,=r,.
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2) Ilycte ocTaTKHM OT JefleHHS a@ W b HWa m paBHH, T. e.
a=mg,+r U b=mg,+r; tormza a—b=m(qg,—gq,), mla—b,
a=b (mod m).

CornacHo 3Tofi TeopeMe CpPaBHHUMOCTb @ H b 1O MOAYJIO M
5KBHBAJIEHTHA YTBEpPXJIEHHUIO: ,d U b HMeT OJUHAKOBHIE OCTATKH
npu aeneHud Ha m“. IlostoMy B KauecTBe OnpejeJeHHST CPaBHEHHS
MOXHO OblJIO B35ITh CJefYIOLLee.

Onpenenene 23°, Lleswe uucia a u b HA36LIBAIOMCA CPABHUMBIMU
no mMoOyat0 m, ecau OCMAMKL om OeAeHUS JMUX YUCEL HA M PABHYL.

CorsnacHO TOJNBKO YTO CHEJIAHHOMY 3aMeuaHuio ompeleneHus 23
1 23’ sKBUBAJIEHTHH. YCTaHABJHBAas CBOHCTBA CPABHEHHH, Mbl GyaeM
3TUM 1OJb30BaThCA JJIs YHpPOILEHUS] HEKOTOPHIX J0Ka3aTeJbCTB.
Teopembr 76—91 pawT OCHOBHBIE CBOHCTBA CpaBHEHHH, KOTOPBIMH
Mbl OyJeM MOJIb30BATBCS BO BCEM JaJjibHeiileM.

Teopema 76. PegaexcusgHoctmnos omHouleHUs CPABHUMOCIU

a=a (mod m).

JloKkasaTeabCTBO. @ H @ UMeIOT OJHHAKOBHE OCTAaTKH MPH
JleJleHHH Ha 1.
Teopema 77. Cummempuqnocmes OMHOWEHUA CPABHUMOCTL: eCAl

a=b(mod m), mo b==a(mod m).

JlokasaTeabcTBo. EciH a U b UMeOT OJUHAKOBLIE OCTATKH
NpH JleJleHUH Ha m, TO OCTATKH OT JeJileHHsT b H a Ha m Takxe
PaBHHI.

Teopema 78. T paHsumuenocme OMHOWEHUS CPABHUMOCMU: eCAU

a=b(modm), b=c(modm), mo a==c(modm).

JoxkasateanbcTBo. EciIH ocTaTKH OT JeseHHs Ha m OJHUHA-
KOBBl y uHcesq a H b, aTakxke y b U ¢, TO @ U ¢ TOXe HUMEIOT
OJMHAKOBble OCTATKH MPH JeJIeHHH Ha M.

M3 Teopem 77 u 78 Jerko mosyuyuTh, UTO ABa UHCJIa, CPABHHMBIE
C OJHHMM H TE€M Xe TPeTbHM, CPaBHHMBl MexAy co0ofi MO TOMYy Xe
MO 1YJI1O.

3anuch BHIA

a,=a,=...=a,{mod m)
6ymer osHauaTb, 4YTO JoOble JBe H3 BEJHYHH: @, Oy, ..., g
CPaBHHMH MeXJ1y coOo# Mo MOAYJIO .
3amnuce BHUIA

G=...=0,=0,,,="...=4a,(mod m)
6yletr o3Hayath, YTO BCe d,, ..., d, CPaBHHUMBb Mex1y colo# mno
MOAYJIIO M, NpHYEM 4, H a,,, COBNAJAIOT.

Teopema 79. Ecau a=b(modm) u k—npousgorsroe yeaoe

YUCA0, MO
ka= kb (mod m).
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JdoxasatenbctBo. Eciu a=b(modm), 10 mla—Db,
mlk (a—Db), mlka—kb, ka= kb (modm).
Teopema 80. Ecau ka=kb(modm) u (k, m)=1, mo-.
a==b (modm).

HokasateanbctBo. Ecam ka=kb(modm), 10 mlka—kb,
mlk(a—b), Ho Torza coriacHo TeopeMe 41 yciaoBHe (k, m)=1
zaet mja—b, 1. e. a==b(mod m).

Ecan ka = kb (mod m) u (k, m) =~ 1, T0o MoxeT ObTb @ = b (mod m),
a Moxer ObTb a % b(mod m), Hanpumep, 3-14=3-2 (imod 6) u
14 =2 (mod 6), 3-10=23-.2 (mod 6), Ho 10 = 2 (mod 6).

Teopema 81. Ecau a=b(modm) u k—npoussoavroe Hamy-
paavrHoe yucio, mo ka= kb (mod km).

JdokaszateanctBo. Ecan a=b(modm), 10 mja—D>b,
kmlka—Fkb, ka==kb(mod km).

Teopema 82. Ecau ka= kb (mod km), e0e k u m— npoussoivrsie
HamypasbHole yucaa, mo a==">b (mod m).

HokasateabctBo. Ecan ka==kb(modkm), 10 kmlka— kb,
kml|k (a—0b), k—mnarypanvHoe, T. €. k=0, 1 Torza

mla—b, a=b(mod m).

Teopema 83. Ecau a=b(mod m), c=d(modm), mo a+c=
==b-4}d(modm) u a—c=b—d(mod m).

JdokasatenbcTBo. Ecau a=b(modm) u c=d(modm),
T0 mla—b n mlc—d. IlpumeHnss Teopemy 10, nonyyaem

ml(a—b) 4= (¢—d), ml(ad=c)— (b +d), a = c=0b4d(mod m).

Teopema 83’ (o6oCweHnue TteopeMu 83). Ecau a,==b, (mod m),
a,=b,(modm), ..., a,=b, (modm), mo a,+ta,+...4+a,=
=b,+4 b, + ...+ b(mod m,).

IokaszaTenbcTBO MOXKeT ObITh 1POBEJEHO aHAJOTHYHO NpebIAylile-
My, npHyeM BMeCTO TeopeMbl 10 MOXKHO NpHMeHHTB TeopeMmy 1.

Tlepexon ot cayuast ABYX cpaBHeHuii (Teopembl 83) Kk sGoMy
yHcly n cpaBHeHH#I (TeopeMmbl 83') MoxeT ObITb, KOHEYHO, TaKiKe
OCyIIEeCTBJIEH MpUMeHEHUEM INPHHIHNA MaTeMaTHYeCKOH WHIYKIHH.

Teopema 84, Ecau a==b(mod m), c=d (mod m), 10

ac == bd (mod m).

Hokasareanctrso. Ecau a=b(mod m), c=d(modm), o
coryacHo teopeMe 79 ac = bc(mod m) u bc== bd (mod m); Teopema 78
(TpaH3UTHBHOCTL cpaBHeHHH) naer Torja ac=bd (mod m):

Teopema 84’ (06oCienne TeopeMbl 84).

Ecau a,=b,(modm), ..., a,=b,(modm), T0
a,...a,=b,...b,(modm).

JokasaTteabcTBo. IlocnenoBaTelbHO NpUMeHsA TeopeMy 79,

noJyyaem:
0,0,0,. . .a,=ba,0a,...a0,=b,b,a,...0,=...=b,b,b,...b,(modm)-
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IlokasaTenbCTBO MOKeT OBITH TaKkKe MNPOBENEHO [1pHUMeHeHHeM
MPHHUKINA MaTeMaTHYECKOH HHAYKUHH.
Teopema 85, Ecau a==b (mod m), mo npu awbom yeiom

n=0 a"=b"(mod m).

Hoxaszateasctso. [lpu n=0 yTBepkjaeHnue BepHO COTJIACHO
TeopeMe 76, a mpu n>==1 oHO BepHO coriaacHo Teopeme 84', no-
Jaras Tam

a,=...=a,=a u b =,..=b,=b.
Ilepexon oT cpaBHeHHi
a=b (mod m), c==d(modm)
K CPaBHEHHAM
aF+c=0b+d(modm), ac=bd(modm), a"==b"(mod m)

OyzeM Ha3blBaTb COOTBETCTBEHHO CJIOXKEHHEM, BHIUHTAHHEM, yMHO-
XeHHeM, BO3BeJieHHeM B CTeleHb CpPABHEHHH.

IMockonbsky M3 cpaBHenust ¢==d (mod m) crepgyer d__c(mod my,
TO M3 cpaBHeHHH a=h(modm) u c=d (modm) caenyer Takxe,
uT0 @ +=d=b+c(modm) u ad==bc(mod m).

Teopema 86. Ecau a=b (modm) u f(x)=c,+c,x+ ... +c,x"—
NPOU3BONBHOLE MHOZ04ACH C Yeavimu Koaduyuenmamu, mo

[(a) = [ (b) (mod m).

Hokaszateasbctso. Ecaua==b (modm), To cormacHo Teope-

MaMm 85 u 79 umeeM:
a’==b°(modm), cno’=cb’(modm) npu s=0,1,...,n,

HO Torja mo TeopeMe 83’ mosyuaem:

Cteat...+ea"=c,+cb+...+c,b" (modm),
T. €.

[(a) = f (b) (mod m).

TeopeMmy 86 MoXHO 06OGWHTL H FaTb B CijeAylolWeH dopMe.

Teopema 86', Ecau a,=b,(modm), ..., a,=b,(modm) u
F(x(, oo, X)) — MHO0uNEH C Yeavimu Kodppuyuenmamu, mo
flay, ...,a)=f(b,...,b,)(modm).

HokazaTeaAbCTBO COBEPIIEHHO aHA/JOTHYHO J0Ka3aTeabCTBY
TeopeMbl 86.

Teopema 87. Jlwboe crazaemoe aesoll uau npagoll 4acmu cpase-
HUA MOJCHO Nepenecmi ¢ NPOMUBONOAONCHOIM 3HAKOM 8 OpYeyro 4acme.

JdokaszaTeabCcTBO. BBUIY CHMMETPUYHOCTH OTHOLICHHHA
cpaBuenus (TeopeMa 77) J0CTaTOYHO- pacCMOTpeTh Chayuad, xorpa
JaHO CpaBHeHHe

R SR a-+b=c{(mod m).
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CxaagpiBasi 3TO cpaBHéHHe CO CpaBHCHHEM

—b=—>b(mod m),
HoJIyyaeM:
a=c— b(mod m).

TIpocTbiM cleacTBHEM 3TOH TeOpeMbl SBJASETCH TO, YTO B JIeBOH
W NpaBoH 4acTAX CpaBHeHHA MOXKHO H006aB/aATb HJAH 0TGpachHBaTh
OJHO U TO XKe cJiaraeMoe.

Teopema 88. B cpasnenuu moocHo ombpacoisame uau 606asAsmb
caazaenvie, Oersujuecs Ha Mooyae.

HokasateabcTBo. Ecnu a+tc=b(modm) u ml, 1. e.
—c=0(mod m), TO, CKJaIplBass 5TH CpaBHEHUS, MOJyYaeM
a=b(mod m). AmnanoruyHo uz a=b(modm) ¥ m|c mnoayuaeMm
a ¢ ==b(mod m).

TlockonbKy JieBYyI0 H MpPaByI0 YAaCTH CPaBHEHHS] MOXKHO MEHsThb
MeCTaMH, yTBep:KIE€HHe BEDHO H AJS cJaraeMblXx NpaBoH YacTH.

Teopema 89. Lcau a=b(modm) u djm, 10

a=b(mod d).

HokasateabcTBO. Ecan a=b(modm), o mja—b. U3 djm,
mla—b B cujy TPAH3HTHBHOCTH OTHOILIEHHS IEJHMOCTH (TeopeMa 6)
nonyuaeMm dla—b, a=b (modd).

Teopema 90. Eciu a==b(mod m), mo mHosxcecmso obujux Oesume-
feli a u m cosnadaem ¢ MHOdcecmeom obuux OJeaumeneti b u m.
B wacmunocmu, (a, m)= (b, m).

HokasartenbctBo. Ecan a=b(modm), 10 mla—>,
a—b=mg, b=a—mq, mobofi ob6muHA nenuTenb & uucea a u Mm
spasiercss ofIUM JesdTeseM uucen b M m, H, HaoGopot, ecau )b
u §m, 10 8ja.

Tlockosibky nmapa a, m u napa b, m UMeIOT OfHH U Te Ke obIye
Jeadtenun, 1o U (a, m)=(b, m).

Teopema 91. Ecau a=b(modm,), a==b(modm,), ... ,

a=b(modm,), mo a=b(mod m), ede m=[m,, m,, ..., m].
HdokasaTtenabcTBoO. Ec.rma_b(modml) a==b(mod m,), .
... ,a=b(modmy), 10 myla—b, myla—b, ..., mla—>b u COr1aCHO

CBOHCTBaM HaHMMeHblIero obmero KpaTHOTo (Teopema 32) mla—b.

CpaBHeHHs] B TaKOM BHJE, KaK HX 3JeCbh paccMaTpHBaeM, G
BPeJleHbl BriepBhie ['ayccoMm B ero 3HaMeHHTOH KHure ,Disquisitiones
arithmeticae“ (,VccaenoBannd nmo apupMmeTHre").

Hcmopuueckue Kommenmapuu K 7-it 2aa8e

Kapn ®punpux T'aycc poaunca B 1777 r. B BpayHmseiire. B4ub-
WyI0 4acTb CBOeH XKU3HM OH NPoXHJ B ['eTTHHreHe, rje OH B 1795 —
1798 rr. Obl1 crygmeHTOM, a ¢ 1807 r. jgo koHuma xu3HHM (Iaycc
ymep B 1855 r.)—nmnpodeccopom TeTTHHreHCKOro yHHBepCHTeTa.
C 15 nmer Taycc Hauan paGotaTh B o6sactd Teopuu uucen. CHauaga
OH CAMOCTOSITeNIbHO [OJIYYHJ BaxKHeHIIHe pe3ysbTaTbl B 3TOH 0O-
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JIaCTH, H3BeCTHBle YXKe €ro npelllecTBeHHHKaM, a 3aTeM OTKPhI
psil HOBHIX (haKTOB HCKJIOUHTENBbHOH BaXKHOCTH.

laycc mavan nucath ,Disquisitiones arithmeticae* B 1796 ., u
3HauMTe/NbHAs YacTb 3TOTO COUHHEHHs WM Obla HalHCaHa B CTyHReH-
ueckpne rogpl. Ilewatanach 3Ta KHHra KpaifiHe MeJUIeHHO H IIOSIBHJIACh
tosbko B 1801 r. B nepsom oThesne kuuru [aycc BBORHT moHsITHE
CpaBHeHUs. DTO NOHATHe PAKTHYECKH B HESIBHOM BHJE YIOTPebJsa0Ch
MHOTHMH MaTemaTHKaMu Jo [aycca, ognako Tosmbko laycc Touno
oIpeeJIUa ero ¥ CHCTeMaTHUECKH Pa3BHJ COOTBETCTBYIOULYIO TEOPHIO.
Hanprefimne QyniamenTanbHbIe pe3yJabTaThl [aycca, H3JOMKEHHbIE
B 3TOH KHHI€, H3 KOTOPbIX 0COOEHHO HAJO BBLAENHTb KBaJpaTHYECKHH
33KOH B3aHUMHOCTH, SBHJIHCH OCHOBOfl BCEro mNOCJeRyIolero pas-
BHTHSI TeopHH 4Hces]. Boapmas uacts ,Disquisitiones arithmeticae
nocpsieHa pasuTod IayccoM apudmernHueckoil TeopHH KBanpaTH-
4eCKHX (POpM.

B cnenyomue roppl, 3aHUMAasch pPAa3JHYHBIMH BOIPOCAMH MaTe-
MAaTHKH H ee INpPHJOKEHHsIMH, ['aycc He TepsJ uHTepeca K TeOpHH
yuces M HalHcaJd JBe OYeHb BaxHble paboThl B 3Tol obsacTu
MaTeMaTHKH. B nejoM HayuyHoe Hacaeaue [aycca oueHb BeJIHKO.
ITonHoe cobpanue couuneHuit 'aycca 6nino uzpano eme 8 X1X Beke
[eTTHHTeHCKHM Hay4YHBIM OOIIEeCTBOM.

I'TABA 8
KJTACCBI
. PACMPEJAEJIEHHE YHCEJl B KJIACCAX 1O 3AJAHHOMY MOAYJIO

Onpenenenue 24, Kaaccom no O0auHomy moOyso m Hasvieaemcs
MHOGKCECMBO  6CeX YEAbLX HUCeA, CPABHUMbBIX C HEKOMOPOLIM OQHHGIM
Heaslm HUCAOM a.

Bynem o6Go3nauaTb Takol Ksacc 3HaKOM a. Takum ob6pasom, a
o603HauaeT MHOXECTBO BCeX TeX X, KOTOpble yAOBJETBOPSIIOT YCJO-
BHIO X == a (mod m). Hanpumep, no mogynio 10 umeem 73 € 13,—17 €3,
8€ — 2. B cuny cpoficTBa TpPaH3UTHBHOCTH CpaBHeHHH Bce 4HCHa
KJlacca CPaBHHMBI MEXIY coOof, T. €. HMEIOT OJHHAKOBBIE OCTATKH
[IpH JeJEeHHH Ha MOAYJb.

Teopema 92. Kaacc uucen, CPABHUMBLX € a nO molyaie m, cosna-
Jaem co 3Hauenusmu aurelroll Qyukyuu a--mé npu yeaovix 3Ha-
YyeHusx apeymenma t. _

HorkasaTteabcTBo. [IndKaxkaoro x € a umeeM x =a (mod m),
mlx—a, x—a=mt, rjie {t—uenoe, T. e. x=a--mt, rjie {— OJHO
u3 unces: 0, =41, i2 . Takum obBpasoM, 3HaueHHS X HAXOAATCH
cpeld 3HauYeHHH T AHOI QOyHKuHH a -+ mt. ITockoneky npu moGoM
t umeem a - mt =a(mod m), TO 3HaYeHHs 3TOH QYHKIHH NPH LeJbIX
3HAYEHHSIX [ COBMAjalOT CO MHOXECTBOM YHCEJ, CPABHHMBIX C 4 1O
MOAYJIO m, T. €. C YHCAAMH KJjacca a.
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2ra TeopeMa, B YaCTHOCTH, TOKa3blBaeT, UTO KaXIblH  KJaacc
ColepXHT GecKOHEUHOe MHOMKECTBO YHCEeJ. ,

[Ipumep. Ilo Moayawo 8 kjaacc 11 COCTOHT W3 yHCeJs:
.o —21, —13,-5, 3, 11, 19, 27, ...

Teopema 93. a=>b mozda u moavko mozda, koeda a==b (mod m).

Hokasareabctro. Ecau a=b(mod m), To aas awoboro x€a
OyJet x ==a(mod m); NoJIb3ysICh TPAH3UTHBHOCTBIO OTHOLIEHUS CPaB-
HeHHs, nonyyaem xz=b(modm), x€b. B cuny CUMMETPHH a H b
(tTeopema 77) aas soboro x €b Takke SyzeM uMerh x €a. Kaaccsl
a u b, TakuM 06pa3oM, COBNAJAIOT.

O6partuoe yTBepxaeHue oueBuaHo. Ecan a=b, 1o 370, B Yacr-
HOCTH, O3HAyaeT, uTo a €h, T. e. a== = b (mod m).

BBesenue knaccos rospoJsieT, TakuM 00pasoM, 3aMeHATb Cpas-
HEHHE paBEHCTBOM COOTBETCTBYIOILMX KJAacCOB M, HaoOOPOT, paBeH-
CTBO KJIaCCOB— COOTBETCTBYIOILHM CpaBHEHHEM. JTa Teopema BMecTe
C TeM IOKA3blBaeT pPABHONDPABHOCTh BCEX HYHMCEJ KJacca. 3aMeHsAq
B HEKOTOPOM KJAacce a YHCJAO a JIoGbIM YMCJIOM b, NpUHALJEKAIIUM
TOMY K€ KJaccy, T. €. CPAaBHUMbIM C @ [10 PACCMaTPHBAEMOMY MOJY.JIO,
Mbl [10J1y4aeM TOT XKe KJacc.

Teopema 94. Ecau dsa Kiaacca umeiom xoms Ovt 00un 00ujull
Aemenm, mo OHU Ccosnadaromt.

Hoxkasatenabcrso. Ilyetb c€au c€brorja, c=a(modm),
¢==b(modm), Tak uto (Teopema 78) a==b(mod m) u no npeiviLy-
meHd TeopeMe a==b.

Teopema 94 mnokasbiBaeT, UTO JBa KJacca 1o Mojaydio m Ju0o
He HMMEIT OOLUIHX 3JIeMEHTOB, JHOO NOJHOCTBIO COBNAAJIOT.

Teopema 95. Ecau Kaxde-mo wucaro xaacca no modyaro m umeem
npu Oeieruu HQ m OCMAMOK, PAGHBIL I, MO 6C€ HUCAL KAACCA UMeon
6ud r-mt, ede apeymenm t npunumaem AwbOsie Uerble 3HAYEHUS.

HdokasatennctBo. Ilycth a—uncio HeKoTOpoOro KJjacca
no Moayawo m U a=mqg-+r, rae O0<<r<m. Torpa (reopema 92)
BCE YHCJA 3TOTO KJacca HMeloT BMI:

atmt=r4+m(t+q)=r-+mt,

rge t'=¢{-+q wn t’, Taxk XKe Kak H {, NpUHHMaeT Jio0ble nelble
3HAYEHHS.

Teopema 96. Jucio xaaccos no modyrio M KOHEYHO U PABHO M.

JlokasaTtedabcTBO. Bpimie OHJO 0OTMEYEHO, UTO BCE UYHCJa
Kjacca HMelOT NpH JeJeHHH Ha MOAyJb OAHH H TOT XK€ OCTaTOK.
IlockoabKy, HA060POT, KaXKAOMY OCTATKY 7 COOTBETCTBYeT ONpeje-
JIEHHBI KJIACC YHCEN r, CPaBHHUMHX € 7, TO KJacCHl 10 MOAYJAIO m
MOryT OHITb B3aHMHO OJHO3HAYHO COMOCTAaBJEHBl OCTaTKaM r.
OcraTkamu npu JeneHuM Ha m spasiorca uneaa 0,1, 2, ..., m—1,
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T. €. YHCAO pPAa3NHYHBIX OCTaTKOB, a 3HAYHT, M YHCJO Pa3/IHYHBIX
KJ1acCOB paBHO m.
ITpumep. Ilo Mopymo 6 umeercst Bcero 6 KJaccoB, a UMEHHO:

0{...—12, —6, 0, 6, 12, 18,...}
1{...—11, —5, 1,7, 13, 19,...}
2{...—10, —4, 2, 8, 14, 20,...}
3{...—9, —3,3,9, 15 21,...}
F{...—8, —2, 4,10, 16, 22,...}
5{...—7, —1,5, 11, 17, 23,...}

Onpeaenenune 25. Bowemom Kaacca Hassigaemcs atoboe u3 4ucen,
rpunadaencawux amomy Kaaccy.

Cpenu HeoTpHUATENBHBIX (TMOMOKHTENLHBIX) BHIUETOB KJjacca,
00pa3yioiMX YacTb MHOMKECTBA HEOTPHUATEJNbHBIX UHCEJ COTJacHO
Teopeme |, comepKHUTCS HaHMeHblIee UHCJIO, KOTOpoe MBI Oylem
Ha3blBaTh HAHMEHBIIHM HEOTPHUATENbHBIM (TOJOKHUTENLHBIM) BEIYETOM
kaacca. B kiacce (TeopeMa 1’) umeeTcss HaUMeHbLIHH 110 aGCOJIOTHOM
BeJIHUHMHE BbIUET KJacca.

Teopema 97. Haumenvuwiuld HeompuyameasHsil gutem kaacca a
no modyaw m pagen ocmamxy om OeleHus a HAQ M.

HoxasatennscTBo. O603HauMM Yepes r OCTATOK OT JEJNEHHUA a
Ham,T. e nojoxuma =mqg-+r,rae 0 <cr<m. Torpa a==r (mod m),
a=r. Jlioboe x € a umeet Bux x=r -+ mt (Teopema 95). Ilpu uemnx
OTpHLATeNbHBIX { OyaeM HMeTb r-+mf<ir—m<C0, T. . NOJOXH-
TeJIbHBIE YHCJA KJacca MOJYy4yawTCs TPH HEeOTPHIATEJIbHBIX 3Hade-
HUSIX {, a HAaHMeHbllIee cpefid HUX, noJyyarmomeecda npu ¢ =0, paBHo r.

Teopema 98. Obosnatum uepe3 r ocmamox om OeseHus a Ha m;

moeda Haumenbliili no abcoaomMHOL sesUdlne 8oMem KAacca a paseH:

1) r, ecau O<r<%;2)ir,e0/zur=—'2—";3)r——m,ecﬂu§<r<m.
JoxkazaTeascTBo. Ecau a=mg-+r (0<<r<<m) u x€a,
To x=r-4mt, rae f Mmoxer paBHarscs O, =1, =2,... . Haw-

MeHblllee HEOTPHIATeJbHOE 3HayeHHWe X DABHO r, a HAHMeHbLIee IO
aGCoJIIOTHON BeJIHUKHE OTpHIlaTeJbHOe 3HaueHHe X DPaBHO r— .
Ecau npu stom:

m . o o
1) O<r <<, 10 r<<|r—m|. HaumeHblinil 1o aGCOMIOTHOH
BeJIMYMHe BBIYEeT paBeH r.
m
2) r= 5 (3T0 MOXKeT OBITb TONBKO TIPH YETHOM m), TO £ =|r — m]|.

HMMeloTct /1BA HAHMEHBLIHX 110 abCOMIOTHOH BeJMYHHE BhiUeTa r
Hr—m=-—r.

n’ ) : o “

3). .'_2_< r<<m, 10 |r—m|<<r. Haumenbwiuit 1o a6CoJIIOTHOL
BeJIHYYHe BbiUeT DaBeH 7 —m.
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Crnepywomas TeopeMa 6yleT HMeTb CYUIeCTBeHHOE 3HaueHHe AN
RaJibHeliliero.

Teopema 99. Jucra kaacca a no modyao m obpasyrom k Kaaccos
no modyaro km, a UMEHHO KAaccul:

a,a+m, a+2m, ..., a+(k—1)m. (1
Hpyeumu caosamu, 3anaverus X, YO08ACMEOPAOWUE CPABHEHUIO
x=a(modm), cosnalawom co 3nadeHuAMU X, YO006AMEOPAOUUMU
COHOMY U3 CAEOYIOUUX CPABHEHULL:
x=a (mod km), =a-+m(modkm), x=a-+2m(modkm), ...
., x=a+ (k—1)ym (mod km).
HdokaszarenbcTBO. Bo3bMmeM HekKoTOphll KJjacc a MO MO-
ayamo m. Uwucaa atoro Khaacca umeloT Bufg a-+mf, rape =0, +1,
=42, ..., T. €.

e, a—2m, a—m, a, a-tm, a+2m, ... (2)
HokaxeM, uTO HaxojsillHecss CPeJH HHX UYHCJA
a, a+m, a+2m, ..., a+k—m 3)

NONAPHO HeCpaBHHMBI MO MOAYJO km, T. e. NpHHaZJeXaT pasJiny-
HBIM KJaccaM 00 3ToMy MonyJaw, JHelicTBurtesbHo, abcoqoTHAsA
BeJHUYHHA PasHOCTH MexAy ABYMs H3 uucesa (3) OyaeT NOJOXKHTeJb-
HOH W BMecTe C TeM He O6oJibliie, YeM pa3HOCTb MeXJLY CaMbiM
6osblIMM M3 HHX a-+ (R—1)m B caMbIM MaJeHbKHM 4, T. €. He
Gosbmie, yem (k—1)m. Taxkas pasHOCTb He MOXKET JENHTbCA Ha km,
a cJef0BaTe/IbHO, CPEH ITHX YUCES HET CPaBHHMBIX MO MOAYJIO Rml.
Takum o6pasom, kJaacchl

a,a+m,a+2m, ..., a+k—1)m
no MOAYJIO km pasJMYHBI, NMPHYEM OUYEBHAHO, YTO BCe UHCJA KaXK-
JOTO TAKOTO KJacca IeJHKOM BXOASAT B MHOMKECTBO (2).
Hoxkaxem Tenepn, uto Jwb6oe ducao u3 (2) CPaBHAMO C OJHHM
u3 yucea (3).
HlefictBuTesibHO, J0Goe uucao us (2) umeer Bug a-+ Nm. Ilpea-
crauM N B Bufie N=kg+r (0 <<r<<k—1). Torza

a+Nm=a-+rm+kmg=a-+rm(mod km),

rie a-+rm—opHo u3 yucea MHoxectBa (3). Takum ofpasoM, Bce
qUCJIA KJlacca @ 10 MOAYJIO m MPUHALJIEKAT K PA3JUYHBIM [0 MOAY-

Ji0 km knaccaM (1), He colepxalllUM KaKUX-JAHO0 YHces, OTIHYHBIX OT
gyhcea Buja (2), W TeopeMa TeM CaMbIM JIOKa3aHa MNOJHOCTHIO.
2. KOJIbILO KJIACCOB

BBelleM B MHOMeCTBe KJAaccOB IO MOAYJIO /M JBe ONepaluH,
KoTopble OyJleM Ha3biBaTh CJOXKEHHEM H YMHOMXEHUEM KJIaCCOB.
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Onpenenenune 26. Cymmod KAQCCO8 @ U D Haswsaemcs kiaacc m,
m. e. Kaacc qucea, codepycauiuti 4ucio a--b.

Onpenenenue 27. I1poussederuem xaraccos a u b Hasegaemcs Kaacc
ab, m. e. Kaacc wucen, coaepofcamuti wucao ab. ‘

[TockoabKy Kamibii KJacc COAEPKHUT GecKoHeuHOoe MHOKECTBO
ukceJ, TO NpPH CJOXEHHH M YMHOMEHHH KJaccoB @ H b uucaa @
H b MOXHO 3aMeHsTb JIOOBIMH uucJaMu @’ W b', NpHHAANERAINLHMH
5THM Xe KJaccaM. BosHHKaeT Bompoc, MEeHSIOTCS JIM NMPH 3TOM Omnpe-
JeJleHHbie HAMM CyMMa M NpOH3BeAeHHEe KJIACCOB.

Jlerko jpokasaTk, UTO olipeje/ieHHASs] HAMH CyMMa KJIACCOB €IMH-
CTBEHHA M He 3aBHCHT OT BhIOOpa OTAEJBHBIX NpeACTABUTEJEH KJjac-
COB, UCNOJb3YeMbIX NPH COCTABJEHHH CYMMH.

IeiicTBuTeNbHO, ecina’ € a, b’ € b, Toa'=a(mod m), b’=b(mod m)
U, TpHUMeHss CcBoHcTBa cpaBHeHUH (TeopeMmel 83 u 84), noayuaem:

a' 4+b =a+b(modm), a'b’ = ab (mod m),
T. e. (Teopema 93)
a’ +b =a+b, a'b’ =ab.

Met BHaMM, TakuM o6pa3zoM, YTO CyMMa M TpOH3BejleHHe KJac-
COB He MEHSIOTCS OT 3aMeHBl a M b uucaamu a” u b’. CyMma Kaac-
COB @ H b COZEPKHT CyMMy Jo6Goro uucaa a’ €a M b’ €b, a npous-
BeJleHHe KJacCOB @ M b CONEPXHT IPOM3BeJeHHe JIOOBX TaKHX
yucea a” u b’.

Jas cyMMBl KJaccoB BepHO H oBpaTHOe, a UMeHHO Jio6oe YHCJIO0
c€a-+b MOXHO NpPeACTaBUHTb B BHAE C=a "4b’', roe a’' €a, b €D.

JleficTBUTENBHO, cEa—|-b - a -+ b o3Hauaer, yroc=a -+ b (mod m),
¢c—a==b(mod m), c——aEb T. €. € MOXHO NpeJCTaBUTb B BHUJE
c=a+ (c—a), rie a€a, c—ac€hbh.

Hanpumep, B Koabue KJaccoB mo Moxaymaio 6 (cMm. ctp. 79)
KJaacc 2 _TpeAcTaBJser coboii cyMMy KJaaccoB 3 M 5. Jlio6oe uHCI0
KJacca 3, CJ0xKeHHOe ¢ JIOGbIM YHCJOM KJacca 5, JaeT HeKOTOpoe
UHCJIO KJacca 2, M KaxJoe YHCJO Kjaacca 2 sIBJSETCS CyMMOH HeKo-
TOpbIX JBYX YHCEJ H3 KJaccoB 3u5.

Hast npousBesienuii nojoxenue MeHsiercss. BooGiue rosops, He
BCSIKOE UHCJO H3 KJacca a-b MOXKHO NpeACTaBHTb B BHAE NPOH3Be-
JeHHs ABYX UMCesJ H3 KjaaccoB @, b. Hampumep, mpu m=7 npous-
BeleHne 5-3=1, HO | HeNb3s NpPEeICTABHTb B BHAEC NPOH3BEJCHHS
IBYX uHceJ, JAIOWIHX ApU JeJeHHH Ha 7 octatky 3 u 5. CoOTHOWIEHHE
3.5=1 o03HauaeT 31eCb TOALKO TO, YTO JI0GOE UMCJO W3 KJaacca 3,
YMHOXKeHHOe Ha Jo6oe UHCJIO M3 KJAacca b, JaeT HEKOTOpOe UHCJIO

u3 KJjacca 1.
Cpenu kJaccoB ocofoe MeCTO 3aHHMaeT HYJIEBOH KJacc, COCTOs-
WHH H3 YHCeJN, OCTaTOK OT JeJIeHHs KOTOphlX Ha MOAYJb paBeit

81



HYMIO, T. €. U3 UHCeJl, ReAmHuXCs Ha Moy b, Mui uMeeM aas moGoro
KJacca a:
a+0=a+0=a, a-0=a.-0=0.

Teopema 100. Mroowecmso «aaccos no dauwomy modyao nped-
cmasasem coboti adlumusnyo 2pynny.

HoxasatenncTBo. llpoBepum xjas MHOMECTBA KJACCOB 110
HEKOTOPOMY MOAVJIO #1 CNPABEAJHBOCTh YCJIOBHH, ONpeResiomux
alJUTHBHYIO TPynmy.

Ycnosne | (3aMKHYTOCTb OMNepanuH CJONKEHHS).

IleficTBUTEIBHO, TIO OMpeAeseHHIO CyMMa KJ/1accos a ¥ b no mo-
Y0 m TpeicTaBJ/sieT cO0OH eAHHCTBEHHLI, BMOJIHE ONpeeeHHbIA
KJlacC MO 3TOMY Ke MOJY.JIo.

Ycnosue 2 (coyeTaTelbHbiH 3aKOH A CJIOXKEHHSH).

JebcTBUTeNBHO,

=(a+b)+c=(aib)+tc.
Ycaosue 3 (cyulecTBoBaHHe HYJEBOTO 3aemeHta). Posb Hye-

BOTO 3JeMeHTa BhINoJHAeT KJacc 0.

HeficTBHTeNIbHO, Bbille ObLJIO MOKasaHo, uto a--0=a.
YcaoBue 4 (CyulecTBOBaHHE A/ KaXAOTO 3JjeMeHTa TPOTH-

BOMOJIOXKHOTO eMY). ﬂJIH KJjacca (5 NPOTHROMOJIOXKHBIM KJIACCOM

ABJAETCA KJdace -—a, T. e. KJjacc, coaepXamuil uucio —a.
HehcTBHTENBHO,

at+(—a)=a+(—a)=0.
Yenosue b (mepeMecTHTENbHbIl 3aKOH JAJS CJIOMXEHHS).
HebicTBuTeNIBHO,

at+-b=a+b=btla=0b-1a.

MoOKHO OTMETHTHL, YTO NpPH NPOBEPKE BLIMOJHUMOCTH YCJIOBUTH
1—b aas KJaccoB CYIECTBEHHO HCNOJIb30BaJaCh CIPaBelJIMBOCTb
3THX Ke YCJOBHH JJIsT MHOMXECTBA HeJblX YHCel.

YCTaHOBHB, YTO MHOMKECTBO KJ/IACCOB €CTb ajJWTHBHAas rpynna,
MbI MOXEM CYMTAThb JOK33aHHBIMH /I KJACCOB BCe Te CBOHCTBA,
KOTOpble BepHLI AJSl BCeX aZAMTHBHBIX TPYNN, HaopuMep: 1) cyule-
CTBYET eIMHCTBeHHBI! HyJeBoi sgemeHt (KJjacc) 0; 2) nas KaxJaoro
KJaacca a | CYIIECTBYeT eAWHCTBEHHBIH NPOTHBOMONOKHDBIA 3JEMEHT
(knacc) —a; 3) omepaumsi BHUHTAHHS BCErJa BBHITIOJNHMMA H eUH-
cTBeHHa, npuueM a—b=a - (—b).

Teopema 101. Mruooscecmeo kaaccos no OGawnHomy modyao npeo-
cmagasem cobotl KoMMYymamueHoe KoAblyo. ‘

HoxasatenbcTBo, [IpoBepuM BLIIOJHUMOCTD YCJIOBHE, oNlpe-
JIeJSIOMHX KOMMYTAaTHBHOE KOJIbLO, MOJMb3YSACh TEM, YTO CAMO MHO-
KECTBO UeJbiX YHCEe/ MpeACTaBjseT co60H KOMMYTAaTHBHOE KOJBIO.
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Ycnoeue 1 (MHOXKeCTBO mpeiAcTaBiaseT co60H ainuTHBHYIO
rpynny).

Cum. Teopemy 100.

Ycnopue 2 (3aMKHYTOCTb ONEpaiHH YMHOMKEHHH).

HeHcTBUTEPHO, NO ONpeje/eHHI0 NPOH3BeLeHHe KJIaccoB @ H b
npeAcTaBAAeT o060l eIMHCTBEHHbIH BHOJHE OnpeieseHnblil Kaace ab.
YcnoBue 3 (coueraTeJbHBIE 3aKOH AJs yMHOxeHus). Ileict-
BHMTEJIbHO,
a(b.c)=a(bc)=a (bc) = (ab) c=(ab)c=(a-b) c.
Ycnosue 4 (nepeMecTUTENbHBIA 3aKOH A YMHOXKEHHHA).
HeflcTBHTEABHO,

ab=ab=ba=b-a
YcaoBue b (pacnpeneddTeNbHBIN 3aK0H). IleficrBurenbHoO,

(a+b)c=(a+b)c=(a+b)c=ac+bc=ac-+bc=ac+ be.

[TockoabKY A/AA MHOMKECTBA KJacCOB NPOBEPEHA BLINOJAHUMOCTD
BCeX YCJOBHH, ONpelefslomHX KOMMYTATHBHOE KOJbUO, TeopeMa
AOKa3aHa. YCTaHOBHB, 4TO MHOMXKECTBO KJaCCOB— KOMMYTATHBHOE
KOJIbLLO, MBI MOXKEM CUMTATb JOKa3aHHLIMH JJIs BCeX KJacCoB Bce Te
CBOKHCTBA, KOTOpBiE BEPHBl AJs BCeX KOMMYTAaTHBHHEIX KOJjel, HanpH-
Mep npaBuja JAeHCTBUH CO 3HAKaMH, CNpaBelJHBOCTb COYETATEJb-
HOrO 3aKOHA NPH CJIOKEHHH H YMHOXKEHHH HECKOJbKHX KJacCOB U T. [l.

Kosbio ‘kJaaccoB npejcraBiaser co6oit Koabwo ¢ equHuueil. Poab

eJIHHHYHOI'O 3JeMeHTa BHINOJHseT KkJacc 1. HefictBuTeabHo, M
ae6oro KJacca a:

l.a=a-1=a-1=a.

O6biuHBIM 71 BceX KoJjen o6pa3oM BBOAATCS ONpejeseHHst Npo-
H3BeJeHHs na W cTenend (@), a MMeHHo:

Onpenenenne 28. Ilycme yeaoe wucao n>0 4 — KAGCC N0 HEKo-
ropomy modyao m. [lpouseedenuem na Oydem Hasvieans Kaace,
pasHed cymme a—}—E +...4a, ede a nosmoperHo carazaemsts n pas.
I pouaeedeuue—na onpede/tum paeeucmeom—naz——n(—a) a nod
npousgederuem 0-a bydem noHumamo Hyaesol Kaacc 0.

Onpenenenne 29. [Iycmo n >0 yeaoe, a—Kaacc no Hexomopomy
modyao_m. Cmenentio (@) Gydem Hasvisams Kiacc, pasweul npousse-
denuro a-a...a, ede a nosmopeHo muosxcumesem n pas. Cmeneno (a)°
6ydem cuumamo paswotl Kaaccy 1.

Teopema 102. 1) [Hdaa wo6020 yerozo ¢ u 4106020 Kiacca @ no
modyao m ca=:ca.

- 2) dan A100020  yeroeo n =0 u wobo2o Kiacca a no Mmooy
m umeen (a)" =a".
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HoxazaTeabcTso. JIerko BHIEThb, UTO KJacChl ¢a H €@ HMeIOT

obuuit aMeMeHT ca, a Kaacehl (a)® v a®—o6wuil 3aeMeHT a®, Tak:
4YTO COIJIACHO OTpeJeNICHUIO KJaccoB (OmpefesieHHe 24) uMeeM:

ca=ca w (a)* =a"
Onpepenenne 30. [Tycme [(x)=cox"+cx" "1+ ... +¢,—mnoeo-
4AEH C UeAbIMU KOodppuyuenmamu, a— HeKomopstld Kiacc no modyiro

m; SHQMeHUeM 3MO20 MHO2042eHa No MOOYMo m npu x=a Oydem
HA3b18aMb 8bLPAKCERIE

fl@=c, (@)" +c, (a)"~14 ... +c, 1.
Teopema 103. Ilycme [(x)— mnozouren ¢ yeavimu Kosppuyuer-
manu. Jaa mobo2o Kaacca a no paccmampusaemomy MOOYAo m

fla) =F(a).
NAokasateabcTno. Hycte  [(X)=cpx"+c, X" ...+
+c¢,_yx+c¢, Torna, nmoabsysich Teopemoil 102, noayuaem:

fla)=c, (@)"+c (@)1 4 ... 4c,_a+c, - 1=ca"+ca ...+
+e, l=ca" +,a* " .. e, =] (a).

Hlna Kojel KJaccOB €CTECTBEHHO IIOCTaBHTb BOHPOC: MOTYT JIH
TaKHEe KOJIbIA uMeTb Jeauteju Hyaa? (OkasbiBaeTcs, 4TO KOJBIO
KJ1acCOB MOKeT OBITb KOJBLOM C JeJHTeTAMH HYJs, & MOXeT ObiTh
U KOJbIOM Oe3 jenuTediell HYJs, PHUEM JIETKO YCTAHOBHTh, B KAKHX
cayuasix OyaeT TO WM Apyroe.

Teopema 104. Koasyo xaaccos no cocmasHomy modyao npeo-
cmasasem cobof KOAbUO € Oeaumenamu HYAA.

HdoxkasateawcrBo. [lyeTs Momysab m-—cocTaBHOe UHCJIO,
T. e. m=a-b, rae 1<<a<<m, 1 <b<<m. Us ycaosus 1 <<a<<m
nonyyaeM a 7 O(mod m) a==0 u ananorudano b < 0. Bmecte ¢ TeM

a-b=agb=m=0, 1. e. @ U b— eauTenn HyJA.
ITpumep. Ha crpanuue 79 sanucansl Kaaccel no MoayJio 6.

B atoM cayuae 2.3=0, 2 u 3—equtenn Hyas. TT0CKOMBbKY

uMeeM 3-4=0, To 4—Takxe JeauTe]b HYJA.

Teopema 105. Koasyo xaaccos no npocmomy modyaw npedcmas-
Asem co6ol Koavyo 6e3 Oeaumeneil HyaA.

HokaszaTtenbpcTBoO. IlycTh MOAyab m=p—IpocToe 4HHCJIO,
a0, b=~0. Toraa a# 0 (modm), b % 0 (mod m), T. e.p{a,pib,
W Torja corsacro teopeme 19 p & ab, ab % 0(mod p), a-b=ab=0.

Takum o006pa3oM, NpoOH3BeJeHHE KJ/1aCCOB, HEDABHHIX HYJEBOMY,
Bcerja OTJHYHO OT HYJIeBOTO KJaccd, T. €. KOJbIO KJacCOB B 3TOM
clyuae—KoJabuo Oe3 menurtedeit uyns. [Ind NogHOTBI MOXHO OTMe-
THTb, YTO NPH Mm=1 KOJBLO KJaccOB He UMeeT JeJiuTeNedl HyJd.
B sTOM caydae KOJIBILO KJIaCCOB COCTOHT H3 ORHOTO HYJIEBOro KJacca.
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Kak Grino orMeueno B teopeMe 93, cooTHOUIeHHe paBeHCTBA A8
KJacCoB MoOxeT ObITh 3anuCaHO B BHJE CpaBHeHHs JAJs YHcea (Bbl-
yeTOB) 3THX KJjaccoB. Ilostomy Teopembr 104 u 105 MoXHO 3anucarthb
efie B ApYyroM BHJE.

Teopema 104°. [lo cocmasHomy MmOQyA0 M CYeCHByrOm Hucia
aub, macue, umo a % 0 (mod m), b %= 0 (mod m) u npumom, oduaxo,

ab == (mod m).

Teopema 105'. [lo npocmomy modyaww p u3z az 0(modp) u
b # 0 (mod p) caedyem, umo a-b % (mod p).

Taxkum o6pasoM, npousbefleHHe IBYX YHCEJ CPAaBHHMO C HyJeM
0 NPOCTOMY MOAYJIO TOJbKO TOrJa, KOrja 1o KpafiHell Mepe OIHH
H3 COMHOXHTeJeH CPaBHHM C HYJEM HO 3TOMY MOLYJIO.

Meron maTemaTHuecKod HHAYKLIMH MO3BOJSIET PacipoOCTPaHUTD
IOCJIeIHee TOJIOKCHHE Ha MPOH3BOJbHOe uHcio muHoxutesefd. (I1po-
U3BefleHHe § YHCeJ MpeiCTaBJasieTcds B BUJE MNPOH3BeJeHHs S— |
NEPBBIX YHCEJN M elle OAHOro nociaenxero.) Takum ofpasoM, umeer
MecTo cJhejyomas ofmasi TeopeMa.

Teopema 105". [1poussederie HECKOAbKUX HUCEA CPABHUMO C HYACM
no npocmomy modyato moavko moeda, koeda no kpaiiwetl Mepe 00ux
U3 COMHOMCUMenel CPABHUM C HYyAem No 3momy moOyar.

OrMeuenHas 3feCh PasHHIA B CBOUCTBAaX CPaBHEHWH 110 COCTaB-
HOMY M [POCTOMY MOJYJIO SIBJAETCS OCHOBHOH JUIs BCell TEOpHH
CpaBHeHMIH M ONpeje/]seT TO, YTO MHOTHE TeOpeMbl 3TOH TEOpMH,
cOpaBeA/IMBbE JJs1 NMPOCTBIX MOAYJel, OYAYT HeBepHBIMH IpH mepe-
XOIe K COCTaBHBIM MOZRYJISIM.

rJIABA 9
NOJIHAS W NPHUBEJAEHHAS CHCTEMbI BbiYETOB
1. NIOJIHAS CHCTEMA BBIUETOB

Onpenenenue 31. Iloanod cucmemod 6et4emos8 RO HEKOMOPOMY
MOOYAI0 HA3LIBAEMCS CUCHEMQ HuCen, 83AMbIX NO 0OHOMY U3 KamcO020
Kaacca no 3momy Mooyar.

ITpuwmep. Hucna 12, —23, 2, 63, —2, 5 o6pasyioT NoJaHYIO
CHCTEMY BBIUETOB N[O MOAyJIO 6.

[TocKoAbKY B MOJHOI CHCTEME BBIYETOB HYHCJO BBMETOB JOJKHO
paBHATBLCS YHCJAY KJAcCOB, DOJHAS CHCTEMa BLIYETOB IO MOZLYJIO m
COCTOUT u3 m uuces. OOHYHO B KadyecTBe IpeJICTaBHTENEH KJIACCOB
GepyT HaHMeHbIIHe HEOTpUUATe/ bHbIC, HAHMEeHbLINe MOJOXKHTEJIbHbIE
UJIH HauMeHbliHe N0 abCoJIOTHOH BeJHYHHE BBIYCTHI;, TaKHe MOJHBIE
CHCTEMBI BBIYETOB HA3BIBAIOT COOTBETCTBEHHO: MOJHOH CHCTEMOR -
HAHMEHbIIHX HEOTPHULATEJbHEIX BBIUETOB, HOJHOH cHCTeMOH HauMeHb-
WHX MOMOXKHTEJbHBIX BBHUETOB, TMOJHON CHCTEMOH HAaHMEHBLIHX TO
abCcoJIOTHOH BeJHYHHE BHLIUETOB.
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Cornacro TeopeMme 97 nosHo# CHCTeMON HAMMEHBIUX HEOTPH-
naTeNbHbLIX BBHIUETOB 10 MOAYJIO M SBAKETCH CcHcTema uucea: 0, 1,
.., m—1, a NOAHOH CUCTeMOH HaHMEHLIUHX TMOJOXKHUTEJbHMX BBl
4eTOB—cHcTeMa uucea: 1, 2, ..., m.
CorutacHo TeopeMe 98 npH HedeTHOM M HaWMeHBHIHMH To abco-
m—1

JIIOTHOH BeNWUHMHe BBIUETAMH KJIACCOB 6, T, §, ceer T ABJIAIOTCA

me— m--1
a ajada KJaaccoB

2 7 2

. m—1 9 o

uena: ——g—, ..., —2, — 1; NO3TOMY NpPH HEYEeTHOM m MOJHON

CHCTeMOH HauMeHBIDHX 1O abCoMIOTHOH BeJHUHHE BHIYCTOB ABJASCTCH
CUCTEMa uuce1:

-1
——5— ., —2, —1,0, 1,2, ..,

-

upcna: 0, 1,2, ..., s, m—2 m—1—

m-—1
-

Ilpu wetsoMm m aust Kjaacca < 5 ) HaWMeHbIIHH 1o abCoJIOTHO! Be-
m
JUHHHE BbIYET PaBeH = -~} €CJH VIS 3TOTO KJacca, KaK 5T0 00bIYHO

(]
MPpUHATO, B3ATbL BbIYET 5 TO Mbl MOJYYHM CJCAVIOULYIO CHUCTEMY

HANMCHBIUKX MO a0COMOTHOH BeNHUHHE BHLIUETOB UETHOrO MOAYJf m:
m m
“7_"-17-"’-—21 _——1y Oy 1' 21 e ey '_2_'
MTpumepn. 1) 0, 1, 2, 3—noanas cucTeMa HaUMEHBIIHX He-
OTPHUATENbHBIX BHIYCTOB NoO MoAyaio 4;
2) 1, 2, 3, 4, b—nosHaa cucTeMa HAUMEHBUIUK MOJOMKHUTENbHBIX

BBIYETOB 10 MOAYJIK J;

3) —4, —3, —2, —1, 0, 1, 2, 3, 4—noauas cucTeMa HaH-
MeHbHIMX MO0 abCOMOTHOH BeJHYHHE BBIMETOB 110 MOAYJI0 9;
4y —2, —1, 0, 1, 2, 3—noJsiHag cuUcCTeMa HAHMEHBIUHX O ab-

COJIIOTHOH BeJIMYHHE BBIYETOB M0 MOAYJIO 6.

ITonnyio cucTeMy BbBIYETOB MO MOAYJIO m Mbl OyJeM 3aMHCBIBATH
B BHI® Xy, X,, ..., X,, [pHYeM, MOCKOJbKY B NOJHOH CcHCTeMe
BEIYETOB H3 KaxJOTo KJjacca MoO¥KeT ObiTb TOJMbKO OAMH NpejicTa-
BHTENb, BCe X; NMONApHO HECPABHHUMBI MeXAY co0oil, T. €. Mpu i F=j
x;#x; (mod m). CnpasenquBo M oGpaTHOoe YTBepiKieHHe, a
HMEHHO HMMeeT MeCTO CJefyloillasd Teopema.

Teopema 106. Jwbwe m 4uces: x,, X5, ..., X,, HONAPHO He-
CPasHUMBLX MeXcTY o6 no Modyarw m, npedcmasinom cob0l NOAHYK
cucmemy 66iemos.

HokazarejqbcTBO MoJydaeTcsl HeNOCPeNCTBEHHbIM NPHMeHEeHHeM
SApHHUHNA sIMHKOB® (Teopema V). BylneM paccMaTpHBaTh KJacChl
KakK ,SAMUKH®, a YHca X, Xe, ..., X, KaK ,JIpeIMeTb" jexKallHe B
coOTBeTCTBYOIIHX ,simuKax”. Toraa:

1) Kaxjoe U3 3THX HHCeJ MNPHHALJIECKHUT HEKOTOPOMY K.naccy,
T. €. KaXAbl#l ,IPeAMEeT" JIEXKHT B OAHOM U3 ,SILIHKOBY,
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2) IlockonbKy mo6ble 1Ba M3 3THX 4YHCeJ X; H X; HeCPaBHHMBI
Mex Ay coboli, HU B OZHOM ,AuiHKe" He JexuT Oojiee OZHOIrO ,Hpex-
MeTa“,

3) Ywucao uyucen m paBHO HHUCAY KJAcCOB, T. €. YHCAO ,Ipel-
MeTOB" paBHO uHcay ,AmKKoB“. CorslacHO ,NIpUHUMOY SIIHKOB“
B KaXJIOM ,sIIHKE" JIeXXUT OAMH W TOJbKO OAHH ,NpeiMeT", T. e,
KaXJOMY KJaccy NPHHAJJNEXHT OJHO H TOJbKO OJHO M3 3THX UYHCeJ,
Uncna x;, x4, ..., X, 00pazyioT NOJHYIO CHCTEMY ELIYETOB.

Teopema 107. Ecau (@, m)=1, b—-npouseoivuoe yerce U Xx
npobeeaem MNOAHYIO cucmeMy ebliemos Nno Mmolyaro m, mo ax—+b
maxoce NPUHUMAEm 3Ha4eHus, 00 pasyroujLe NOAHYIO CUCTEM]Y 6bI1emo8
no 3momy MoOYa.

HJokaszarteabctBo. Ilycrh x npuHUMaeT 3HaueHHS X, X,

.. X,, obpasyolliie MOJHYIO CHCTEMY BBHIYETOB M0 MOAYMAIO M.
CocraBuM uucaa ax,-+b, ax,+b, ..., ax,-+b. Jliobbue aBa u3
3THX uHced ax;+b u ax;-+b (i) HECPABHHMBI 110 MOAYJIO 1.
JelcTBUTENBHO, €CJH OBl 6bmo ax; +b=ax;+ b (mod m), To orciona
clie10BaJio Obl ax; = 0x; (mod m), Hnocxonbxy (a, m)==1, T0 COraacuo
teopeMe 80 x; = x; (mod m). [Ipu i =~ 5TO HPOTUBOPEUHT TOMY, 4TO
X1y Xoy vy Xp eCTb NOJHAs CHCTEMa BHUeToB. CHCTeMA udHCelT
ax, b, ax,+b, ..., ax, +b, cojepxanias 7 NONAPHO HECDABHH-
MBIX [0 MOAYJ0 m uHWces, corJacHo Teopeme 106 mpexactaBJjser
o060 MOJIHYIO0 CHCTEMY BBIUETOB 110 3TOMY MOAYJIO.

Ota TeopeMa ABJAETCS YACTHBIM CJyyaeM cJiaedytolleii 6osee obmei
TeopeMbl.

Teopema 107'. Ecau (a, m)=d, b—npouseo/zbﬂoe yeaoe, x npo-

beeaem NOARYO cucmemy 8blHeMos NO moOYyAto d , TO —Z—x+b maxace
npUHUMaem 3HateHUs, 00pasyuilie NOAHYIO CLCMEMY 6biemos no
Mody a0 -’;i. |

JokasaTearcTBO. 3Ta TeOpeMa NOJIVYAETCH U3 NPeAbIAYILEH,
ecJad NIPUHATh BO BEUMaHHe, UTo U3 (a, m)=d caenyer (%, %) =1.

Teopema 108. Ecau (a, b)=1, x npobeegem noanyro cucmemy
soiiemos no modyaro b, y npobezaent NOAHYIO CUCMEMY 8bi4emos8 NO
mooyao a, c—aoboe yucao, mo ax--by+c¢ npunumaem 3HaUEHUA,
o0pasyroujue NOAHYIO cucmemy evitemos no modyawo ab.

HokxaszateabcTso. [1ycrs X TPHHUMAET 3HAUECHHUS X1, Xo, - . .,
Xy, 0Opasyiolllie NOJHYWO CHCTEMY BbIYETOB HO MoAyJio b, y HpH-
HUMaeT 3HAYEHHUA Yy, Yy, ..., Y,, OOpa3yoOlHe MOJHYIO CHUCTEMY

BbIY€TOB NO Moay/aio a. CoctaBUM uHcia BHAA ax; +by +¢, Tae
l<i<b, l<j<aq, COOTBETCTByIOI_lLI/Ie BCEBOSMOMKHBIM pasJIPIlIHbIM
KOMILIeKcaM ((X;, Y;))-

Uncano Takux KoMmnjekcoB (reopeMma VI) paBHo a-b. lokamem,
YTO BCe MOJIYYaIOWMeCs PH 3TOM 4HCJa BHAA ax;—+by; + ¢ nonapHo
HeCpPaBHHMBL -MeXay coGol Mo Moaymo ab. lIeHCTBHTe.ano €CJIH
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ax;+by;+-c=ax, - by, + ¢ (mod ab), To coraacHo cBoiicTBaM cpas-
HeHHit (Teopembl 87 W 89) ax;--by;=ax,+ by, (modb). Or6packl-
Bast (TeopeMma 88) cnaraemble, JesAlIHeCss HAa MOAyYJb, NOJydaeM
ax;=ax, (mod b) u, nocKONbKY (a, b) =1, nonyuaem x; == x,, (mod b);
Xy, X3, ..., X,—1IONHAA CHCTEMA BBIUETOB [0 MOAYMO b H X;==
=x,(mod b) MoxKeT OBITb TONBKO NPH X;=X,. AHAJOTHUHO HMeeM
Y, =Y,

Taxum ofpasoM, coctaBue ab BbipaXenu#t Buia ax--by--c,
COOTBETCTBYIOWMX pPasJUUHbIM NapaM, X=X;, y=y;, Mbl IOJYUHM
cHCTeMy ab IonapHO HeCPABHHMBIX 110 MOAYJIO @b uuced, T. e. corJac-
HO Teopeme 106 MOJHYIO CHCTEMY BHIYETOB MO 3TOMY MOAYJIO.

Ora Teopema MoOxeT OBTb 00OOMIEHA Ha NpPOU3BOJBHOE YHCJIO
nomnapHo B3aMMHO HPOCTBIX MOAYJeH B cieaymoouied gopme.

Teopema 108", [Tycmo A=a,-a,- . ..-a,, ede8ce a; NONAPHO G3AUMHO

A4 .
npocmot, Ai:? (i=1, 2, ..., s), c——npoussoaeHoe yeaoe, X; Npo-
'l

Geearom coOMBeMCMEEHHO NOAKbIE CUCHIEMbL BbIMEN08 10 MOOYAAM ;.
Toeda Ajx;+ Apxg -+ ...+ Ax,--c npunumnaem 3nadenus, o6pasyio-
Wue NOAHYIO cucmemy 6vi4emog no modyao A.

JloKa3aTenbCTBO NPOBOJUTCS COBEPIIEHHO AaHAJOTHYHO AOKasa-

TesbcTBY TeopeMbl 108. CocraBuM a,-@,-...-a, yucen Buga A, x;+
+ Ayx,+ ... 4 Agx,+c, COOTBETCTBYIOUIHX BCEBO3MOMKHBIM Pas/Hy-
HbIM KoMNjeKcaM ((X;, X,, ..., X)), THAe KaxJaoe Xx; NpHHHMaeT

COOTBETCTBEHHO @; HECDABHHMBIX N0 MOAYJIO @; 3HaueHHd. [lBa
TAaKUX YHCJIa BHJA Alx;+ el Asx;—f—c u Alx'; + ...+ Asx:—i—c,
COOTBETCTBYIOMMX pasinunbiM KoMmnekcam ((xi, ..., x)) u (x5, ...,
xs)), HecpaBHUMBl 1o Mopyaw A. leficTBurenbHo, ecnu Gui Gnlio

Axi+ ...+ Axite=A,x,+ ... 4 Awxs+c(mod A),
TO (TeopeMbl 87 u 89) Obl1o Obl TakkKe:

Alx'1 + ...+ Asx;;_— Alx; 4 Asx: (mod a,).

Tax xak a,}A4,, ..., a,| A, 10, orOpacsiBas uJeHH, AeJsllHecs
Ha MOAYJb, HMeJH Obl A;x; = A;x; (moda,). Toraa nockonbky 3
(a;,a5)=1, ..., (@, a;)=1 caenyer (Teopema 42) (a;, A;)=1, 10

x;==x, (moda,); x; ¥ x,—/JBa 3HaueHU§ M3 NOJHOH CHCTEMEBI BbI-
YeTOB MO MOAYJIO a,, TAaK YTO CPABHHMBIMH 3TH YHCAA MOryT OHTH

TOJNBKO NPH X; ==X;. AHAJOTHYHO MOJYYAEM Xp==X;, ..., Xs= X,
YTO POTHBOPEUHT ToMY, uto koMmaexcnl ((xy, ..., xs)) u ((x1, ..., x3))

pasjidulbie. 3ITO JOKAa3blBaeT HEeCPABHHMOCTbL [0 MOAYJMIO A uHce
Ax+ .+ Ax,+c.

A uyHMCeNnl TaKOrO BUA4, NONAPHO HECPABHHUMHIX 1O MoAyaio A,
cornacio Teopeme 106 o06pasyioT NOJHYIO CHCTEMY BBIYeTOB W
3TOMY MOZYJIIO. :
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2, MIPUBEAEHHAA CHCTEMA BBIYETOB

B Teopeme 90 MBI BHJENH, UTO BCe yHCJa JaHHOrO KJjacca, T. €.
BCE 4YHCJIa, CDABHHMBbIE C HEKOTODLIM @ 110 MOJAYJIO /M, HMEKT C m
ONMH H TOT Ke HauOoablInH OOIHf JenuTtenb, paBHbIH (@, m).

Onpenenenne 32. Haubossbuium ceiumensem KAacca Ha3bi8eMcs
rauborvuul obujul Oeaumens Kaxkoec=aubo 4UCAQ MO0 KAACCA U
MOOYAS.

Onpepenenne 33. Kaaccamu, 63cUMHO RPOCMOIMU € MOOYAEM,
HA3BIBAIONICA KAQCCHL, I KOMOpulX Hauboasiul Oeaumeab pasex edu-
Huye.

CornacHo 3THM OmpeJieNIeHHsIM KJacchl, B3aHMHO IIPOCTble C MO-
JyJleM, COCTOAT H3 B3aHMHO IPOCTBIX C MOJYJEM YHCeJ.

Onpenenenuve 34. [lpusedernol cucmemoti 8o14emoe no HEKOMopomy
MOOYAI0 HA3LIBAEMICS CUCMEMA HUCeA, 63AMbLX N0 00HOMY U3 Kad020
KAQCCA, B3AUMHMHO NPOCMOZ0 ¢ MCOYAeM.

MMpumep. 1, 29, —5, 7l —npuBeseHHast CHCTEMA BBIUETOB IO
MoAyJio 12, Tak Kak U3 12KJ1aCCOB 10 3TOMY MOJYJII0 HMeeTcs 4 Kaacca
ynceJl, B3aHMHO MPOCTBIX C MOAYJIEM, H N3 BCEX THX UETHIPEX KJIACCOB
37leCh B3SITO MO OZHOMY INpeACTaBUTENIO.

Teopema 109. Ecau 8 noanodi cucmeme éoiermos omoépocums nped-
crmasumeneli 6cex KAQCCO8, HE 63AUMHO NPOCMBIX ¢ MOOYseM, MO
ocmaswiuecs 4ucaa obpasyrm npueedeHHyr0 CUCMEMY BLI4eIMO8.

JeficTBuTeNbHO, B TOJIHOH CHCTeMe BBIUETOB HMEIOTCSl IpejcTa-
BUTEJN BCeX KJIacCOB, B TOM UHCJie IO OJHOMY IpeJCTABHTENIO
KJIaCcCOB, B3aHMHO NPOCTHIX ¢ MoAyJeM. Bce ocranbHble yHcaa moJ-
HOH CHCTEMEBI BLHIUETOB 1O YCJOBHIO OTOpPACHIBAIOTCSI, T. €. OCTAETCS
NpHBeJeHHAs] CHCTeMa BHIYETOB. B uacTHOCTH, eclH B MOJHOH CH-
cTeMe NOJOXKHTEeLHBIX BblUeTOB 1, 2, ..., /M OCTaBUTh TOJIBKO UHCJIA,
B3aHMHO [POCTble C MOAYJeM /1, TO MBIl MOJYUHM TMPHBEJEeHHYIO
CHCTeMY HAHMEHBIIHX MOJOXHTENbLHBEIX BHIUETOB.

TakuM o6pas3oM, OUEBHIHO, UTO UUCJO KJACCOB, B3aHMHO MpO-
CTBIX C MOJYJEM i, PaBHO YHCJY HeJbIX UHMCeJ, He NPEeBOCXOJSIIHX
m ¥ B3aHMHO MNPOCThIX € m. UHCNO0 TaKHX KJacCOB 3aBHCHT OT Be-
JIMUHHBI MOIYJisl M SBJSIETCS, TaKHUM 06pa3oM, hyHKIHeHd OT MOLYJid.
I1y QyHKOHIO OOBIUHO HA3BIBAOT (yHKHHedl DHMepa H 0003HAUAOT
yepes ¢ (m). Mbl MOXeM, TaKHM 00pa3oM, JaTb ABa SKBHBAJEHTHBIX
onpejejeHHs 3TOH (PyHKUHH.

Onpenenenne 35. Pywuxyued 3idaepa ¢ (m) Hazv8aemca 4ucio
KAQCCO8 NO MOOYAIO M, 63AUMHO NPOCMOLLX C IMUM MOOYAEM.

Onpepenenne 35'. Dynxkyued Iisepa ¢ (m) Hazvieaemcs 4uc-
A0 HAMYPAAbHLIX 4YUCeA, He RPesocX00ALyUX M U 63AUMHO NPOCMbLX
¢ m. _

ITpumep. Tlo Moxyaw 1, oueBHAHO, HMeeTCs OJMH Kjacc |1
yHceJ, B3aMMHO NPOCTBIX € MoAyJneM, mostoMy ¢ (1)=1. Ilo moxny-
a0 12, Kak 6BJIO yKas3aHO BhIlIe, HMeeTcs 4 Kjacca UHCes, B3aHMHO
IpocTelX ¢ mMoxyneM 12, 1. e. ¢ (12) =4. Urobu onpenenuts @ (24),
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BBIIMCEIBAGM HaTypaJbHbIE YHCJA oT 1 g0 24 ¥ BHYepKHBaeM uucaa,
UMeIoLllHe He paBHble elMHHUE ofuiue AendTenau c 24, T. e. uueaa,
Jensmyecs Ha 2 W 3. OcraBmuuecs uucaa 1, 5, 7, 11, 13,17, 19, 23
00pasyioT NPHBEJEHHYIO CHCTEMY BHIYETOB 10O Moxaymo 24; ¢ (24)
PaBHO YHCJY 3THX 4HCceJ, T. e. @ (24)=2§8

ITockoabKy npHBeleHHast CHCTeMa BBHIUETOB COJAEPIKHT TIpeICcTa-
BHTeJIH BCEX @ (/M) KJaccOB, B3aWMHO INPOCTHIX € MOJAYJEM m, TO
NpHBEJeHHAs CHCTEMa BLIYETOB cOCTOMT H3 ¢ (m) dHcen. Jliobas
NpHBEJCHHAA CHCTEMAa BbIYETOB NO MOAYJO /M TNpeACTaBJsieT coboil,
TakuM obpa3zom, CHCTeMy @ (m) uucen ry, ro, ..., Ty, THE
ri=r;(modm) npu i=<ju gas Bcex i (r;, m)=1. CupaBei1HBO H
o6paTHoe YTBepKJeHHE.

Teopema 110. Jlnbbie @ (m) nonapHo HecpasHuUMbLX nO MOJYAO M
It 83QUMHO NPOCIOIX ¢ 3MUM MOOyseM 4ucea npedcmagasiont cobol
NpUBEOCHHYIO CUCMEMY BbiHeImOo8s.

Hoxasateanctso. Ilyers ry, ry, ..., 7., —moOObe ¢(m)
YHCed, OTHOCHTENBHO KOTOPHIX H3BecTHO: 1) r; % r; (modm) npu
i==j, 2) (r;, my=1. Tak Xe KaK 4 B Teopeme IOé NpHMeHsIeM
LIPHHIMD gHKOB®. KJaaccel, B3aMMHO NpPOCThHEe C MOAYJIEM 71, pac-
CMaTPHBACM KaK ,AHKH", a YUCHA Iy, gy « .+, [y — KAK IPEAMETHI".
Torpa:

1) nockoJbKy BCe r; B3aHMMHO NPOCTH C /7, BCe TH uHCJa NpPH-
HaJJeXaT KJjaccaM, B3aHMHO NPOCTHIM C MOAYyJEM, T. €. KaKabli
HSIPeaMeT" JIEKHT B OLHOM H3 3THX , SUIHKOB®;

2) Bce 3TH UuHCJAa I[ONAPHO HeCPABHHMbI Mexay coboil, T. e.
HH B ONHOM ,alHKe" He JeXHT 6oJiee OAHOTIO ,NpeaMera’;

3) uucno  npeamertos” (umces) @ (m) paBHO HHCAY |, ALUIHKOB®
(xJ1accoB, B3aHMMHO MNPOCThIX ¢ MoxyneM). COTJacHO ,NPUHIHIY
SIMMKOB" B KaXAOM KJacce, B3aUMHO NPOCTOM C MOZAYJeM, JIEHHT
OAHO U TOJIBKO OIHO M3 3THX UHCEJ, T. €. YHCHA Iy, Ty +ooy oy
00pasyioT NPHBEAEHHYIO CHCTEMY BHIUETOB.

Teopema 111. Ecau (a, m)y=1 u x npobecaem npusedeHryio
Cucmemy BuiMemos no MoOYAl0 m, Mo ax Maxdxce nNPpUHUMGEM 3Ha4e-
HUA, 06pasyrowue npuseOeHRYD CUCMEMY 6bIMEMOo8 NO oMy MO0y,

JoxazateabctBo. [lycTh X NPHHUMAET 3HAUCHUS Iy, Fy, .. .,
7 o(my» OOPasyiolilye NPUBEJEHHYIO CHCTEMY IO MOAYJIO m. IDTH YHCJa
COCTAaBJISIOT 4aCThb MOJHOH CHCTEMbl BBHIYETOB, W NO3TOMY COIJIACHO
Teopeme 107, rie Mbl B gaHHOM caydae OepeM b=0, MO¥KHO cpasy

yTBepXKIaTh, YTO YMCJA ary, @ry, . . ., @y, HECPABHHMBI 1O MO-
Lymo m.
C apyro#f CTOPOHBI, NOCKONBKY ry, y, ..., Fy(m— NPHBEJCHHAS

€HcTeMa BBHIYETOB, (r;, m)=1 npu Bcex 1=Ci=<<¢(m). Coraacuo
teopeme 42 u3 (r;, m)=1 u (a, m)=1 caenyer (ar;, m)=1. Hucaa
ary, ary, ..., Qry, OOpasyloT, TakuM O6Pa3’oM, CHCTeMy @ (m)
NONMapHO HeCPABHHMMBIX - 110 MOJYJK 771 H B3aHMHO IPOCTHIX C 3THM
MOZYJIEM 4HCea, T. €. coryacHo Teopeme 110 NpHBEEHNYIO CHCTEMY
BBIYETOB.
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dra TeopeMa sABAAETCH YACTHHIM cJyuaeM cJelyiolleif, GoJiee
o6mei - TeopeMbl.
Teopema 111°. Ecau (@, m)=d u x npobezaem npusedeHnywo

g m a
cucmemy 6vi4emos no moOyao — , Mo X NPURUMAEM  SHAYEHUA,

obpasyrouyue nPuGeOeHHY CUCMEMY 8bMemo8 No MOMY MOOYAL.

Teopema 112. Ecau (a, b)=1 u x npobezaem npuseOeHHYytO CuC+
memy suiiemos no modyato b, y npobezaem npusedentyto cucmemy
6bIHemo8 1o MO0y a, mo ax -+ by npurumaem 3navenus, 0bpasyouiue
npugedeH Y0 cucmemy @vliemos no modyaro ab.

Hoxasartenbcrro. IlycTe x npHHEMAaET 3HAUCHHS 7y, 7y, ...,
T opy» OOPa3yiollKe NMPHBEJEHHYIO CHCTEMY BBHIUETOB MO MOAYJO b, y
TPHHUMAeT 3HAYEHHA S;, Sy, ..., S,y OOPa3yolllHe NPHBEJCHHYIO
CHCTEMY BbiYeTOB 1o MoAyawo a. CocTaBuM 4YHCIa BuHAa ar;-+bs,
rme 1<<i<<g((®), l<j<<@(a). Yucna ry, 1y, ..., r, s —YacTb
HEKOTOPOH MOJIHOH CHCTEMBbI BBIYETOB X, Xy, ..., X5 II0 MOLYJIO b,
UHCHIA Sy, Syy + .+, Syqy—4ACTb HEKOTOPO NMOJHOM CHCTEMbl BbIYETOB
Yis Ysy - .., Y, MO MORyJIO a. Uncna Bupa ar;-bs;(l<i<<¢(b),
1 << j << ¢ (a)) cocTaB/SIOT TOr Ja4acTh unces BUAA ax; -+ by ; (1 <i << b,
1l =<<j<<a), koropeie corjacio Teopeme 108 o6pasywT NoaHYIO
CHCTEMY BbLIYETOB Mo Mojaymo ab. PasoGbem uucna Buia ax; by,
Ha JiBa NOJMHOXecTBa. [lepBoe NOAMHOXECTBO COCTaBHUM H3 TeX
unces ax;--by;, y xoropuix (x;, b)=1u (y;, a)==1, 1. e. u3 uncer
ar;- bs;, BTOpOe —H3 BCeX OCTaJbHbIX YHCEJ.

JlokaxeM, 4TO umHc/a BTOPOro NOAMHOXECTBA SIBJSIOTCH Tpel-
CTABHUTEJSIMH KJIACCOB, He B3aHMHO MPOCTHIX ¢ ab. [leHicTBHTeNbHO,
eCaH ax; - by; NPHHALNEXKUT BTOPOMY TOAMHOKECTBY, TO 3TO 3HAUHT,
YTO BBINOJIHEHO XOTs Gbi OJHO M3 yCJOBHiL: (X;, b) =1, (y,, a)~ L.
B cayuae (x;, b)=d>1 nonyuaem (reopemnl 11 u 9) d|ax;+by,,
dlab, 1. e. (ax;+by;, aby>1. Ecan xe (x;, b)=1, 10 (y,, a);&{,
H B 3TOM cJlydyae aHAJOTHYHO ToJyuaeMm (ax;--by;, ab)>1.

HokaxeM Tenepb, UTO cpejd 4uces BTOPOrO MHOXECTBA HMEIOTCH
MpPeJCTaBUTENH BCeX KJAcCOB, He B3aHMHO NPOCTHIX C ab. [leficTBH-
TEJIbHO, €CJIH aX; - by; — NpeJCTaBUTeb KJacca, He B3BAHMHO IPOCTOro
c ab, 1. e. (ax;--by;, aby=d>1, To, B3siB (TeopeMa 16) mpocroe
uncao p|d, 6yaem uMeTb p|ax;-+by;, plab, H TOTAd p— JleUTeb
no KpaiHed Mepe OJHOro M3 coMHOXwuTenedl ab. Ecanm pla, To u3
pla, plax;-+by; cnenyer p|by;; nockonbky (a, b)=1 u pla, 1o
p 4 b. Haxoneu, cornacio teopeme 19 u3 plby; u p{ b cnenyer
p[y]-, T. €., TaKUM o6paszoM, p—oOlHi JesNHTel b @ HY;, a 3HAUHT,
(yj' a)# 1

Ananoruuno, ecau p|b, nonyuaem (x;, b)==1, T. e. ax;+4 by,
NPHHAANEXKHT BTOPOMY noimHoxecTBY. Yucna ar;+bs; (nepsoe
MOAMHOXECTBO), MoJydaloldecss mocje OTOpacbiBaHHS B NOJHOR
CHCTeMe BLIUETOB TMpejicTaBHTesiell BCeX KJaccoB, He B3aHMHO MpoO-
CTBIX C MOAYyJieM (UKces BTOPOro NMOJMHOXeCTBa), 06pa3yloT coraacHo
teopeme 109 npHBelleHHYIO CHCTEMY BBIUETOB.
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TJABA 10
®YHKUHS SHJIEPA

B 3Toll raaBe 6ynyT pacCMOTpeHbl OCHOBHBEIE CBOHACTBA (GyHKIIHH
diinepa ¢ (m). B cooTBeTcTBHM C ompelesieHHeM 3TOH (DYHKUHH ee
aprymeHT OyjeM BCerza CUHTaTb HaTypaJbHBIM uHcJaoM. Haiua ocHoB-
Has UeJb—IMOJYyUuTb YAOOHYIO (OpMyJay JJs BBIUHCJEHHS 5To#
(yHKIMH.

Onpenenenne 36. Dyuxuyus [(n), onpedesennan Ha MHoNCECITIR
HAMYPAALHLIX HUCEA, HAZLIBACMCS MYAbITUNAUKAMUBHOL, ecal OAs
A006IX B3QUMHO RPOCIGIX HAMYPAAbHOIX duces a i b;

fla b)=T[(a)] (b). (h

Onpenenenne 37. Dyukuyus [(n), onpedereHHas HA MHONCECITEE

HAMYPARLHBIX YUCER, HASLIBACINCA BNOAHE MYALIMUNAUKAMUBHOU, ecAu

pasencmeo (1) soenoansemes 04 A0OLIX HAMYPAABHOLX 4ucer a u b.

QOueBUAHO, YTO MHOMKECTBO BIIOJHE MYJABTUNAMKATHBHBIX BYHKUHH
€CTh 4acTb MHOXKeCTBA MYJBTHUIJIUKATHBHBLIX QYHKIUH,

MpuMep. Pysruusg f(n)=n® snosse MYJbTUIJIHKATHBHAA,

TaK Kax :
f(ab) = (ab)* = a’b* = f (a)  (b).

Teopema 113, Ecau  [(n) — myarvmuniukamuenas QyaKyus,
ay, Ay, ..., Q;,—NONAPHO GIAUMHO APOCHILIE YUCAQ, MO

f(alaZ‘ . 'as) :f(al) f (az) *. 'f(as)'

HoxasatenvcrBo. Ilockoasky (a;, a;)=1 npu Beex i=j,
TO (ay-...-a,_y, a)=1. Cornacro onpelieieHHi0 MYJbTUNIHKATHB-
HOH (YHKUHH HMeeM:

f(al et as—las) :f(al ct aa‘—l)f(as)'
Ilpomonxast TOT ¥e mpouecc, roJayudaem:

fla, ...a,_a)=f(a ... a,_,)f(a)=
=f(ay ... a,0)f(a,-1)f(a)=...=[(a))...f(a,_)) [ (a,).

Teopema. 114. Dyuxyus Jisrepa myremuniukamusna, m. e,

¢ (ab) =9 (a) @ (b) npu (a, b)=1.

JanuM 1Ba J0oKa3aTelIbCTBA 3TOH TEOpeMBI.

l-e norkasateabctBo. Ilycts x npoGeraeT 3HaueHust ry,
Tas -« s Ty (5, 00PABYIONLHE IPHBEJEHHYIO CHCTEMY BBIUETOB 10 MOAYJIIO
b, a y upoberaer 3HAUCHHS Sy, Sy, ..., S, OOpasywolHue MNpu-
BeleHHYIO CHCTeMY BHIYeTOB II0 MoAyJio a. CocTaBHM BCEBO3MOMKHEIE
uHcna BUAa ar;+bs;, COOTBETCTBYIOUIHE DASJMUHBIM MapaMm r;, S
YHCJIO TakHX uuces (Teopema VI) Gymer pasHO ¢ (b) ¢ (@).

C npyroit cTopoHbl, MOCKOJBKY (@, b) =1, To corjacHo Teopeme 112
5TH 4HCJa 06pas3yioT NPUBEJEHHYIO CHCTEMY BLIUETOB [0 MOAYJIO ab,
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T. €. YHCJ0 TaKHX 4Hcel JONKHO paBHATbes ¢ (ab). TlpousBenenue
9(b)p(a) v @ (ab) BHIpaXKAT OIHY H TY XKe BEJHUHHY, T. €.
@ (ab) = ¢ (a) ¢ ().

310 J0Ka3aTeJIbCTBO CYIIECTBEHHO HCHOJb30Bajo TeopeMy 112
0 3HaueHHdX JuHeAHOH ¢opMbl ax-+by. daguMm Tenepb Jpyroe
HernocpeACTBEHHOE JOKA3aTesIbCTBO TEOPEMbI.

2-e noxasaTtenbcTBO. CocTaBuM Tabauuy:

1, 2, 3, e, B
b1, b+2, b+3, oo 20|

ob 41, %42 % -+ 3, . 3b; l} (2)
(@—1)b-+1, (a—1)b-+2, (a—1)b6+3, ..., ab )

— U ONpeJeIHM YUCJI0 Ylces B 3TOH TabJHle, B3aHMHO NPOCTHIX C ab,
(kb+r, b)=1 (Teopema 90) Toraa u TosbKo TOTAa, Koraa (r, b)=1.
Takum o6pasoM, umcia, B3aUMHO TpocToie ¢ b, a TeM GoJgee H ¢ ab,
MOTYT OBITH TOJILKO B CTONOUAX ¢ HOMEepaMH r, TAKHMH, uTo (r,b) =1,
rie | =S r=Cb. Yncno Takux cTog61oB N0 onpeeseHHio pasHo ¢ (b).
Kaxapii Tako#i cTosbell COCTOMT M3 YHCe:

r, b-tr, 2b4r, ..., (a—1Db+r, (3)

T. €. U3 uHceJ BHAA bx-+r, Iie x npoberaeT MOJHYIO CHCTEMY BHIUETOB
no moaymo a. Ilockoaeky (a, b)=1, To cornacHo Tteopeme 107
ypcaa (3) o6pasyioT TakikKe MOJHYIO CHCTEMY BBHIUETOB MO MOAYJIO 4,
1, cremoBaresibHO, B (3) COiepXKuUTCA @ (@) 4Hces, B3aUMHO MPOCTHIX
¢ a. Mnb umeeMm, TakuMm oOpasoMm, B Tabauue (2) ¢(b) croabuos
qyces, B3aUMHO NPOCTBIX € b, mpuueM KaxJblli Tako# crosber
COLepXHT ¢ (@) Yuces, B3aHMHO NPOCTHIX C @. EcCJH YHC/IO B3aHMHO
npocto ¢ b u ¢ a, To (Teopema 42) OHO B3aHMHO HpocTo C ab.
Takum obOpasom, Tabauua (2) comepxkut ¢ (b) @ (@) uuceNn, B3aUMHO
NpocThIX ¢ ab.

C mpyro#t ctopoHml, 3Ta TabJjuna comepXKHUT Bce uucaa or 1 Jo
ab, u, TakuM o0pasoM, B Hefl ¢ (ab) uncen, B3aHMHO OPOCTHIX cab, T. e.

?(a) ¢ (0) = @ (ab).

1) (3)=2, ¢(10)=4, ¢(30)=38;
2) ¢(5)=4, @(8)=4, ¢(40)=16;
3) ¢(A=2, ¢(6)=2, ¢(18)=6.

B nocaemnem npumepe @ (3:-6)=~¢ (3) ¢ (6), Tak Kak (3, 6)=2.
Teopema 115. [Tycme p—npocmoe uucao, o= 1— woboe namy-
paasroe, moeda @ (p*)=p*~(p—1).
HoxasarteanbcTso. Uncno B3aUMHO MNPOCTO ¢ p* TOrga H
TOJBKO TOTAd, KOTJa OHO He JeJHTCA Ha p (TeopeMnul 39 u 43). Cpenu

ITpumepsol.

T
nepBbIX p* HAaTypa/lbHBIX 4YHCEJ HMeeTcsl (Teopema 49) jz—=p°"1

93



qucet, NeJsAWNHXCs Ha p; ocTalbHble p*— p°~ ' qyucesa B3auUMHO npoCThI
cph T e p(p)=p* —p““-—p““(p—l)
Teopema 116. Ecau m=py'p3...pd— kanonuueckoe pasioxncerue
wucaa m, mo
a;~1 a,—l

@ (m)y=p p Tt pe T (o = D (pe— .. (p,— D).

dokasateabcTBO. py, Py, ..., Py B KAHOHHUECKOM pas-
JIOXEHUH 0603Haqa}0T pasjHuHble NPOCTHE 4YHCJA, O03TOMY (Teo-

pema 44) pft, p3, ..., PS—mONApPHO B3ANMHO NPpoCThie 4HUCHAA U
cormacso teopemam 114, 13 u 115 umeem:

@ (PUP. . pS) =@ (P1) @ (PF). .. ¢ (p5) =

=pi T (D =) p3 T (P = 1) L 08T (py—1).
[Ipumenpn.

1) ¢(270)=¢(2-32.5)=322—-1) @3- {(-1 =72,
2) ¢ (700000) = (25-5%.7)=2+.5¢ (2— 1) (5—1) (7 — 1) = 240 000;
3) »(45375) = (3-5%.112)=52.11.2.4.10 =22 000.

Teepema 117, ITpu m>1
1
w(m)-mﬂ(l-—;).

3nak p|m o3HauaeT 3jecb TO, YTO MHOXHTENH [DOH3BEJEHHg
GepyTca IpH BCEBO3MOZKHBIX NPOCTHIX HeJUTENAX 4YHEJA /1.
JJokaszaTeabCTBO HENOCPeJCTBEHHO BbiTEKAeT M3 NpeAbIAY-

med teopeMbl. JlwBoe m > 1 MOXKHO NpeAcTaBHTL B KAHOHHUECKOH
dopMe m=p{*...ps* 1 TOrjA

() =pYt . pP T (= 1), (= D=
=p1...p?’(l——;f;)...(1—p_) mII( %)
Teopema 118,
> @ (d)=m.

CyMMHpOBaHHe B JIeBOH YaCTH IPOM3BOAMTCS IO BCEM [IOJIOKH-
TeJIbHbLIM JequTendM uucaa m. Hanpumep, npu m=20 umeeM:

d 4 5 ’10 20

N

ol e

»z)‘(p(d)zq)(1)+(p(2)+(p(4)+(p(5)+(9(10)'*"q7(20):
=14+14+24+4+4-4+8=20.



HDoxaszarteasbctBo. O603HAYUM Hamy CymMMy, 3HaueHHe KO-
TOPOfi, OUeBHAHO, 3aBUCHT OT 12, uepes F (m), tak uto F (m) —d;,cp ().

HokasarenbcTBo paszobbeM Ha TpH 4acTH. CHayana HOKaXeM, UTO
'F (m)——-mynbmnnnxamsﬂaﬂ GyHKHMA, 3aTeM BuuucauM F (m) npH
=p" H, HaKoHel, AOKaxeM, uto F (m)=m
1) HYCTb (a, b)=1; Torga ans mobuix §|a, 5’ |b 6ymet (8, 8') =1,
TaK YTO, MPUMEHSS MPABHJAO YMHOXKEHHS CYMMHBL Ha CyMMy, T. €.
NpaBHJO DACKPBHITHA CKOGOK H TeopeMy 114, monyuaem:

F (a) F (b) =% ® (6)6%} 9 (8= % ;bw (8) ¢ (8% =é} g]bw (88”).

[Tonyuennass cymma paBHa Zq)(d). JeficTBUTEILHO, MPOU3 BeAe-
dlab

HHe 88', rme 8]a u 8" |b, oueBUAHO, PABHO HEKOTOPOMY OMpeJeJieH-
HOMY gHenutenioc d npoussegenus ab. C Ipyroil CTOPOHEI, eC/IH B3AThb
HEKOTOPbIH JeauTesb d npousBeleHHss ab, To (TeopeMa 45) Mbl
UMeeM [ JAHHOTO d BIOJHE ONpeieseHHOe MpPeNCTaBJeHHE B BHIE
d=2068", rne 8|a, §|0b.

Pagencrso
.} 66/ — Ui d
MZH, ngCP( ) d% @ (d)

Tenepb HEMOCPEJCTBEHHO CJelyeT M3 TOro, 4YTO MeXIy PABHBIMH
cJlaraeMbiMu JIeBOH M NMpaBOH yacTed MOXKHO YCTAHOBHTb B3aHMHO
ONHO3HAUHOE COOTBETCTBUE, comocTapiass @ (86') ~ @ (d), ecau
88"=d, 8|a, §'|b. TakuM ob6pasom, monyvyaem:

F (ab) =;%;7(p(d)=F(a)F(b).
2) Ilycts m==p*, Torga
F(py= Yod=9)+o (P +e()+... +o(p)=
djp®

=14+(p—=D+(pP*—=p)+ ... +(p*—p" " H)=p

3) [Tycrb m = pi*p3 . . . p3* — KaHoHUMYecKoe pasJoxkenue m. Torja
corsacHo teopeme 113

F(m)=F (pT") F (p3)...F (ps*) = pY'ps:...ps*=m.

Hcemopuueckute kommenmapunt « 10-it zaase

1. Jleonapa Jitnep (1707—1783) ponuncs B Illsefinapun. B
1727 r. ou Obut npurgaliex B [lerep6ypr B CO3XaHHYIO TaM HE3aJ0JT0
no toro Axajemuio Hayk. Dijep xkug u paboran B [letepbypre ¢
1727 no 1741 r. u ¢ 1766 r. 10 KOHHA CBOeH KHM3HH.

Cpenn. Beaukux MarematikoB XVIII Beka, cosjaBumiHx OCHOBHI
COBPEMEHHOTO MaTeMaTHUYECKOro aHaju3a, DHJep BblaessieTcs cBoefl
HCKJ/IIOUHTE/NbHON HATYHIHel; Aaxe Korfa Di/iep, HaXoAs HOBHIE
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pesyJsbTatel, OGOCHOBLIBAJ HX He BCerja eule crporo paspaforal-
HEIMH B €ro BpeMsl MeTOJaMM, KOHCUHbIC BBIBOABLI €ro, KaK 3TO
BbISICHUJIOCH TMO3%Ke, ObJIM BCerAa BepHbl. B caMblXx pasauuHbIX
06/1aCTAX MaTeMaTHKH H ee MPHJIOKEeHHH ¢ uMeHeM DilJiepa CBSI3aHO
ype3BLIYaHHO GOJbIIOE KOJHUECTBO HOBLIX IMIYOOKHX pPe3yJIbTaToB,
SIBJIAIOIIMXCSI OCHOBOH BCero JasibHeHllero ee pasBUTHS.

B 1729 r. Diinep nauan nepenucky c ujenoM IlerepSyprckoii
Axanemny Hayk XpuctHaHoM [oababaxoM, nposBASBUIMM GOJbLION
HHTEPEC K TEOPETHKO-YHCJAOBLIM 3ajauyaM. JTa Mfepernucka H 1po-
6ynuna, no-supuMomy, uuTepec JI. Diinepa x Teopuu uucea. Ha-
upgad ¢ 1732 r. U HO KOHUA CBOCH XU3HU Dilaep 3aHuMaJcs pas-
HOOODA3HbIMH BOIIPOCAMH TEOPHH YHCeJ W HamHcaJs cBuie 100 pabor
B 3TOH obmacTH.

Pa6orut Diinepa mo TeopuH unces NOCBSIIEHL BeCbMa pasHoobpas-
HLIM BOIIpOCAM, B TOM 4HcJe fnpolJeMe pacnpeieseHnsl IPOCTLIX
yhceJ B HaTypaJbHOM PpSiy, pa3/JIHUHBIM 3ajauaM TeOpHH ¢opM,
pasOHeHHIO uHces Ha cJjaraembie. B cBoux paborax Diijep He
ynorpeb/saJ TepMHHOB TEOPHH CpaBHEHHH, OJHAKO psjA BaxKHeHIIUX
€e pe3yJabTaToB, cHOPMYJAHPOBAHHBIX B TEDMHHAX TeOp UH ACJIHMOCTH,
OpljiM noAyueHL HMeHHO uM. Jlis pabor JI. Dfiiepa B Teopuu 4Hcen
XapakTepHO CTpeMJeHHe HCIOJb30BaTh METOIbl MaTeMaTH4ecKoro
aHajH3a. DTO NMpOsiBUAOCL He TOJAbKO B padorax mo pacnpejeseHHio
NPOCTHIX UHMCeJ, ABUBIIUXCA, Kak ObUI0O OTMEYeHO Bblllle, HAYaIOM
AHAJHTHUECKOH TEOPUH uuces], Ho M B paboTax no teopuu pasdue-
HHUf UYHCeN Ha cJaraemble.

Tpynot Ditnepa mo teopun uyHuces O6biid u3jaHel y Hac B Poccuu
Axanemue#t Hayk B 1849 r. Ha JaTHHCKOM s3bike. JIBa TOMa 3TuX
TpyzoB nox HasBauueM ,Commentationes arithmeticae collectae®
cojepxar 1235 crpanun. PyHKuusa ¢ (m), NOJyuHBIiasg B JaJbHel-
lueM ero umd, Oolja BBefleHa HM B OJHOH padoTe, ony6JHKOBaHHOH
B 1760 r.

2. ToxpecrBo Teopembl 118 BcTpeuaercs BmepBble y I'aycca.

CJIABA 11
TEOPEMbI ®EPMA ¥ 3HJIEPA
1. OCHOBHBIE TEOPEMb!

BosbMeM HeKOTOpOe HaTypaJbHOE UHCIO @, B3a¥MHO HPOCTOe
C MOLyJleM m, U pPacCMOTDHUM NOC/eNOBaTe/bHble CTENeHH a:

a, a%, a®, ...

Bce uncaa storo GecKOHEYHOrO MHOMKECTBA paclpefe/eHbl B m
KJaccax, cJaelloBaTeJbHO, 10 KpaiHeH Mepe OIMH H3 3THX KJaccoB
JIOJDKEH cofepKath OGecYHCJIEHHOE MHOMEeCTBO cTen eHeH a. Baas u3
3TOrO KJacca JBe CTENEHH 4 H o6o3HaunB X a*u a', rie s>t =1,
6y neM uMetb a®=a'(mod m).
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[Mockonbky u3 (a, m)=1 caeayer (a', m)=1, 10 (reopema 80)
a*~'=1 (mod m). Takum o6pasom, aas HEKOTOPOro k = S—1¢ HMeeM
a*=1 (mod m), npudeM NOCKOABKY $>f, To k= 1 Bmecre ¢ TeM
TOrZa M NpH JI060M HaTypaibHoM n 6yjeM uMeTb a*'== 1 (modm),
UTO 0K a3bIBAET CyLleCTBOBaHHe 6eCKOHEYHOTO MHOXKECTBA CTeneHed a,

NpHHA JNEK AKX Kaacey ‘1. KoHeuHo, NOCKOJIBKY Mbi C caMOro Hauala
HMEEM H3BECTHBIH NMpPOM3BOJ B EB6Ope umcen a® u a', TO coOTBeT-
CTByIOIlee R He ONpejenseTcss eIMHCTBEHHBIM o6pa30M Hanpumep,
npu m=43, a=06 umMeeM:

68 =62 (mod 43) 612 — 6° (mod 43),
TdK 4YTO
6% =1 (mod43) u 69==1 (mod 43).

[1. ®epma jana npocroro Moxyas, a JI. Dinepy aas nmoboro
MOAYJA yAaJOoCh yKa3aTb 3HaueHHsl B >0, npH KOTOPBIX HMEET MECTO
cpauense a” =1 (mod m). COOTBeTCTBYIOIIME TEOPEMBI, MBI HX OyJeM
HasbiBaTh TeopemamMu ®PepMa—Disepa, SBJASIOTCA OCHOBOH BceH
TCOPHH CpaBHEHHHA U HAXOAAT IIHPOKOE NpHMEHEHHe KaK B Teo-
pPETHYECKHX UCCJAEJOBAHUAX, TAaK H B apUQMETHUECKHX TPUJIOKE-
HHAX,

Teopema 119 (®epma). Jaa awobozo npocmoeo p u aoboeo a==1,
He OJeanuje2ocs HA P, CNPasedAuso CPasHeHue

aP-l==1 (mod p). ' (D

Teopema 120 (Diinep). Haa amobozo modyan m u aoboeo az==1,
83QUMHO NPOCHI020 € M, cnpaeea/zueo cpasHerue

™M =1 (mod m). 2

CpaBnenusi (1) u (2) Mbl OymeM Ha3bBaTb COOTBETCTBEHHO
cpaBHenusamMu Pepma u DiJjepa.

Jlerko BHOeTh, uro Teopema PepMma sIBJsETCH YACTHBIM CJAy4daeM
TeopeMel Dijepa. [lelfCTBHTEeNbHO, €CJH B TeopeMe Diljepa B3ATh
m=p, rje p—IpOCTOe UYHCJO, TO ycJoBHe (a, p) = | sKBHBaNEHTHO
VCJIOBHIO p 4 a (teopema 39), a ¢ (p)=p—1, TaK 4ro Npu r=p
TeopeMa Diijiepa CBOZUTCS K yTBepXKAEHHIO, UTO NpH p 4 a cnpaBes-
JKBO CcpaBHeHHe aP~'=1 (modp), 1. e. k Teopeme Pepma.

[TockosnbKy HOKa3aTesbCTBO TEOpeMBl Diljlepa He CJOKHeH, ueM
10Ka3aTeJbCTBO TeopeMbl PepMa, MpHBeJeM JOKa3aTeNbCTBO TEOPEMH
Difinepa. TeM caMbiM 6YJeT IOKasaH M €€ YaCTHHIH clyuail — TeopeMa
Depma.

- lokasaTenbcTBO Teopemsi diinepa. [Tyctbry, ry, - . » T otmy ™
IIeKOTOpasi NPHUBEIEHHAs! CHCTEMA - BHIUETOB 110 MOAYJIO m. Ilpn
(a, m)=1 cornacHo TeopeMe 111 wwcna ary, ary, ..., G ) TAKKe
00pa3yloT NpPHBEJEHHYIO CHCTEMY  BBIYETOB. Veranosum  B3aMMHO
UJHO3HAYHOE COOTBETCTBHE MEXAY STHMH ABYMS CHCTEMAMH, CONIOCTABHB

ar
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KaXJOMY H3 HHCEJNl Gry, Gry, ..., Gy, CPABHHUMOE C HHM YHCJO U3

CHCTEMBI Iy, Fyy «.+y Foim TAK, UTO
ar, =r, (mod m)
ar, =r, (mod m) ’ 3)

D L T T S Y

arm =T, (mod m)

The r,, 3 ..., r,—HEKOTOPbIM 00pa3oM MepecTaBJeHHblEe 4HC/A Iy,
oy wovs Tomy To € Tolg oot IUS=T0 Ty oot gy
Ilepemuoxas Bce cpaBHeHHs (3), noJydaem
at ™ ry . SR 1, (mod m). 4)
[Tockombry (ry;, m)=1 Ras Beex i, TO (ry 7y ...y M) =1
(reopema 42) u ofe wacTH cpaBHeHHS (4) MOXKHO COKpaTHTb Ha
Fyelos e Ty, TaK 4TO a “™M =1 (modm).

Hpumepbl IIpn p=7 umeem 26=64=1(mod7), 3%=729=
=1 (mod7); npu p= 11, a=2,29=1024=1 (mod 11); npu m=9,
a=>5 umeeM ¢ (9)= 56 = 15625 = 1 (mod9); npu m=21, a=2
umeeM ¢ (21) =12, 212 = 4096 = 1 (mod 21).

3anumem teopeMy PepMa elie B Apyroé copme.

Teopema 119°. [aa .woboeo npocmoeo modyss p u ao6oeo Hamy-
PAABHOZO HUCAQ O UMeem MECmo CPasHerue

a” =a(mod p). (5)

HokasareabcTBo. Eciu pfa, 10, yMHOKAsA Ha @ o6e yacTu
cpaBHeHus1 (1), moaywsaem a”==a (modp). Ecau p|a, 10 p|a’—a,
TaKk 4TO TaKkKe

a‘”——a(mod p).
Takum obpa3oMm, cpaBHeHHe (D) MMeeT MeCTO IpH Jo060M HATy-

paJibHOM a.
Teopembsr @epMa—Iinepa NO3BONAIT YacTO HAXOAHTh OCTATKH
OT JeJleHHsI Ha MOAyJAb GOJbLIMX cTeneHell 3agaHHOTO umcaa, Mefi-
CTBHTEJIbHO, €C/i HaM HaJ0 HalTH OCTAaTOK OT jejeHus a¥ Ha m,
rae (a, m)=1u Nz==¢(m), To MOXKHO NpeACTaBUTL N B BHJE

N=¢g(m)g+r, 0sr<<q(m).
Torna ’
a¥ = (a*™)?.a"=a" (mod m),

rie @’ Moxer ObiThb 3HAYMTENBHO MeHbile, ueM aV.

Ecmu (a, m)==1, 1. e. (a?¥, m)_d>1 TO HaljeM HaHMEHb-
mee k, Takoe, 4TO dla", TaK ut0 a*=a,d, m=md. O6oznauas
HCKOMEIH OCTATOK 0T feneHust a® Ha m yepes x, HMeeM:

==aV = aN—*a, d (mod m,d)
M, CJIeJOBATE/IBHO, X =X;d, TaK 4TO
%, =aMN—*a, (mod n;).
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X; MOKeT GbIThb HalJileHO NyTeM BBIYUCJIEHUS NPOH3BelJeHHsT OCTATKOB
OT JesNeHusi Ha m,; udcen a®* u a@,. Ias OTHICKaHUs OCTaTKa
OT jesneHHss a—* Ha m, MOXHO HCMOJb30BaTb TeopeMy Jiilepa.
ITpuwmepw. 1) Haiitu ocratok ot aenenus 171247 na 52,
O603HaunM UCKOMBIN ocTaTOK uepe3 x. HMmeem: ¢ (52) = 24.
x= 1712147 = |524-89+11 = |51 == (3375)3.225 = (—5)* - 17 =
==-—21.17 =7 (mod 52).
2) Hafitn octatox or jzeqenus 1261920 ga 138,
3pece (126, 138)=06. Ecan x==126192° (mod 138), 10 x=06x,
X, =21.1261019=2].112246+7=_2.117== ]19=6% = § (mod 23),
x=54=2mod (52). Octarok paseH 2.

2. OBOBILEHHUE TEOPEMbBbl 3UJIEPA

Oynknuua Dinepa ¢ (m) He Bcerja SBJAsSeTCS] HAUMEHbILMM MoO-
JIOXKUTEBbHLIM 3HaueHneM £, TakuM, uto a®==z 1 (mod m). [Ia HaX0X-
JeHusl 3HaueHHil R, MeHbIIUX, 4eM @ (), YAOBJICTBOPSIOUIUX 3ITOMY
CPAaBHEHHID, MMEET CMBICJI BBECTH B paccMoTpeHHe o0600LIeHHYIO
dyuknuo inepa L (m).

Onpenenenue 38. 06obwennoil ¢»ymcuueu Jiiaepa L (m) Ha3e-
saemca QuHKY UL, onpedeseHHaR 048 6CEX HAMYPAAbHLIX 3HA4EHUL m
caedywouwum obpasom: L(1)=1, a npu m>1

L(m)=[py=(pr—1), py~ " (p—1D), ..., pi=t (p,—1)], (6)
20 m=pWhpl% . p%—KAHOHUYECKOE PA3AOXCeHUE M.

ITpumepwrl.

1) L(360)=L (2%-32-5)=1[4, 6, 4]=12.

2) L(735)=L (3-5-7?) =2, 4, 42]=84.

3) L (45551)=L(11-41-101)={10, 40, 100]=200.
Ilpu m=p* ¢ynruun L (m) u @ (m), oueBHAHO, COBNAJAIOT,
Teopema 121. [Tpu mobom modyse m u (@, m)=1 numeeT mecmo
cpasrerue
attm =1 (mod m).

Hoxkasareabctso. Ilycrs m=phpy ... p“S—KaHOHI/I‘{ecxoe

Hpi~1)
pasnoxeHue uucaa m. CorjacHo TeopeMe Oiijepa a’ ——

=1 (mod p}) npu i=1, 2, , S. Bospoasi obe uwactu storo cpa-

L(m) r L{m)
PE =1 PE= (pi—1)
Tak Kak no onpepenennio L (m) xparHo p%i~!(p;—1), nomyuaem
al ("‘)—l(mod p¥). Us cpasuumocTH alt™ y 1 mo mopyasam p% ,
p%, ..., p% corjacHo teopeme 91 cieryer CpaBHUMOCTb ITHX uucen
no MOﬂ,YJIlO m, T. e. a-m =1 (mod m).
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Mpumepeu. 1) m=546, a=>5; umeem L (546)=L (2-3-7-13) =
=11, 2, 6, 12]=12; SFZEI(mod 546). [defcTBUTEJbHO,

512 = 6253 = 79% = 1 (mod 546).

2) m=1360, a=3; 3aecs L (1360) =L (2*-5-17) = [8, 4, 16] = 16;
31 =1 (mod 1360). HdeficTBHTeJbHO,

316 =65612=11212=1 (mod 1360).

Corsiacuo Teopeme ®epMa ecau m—TmpocToe 4ucao u (a, m)=1,
TO @™~ 1:.l(mod m). EcTecTBeHHO MNOCTaBHTh BONPOC: MOXKeT JH
cpaBHenue a” ‘=1 (modm) uMeTb MeCTO AJsi COCTABHOTO M TNpH
BCeX a, TaKHx, uTo (@, m)=1, HJIH e 3TO CpaBHEHHE SIBJIsIETCS
XapakTepHOH 0COOEHHOCTBIO TOJNBKO NPOCTHIX MOy eli? OKasbiBaeTc ,
4YTO CYINECTBYIOT COCTaBHBIE MOBYJM M, TaKHue, 4TO NPH BCEX @
B3aHMHO IPOCTBIX C M HMeeT MecTO CpaBHeHHe

a™ =1 (mod m).

JleHiCTBUTENILHO, €CAH  B3SITh M ==py- P .+py, TaKoe, UTO
L (m)|(m—1), To cornacao teopeme 121 6yneM HMeTh alm=1] (mod m)

H, BO3Bejs obe wyacTu CpaBHeHnusi B CTENelb NoJNyYuMm

m—1

L(m)’
a” !'=1(modm) npu Bcex a, Takux, uro (@, m)=1. Herpyauo
nopo6paTh TaAKHe 2HAYEHHS /. Hanpmvxep 3T0 6y/eT HMeTb MeCTO IIpPH:

m=3.11-17=561, L (561) =80, 80|560;
m=5-13.17= 1105, L (1105) =48, 48|1104;
m=5-17-29 = 2465, L (2465)= 112, 112|2464;
m=7-13-19=1729, L (1729)=236, 36|1728.

CorsiacHo Teopeme ®epMa mnpH p4a octaTok OT jefeHHss af ™!
Ha [NPOCTOe HHCAO [ BCerja paBeH efHHHUIE. MOIKHO [OCTaBUTH
BOMpOC: ObIBaeT I OCTATOK PAaBeH eJHHHIE NpH AejeHuu a?~ ! (a > 1)
Ha GoJiee BBICOKYIO cTelleHb p, HalOpHMep Ha p?, T. e, MOXKeT JH
OpH KakoM-1u60 a>>1 M HpPOCTOM p HMeTb MeCTO CpaBHEHHE
a?~1=1(mod p?)? Oka3sbiBaeTcsi, YTO TaKHE 3HAYEHHS a H p Cylie-
cteyior. HanpnMep, MoxHO B3aTb ¢ =3, p=11 u Toraa 3¢ =2432%=
=1 (mod 112).

Onno BpeMsi HEKOTOpble MAaTeMaTHKH MOpeAnoJaralHd, 4YTO cpa-
BHenMe 2771 =1 (mod p?) He MOKeT MMeTb MeCTO AJIA NPOCTHX YH-
cenl p. DT0 NpeANONOKEeHHe 0Kasanoch HeBepHbBIM. MOKHO mpoee-
pHTB, uTO, HampuMep, 27~ t==1 (mod p?) npu p= 1093, xorss 1093 —
[IPOCTOE UUCJIO.

Hcemopuuecrkue kommenmapuu x 11-it 2aase

1. Ilbep ®epma (1601—1665) — H3BecTHBI!l B CBOe BpeMsi IOPHCT
M COBEeTHHK cyje6Horo napJjaMenta B Tynyse —HHTEHCHBHO H ¢ 60Jib-
IMUM YCIIeXOM 3aHHMAJICA PA3JHYHBIMH MaTeMaTHYeCK HMH BOIPOCAMH.
I1. ®epMa sBAseTCA OAHMM M3 TBOPILOB AH(HEPEHIINANLHOTO HCHHC-
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JIEHH M TEOPHH BepOATHOCTeH, HO o0coGeHHO 6oJbllioe 3HayeHHe
HMEIOT ero paboThl MO TeOPHH uHcel. DOJBIIHHCTBO TEOPETHKO-
YHCJIOBBIX pe3yJsbTatoB II. Depma sanuchiBaJuCh HM Ha NOJsAX
sk3eMrafapa counHenudi [uodbanta ,Apudmernka®; PepMa OOBHIUHO
He 3amnuchiBajl JI0Ka3aTesbCTBa, a JaBaJj TOJbKO KpPaTKHe YKasaHHs
0 MeTojie, KOTOPHIH OH NDHMEeHAJ AJA HOJYYeHHs CBOEro pesy.ib-
tata. Counnenus Pepma noa HassaHueM ,Opera Varia“ GulIM H3AaHBI
BriepBble B 1679 r.

Teopema ®epMa, H3JNOKeHHas1 B 3TOH riaee, Oblia BbICKa3aHa
B ONHOM M3 HHCeM, MNocjJaHHoM HM B 1640 r. ®penukay. B stom
nuceMe PepMa MUUIET, YTO OH MOJYHYHJ JAOKa3aTesbCTBO 3TOH Teo-
peMbl; OfHAKO CaMO J0Ka3aTeJbCTBO He OGbIJIO HM oOnyOJHKOBaHO.

IlepBoe u3 M3BeCTHBIX AOKa3aTesJbCTB TeopeMbl Pepma MpHHAA-
Jexut Jleiibuuuy (1646—1716). dokasateabcTBo JlehGHHUA GBIIO
OCHOBAHO Ha pPacCMOTPEHUH CpaBHEHUA:

(ay+a,+ ... +a,) =a?4a5+... 4 a2 (mod p).

Diljiep faJl HECKOJIbKO Pa3JiHYHbIX J0Ka3aTeJbCTB TeopeMbl PepMa,
H3 KOTOPHLIX HepBoe oTHocHTca K 1736 r. B 1760 r. dinep o6obmua
TeopeMy, npugaB efi Buj Teopemel 120, Hocamed ero umsa. Hano
IPH 3TOM HMeTb B BHJY, YTO TEPMHHOJOI'HA U 0f03HaueHHA Yy Pepma
B y Dijepa CcOBeplleHHO OTJMYHEI OT coBpeMeHHbIX. IlpuBeneHHoe
HaMH JOKa3aTesbCTBO TeopeMbl Dijepa mHpeacTasisieT co0oH Hermo-
cpecTBeHHOe 0600lleHHe JOKasaTesabCTBa, gaHHoro B 1806 r. pas
teopembl Pepma MaTemaTHKOM AfBOpH.

2. BMecto ¢yuknuu L (m), onpeaenenno#t gopmyJod (6), MOXKHO
paccmatpuBaTh GyHKIHIO [ (m), Takyo, 4To

L(m), npu 84 m,
Hom) {éL(m), npu 8|m,

¥ JI0OKas3aTh CHPaBeJJIMBOCTh cpaBHeHus a! (™ =1 (modm) npa
BCEX 4, B3aHMHO [IPOCTHIX C M.

Oyuknuwo [ (m) paccMatpuBas (paHuy3cKHH MaTeMaTHK Jiloka.

3. HokaszaHno, uTo Ajas J000Tro HaTypaJdbHOrO YHCJAA a Ccylle-
cTByeT GECKOHEUHOE MHOXKeCTBO COCTaBHBIX 4YHCeJ M, TaKHX, YTO
a™~1=1(modm) (Qionapk, 1955 r.).

HensBecTHo, GECKOHEUHO JIH MHOMKECTBO COCTAaBHBIX uHCeJ M1,
Takux, 4t0 @~ '==1(mod m) ans Bcex @, B3aHMHO HPOCTHX C Al

FJJABA 12

rPyYNnnA KJACCOB, B3AUMHO MNPOCTLIX C MOJAYJIEM
1. TPYNNA KJIACCOB

Bo MHOXecTBe KJjaccoB Mo Jio6OMy MOAYJIO m BCerfa BHIIOJ-
HHMBI OIlepalHH CJIOXeHHs, BLHIYHTAHHA, yMHOXeHHA. B 3TOM MHO-

MecTBe €CTb eJAMHHUHBLIA 3JeMeHT, a MMeHHO KJacc 1. EctecTBenHo
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HOCTaBUTb BONPOC O BBHINOJHUMOCTH ONlepaunyu JejeHus, T. e, BBIsIC-
HUTh, ABJSETCA JU MHOMXKECTBO KJACCOB TPYNOOA NO OTHOUIEHHIO
K BBeJeHHOH 3Jlecb ONepalud YMHOXKeHHS. Jlerko BHIeTb, YTO MHO-
JKeCTBO BCEX KJacCOB MO MOJAY/HO M He SIBJASETCS rpynmo#d. Ito
cjenyeT xotsi OBl M3 TOro, YTO JUIsI HYJIEBOTO KJacca He CyIIecT-
ByeT 06paTHoro s/ieMenTa. JlellCTBHTEIBHO, npu JawoboM x NpoH3Be-

menre 0-x=0s£1. TakuMm 06pa3oM, H3 YCJOBHH, ONpeNessomHX
rpynny, oJHO YCJOBHE 3Jech HapylleHo. BMecre ¢ TeM ecaH
H3 MHOMKECTBA BCEX KJAaCCOB BbAEJHTb TOJBKO KJAacChl, B3AHMHO
IpOCThIE C MOAYJIEM, TO HMeeT MecTO cJeAyiomas Teopema.

Teopema 122. Mroocecmeo Kiaccos, e3aUMHO NPOCMbLX C MOOYAEM,
npedcmasasem coboli epynny.

HoxasarteasbctBo. Ilyets ry, r,, ..., Fem-—KJacch,
B3aUMHO MpOCThle ¢ MoxyJeM m. IIpoBepuM, UTO B 3TOM MHOMKECTBe
BBIITIOJIHUMBl Bce YCJIOBHsSI, ONpefesfionide rpynmy.

Ycnoue [ (3aMKHYTOCTH oOnepanue yMHOXKEHHS) BBIIIOJHEHO,

TaK Kak ec (ry, m)=1, (r;, m)=1, 1o (r;r;, m)=1 u rir;=
=7, ark, rae (r,, m)=1, T. e. IpoU3BeJleHHE KJIAacCOB, B3aHMHO
I'IpOCTbIX c MoJyJieM, TaKxe MpelcTaBiasgeT co6OH KJacC, B3aHMHO
IpOoCTOif ¢ MOAyJEM.

Ycaosue 11 (coueTaTeNbHBIH 3aKOH) BHUIOJHEHO NPH YMHOMEHHH
MobLIX KJjaccoB (reopema 101).

Ycnosue I1I (cymmecTBoBaHHe €IMHHYHOIO 3JIEMEHTA) BbINOJIHEHO,
TaK KaK KJacC 1| B3aHMHO NpPOCT C MOAYJEM M MOTOMY BXOJHT
B Hauie MHOXKecTBO. HakoHell, BBIMOJHEHO U ycjaoBue IV (cymect-

BOBaHHE 00paTHBIX 3JeMeHTOB). Ecau B3sTh mobolt kJjacc r, B3aUMHO
mpocTofi ¢ MOfyJeM m, To obpaTHeM KJaaccom (r)”' 6ymeT xmace
ro (m-1' TaKiKe B3AUMHO NPOCTOH ¢ MmoxyJeM. [leficTBHTENBHO,

7 e =1,

TaK Kak COrJlacHO TeopeMe Diyepa r®™ =1 (mod m).
Kaacc, ofpatHbii knaccy r, Mbl OyJeM 3anucChiBaTh TaKiKe

B BHJe ;, TaK 4TO —_——(7‘1
r

I'pynna KaaccoB, B3aHMHO NPOCTHIX C MOJYJEM m, NpeAcTaBiaseT
coO0H KOMMYTAaTHBHYI0 KOHEUHVIO Tpynmy, M TNOPAJOK ee, T. €.
YICJO 3JIEMEHTOB, PaBeH @ (m).

B Teopuu rpynn u3BecTHa TeopeMma Jlarpanxa, cOrJacHO KOTO-
poit anast JioGoro sjJemeHta A KOHEUHON Tpynmbl NpU A, PABHOM
HOpSAAKY TPYNNbl, HMeeT MecTo paBeHcTBO A”=E, rie E—exnHHna
rpynnel. Teopema Dfinepa fABJAsETCS YAaCcTHBIM CJydYaeM 3TOH Teo-
pembl JlarpaHxXa njis rpynnsl KJacCoB, B3aHMHO IIPOCTHIX C MOZY-
JeMm m. Jlag 3To#l rpynnbl TeopeMa JlarpaHxa NpPHHHMaeT BHJ
(r)°™ =1, uto B Apyrofi samucu H jaeT TeopeMy Diinepa rom =
=1 (modm) npu (r, m)=1.
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2. NOJIE KJ]ACCOB Mo NPOCTOMY MOAYIJIIO
B xommyratuBHOH rpynne ajsi JuoObX ABYX sjemedtoB A U B
MOXXHO HaHTH 3JjeMeHT X, TakoH, 4To A -X=X-A=-B. Jaa takoro
B
3jleMeHTa X MOXHO NpHHATL 0003HaueHHe X=-. B uwacrroery,
paccMaTpuBasi TPYNNY KJA4CCOB, B3aHMHO MPOCTHIX C MOAYyJeM 1,

MOXHO, TakuM 00pasoM, BBeCTH Apo0H —, Y KOTOpbIX HHCJAHTE/]b

Q|'D‘I

M 3HaMeHaTe/Jlb— KJacChl, B3aHMHO NpocTeie ¢ MoayJteM. Mbl gaaum
GoJiee ofiee onpejescHHe, [03BOJSIONIEE PaccMaTpHBaTh B Jadb-

. B —
HefimeM ApoOH BHAA — M TOTJA, KOrja KJaacc b ke B3aHMHO NpOCT
a

¢ MOJyJeM.
Onpegenenne 39. [Iycms a u b—kKaaccer no modyao m, Yacm-

b . - .
HBIM = Ha3eleaemcs A060d Kiace x (ecau OH cywjecmeyem), maKxoil,
a

4mo
ax=b.
b a2
3anuch k€= OyleM MNOHMMATb B TOM CMBICJe, YTO £ BXOAMT
a

B HEKOTOpPBIA KJace x = CorjgacHo omnpegenenuto 39, ecau a

&y

= b
M b—KJacchl N0 MOAYJIO M, 3alHChb k€ = 03HAyaeT, uTo
a

ak="b (mod m).

Teopema 123. [lis awboeo kiacca b u xaacca a, 63QUMHO npo-
CMo2o ¢ MOOYyAeM m, cyujecmeyent, U NpuUmom eOUHCMBEHHOE, 4acHi-

b
HOE — .
a

Nokasateanctso. Ilycts (a, m)=1. Torga a— 3JIEMEHT
IPYNIbl KJIacCOB, B3aHMHO MPOCTHIX C MOAYJeEM, H AJS HEro cylie-
cTByeT o6paTHul KJacc (a)~

- 7 _—
Ecan cyuiecTByer yacTHOe x=—=, TO @ x=20, U, yMHOXKas obe
a
acTH 3TOrO PaBencTsa Ha (@)~1, nomyuaewm, uto x = b(a)~1, 1. €. 3Ha-
4eHHe X MOXKeT ObiTb TOJILKO _€/IMHCTBeHHBIM. HeHOCpeﬂCTBeHHaH
nposepka nokasbiBaeT, uto a (b (a)~!)=b a (@)~ '=0b-1=0b.

Taxum o06pa3oM, eJMHCTBEHHOCTb H CYIIECTBOBaHHE KJjacca

8 >

IOKa3aHkl, NMPUYEM YCTAaKOBJEHO, UTO —= b (@)~ 1=b.q® M -1,

al]u-|



[Tpumepsr. 1) Ilo Moxymio 8 uactaoe —I.5 I me—
o Py
..... 1 —

2) ITo Monyato 14 wacTHoe == 3-11 " =3.119 @9-1= 3.]118= [3.

U‘ll-“l

Wl

T

b .
[Tockoarpky apobu BHAa — NpexcTaBASIOT cOGOH KJacchi, APH
a

onepalnuax Hajg TakKHMH }.'lpOﬁﬂMH MOXHO MDHUMCHATL II€peMECTHTECIb-
Hblll, coueTaTeJbHBIA H pacnpenenmenbﬂblﬁ 3aKOHbI.

b d
PaCCManI/IBaH llpOéH = H = CO 3HaMeHareJsAMH, B3aHMHO IIDO-
a c

b
CTLIMH C MOJAYJEeM, Mbl 6y11€M, Kak OﬁbIlIHO, paBeHCTBO —=
a

b d
HHMATh B CMbICJE COBNAJACHUSA KJIACCOB —= U —.
a c

Teopema 124. ITycmo @ U C— KAQCCHL, 63AUMHO NPOCMbE C MO

b d

Oyaem m. Pasencmso === umeem mecmo mozda 1w moAibko mozoa,
a c

Koeda

ad == bc (mod m).

Bosbmem umncao k,

ol al

ol
il

HoxasateascrtBo. 1) Ilyers

npHHajJexaiee 5ToMy KJaccy. llockosbky kezb_— u kg
a

o[ &

, TO

.

JOJIAKHBl BBIMOJHSTLCS CPABHEHUS:
ak="b (mod m), ck=d(modm). (H

O6o3uayum (&, m)=0, Ttoraa cpaBHenus (1) WOKA3LBAIOT, YTO
0lb ud|d, 1.e. k=k0, m=m8, b="5b,8, d=d,8, rne (ky, m,)=1.

Cokpamias (teopeMa 82) o6e uacTH 3THX CpaBHEHHIl W MOAYML
Ha §, mojiyuaem:

ky=b, (mod m,), d,==ck,(mod m,).
[TepeMuOXas 3TH CpaBHeHMS U COKpaumas Ha k,, B3aUMHO npo-
CTOE C MOAYJEeM My, NOJyYaeM I[0CIeL0BATEbHO:
 akydy=b,ck, (mod my), ad, = b,c (mod m,).
YMHOXKas Temepb 06e YacTW W MOAYAb Ha O, moAydaeM:
ad = bc (mod m).
2) Nycrs ad=bc(modm), (a, m)=1, (¢, m)=1. Bosbmem

ke.—i, T. e. k Takoe, uT0 ak==b(modm). YMHokas obe uacTd
= f
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3TOro CpaBHeHHsT Ha ¢, TnoaydaeM ack=bc(modm), T. e.
ack =ad (mod m). Hakonen, coxkpamasi Ha @, B3aHMHO IpocToe
C MojiyJieM, NPHXOAHM K cpaBHeHHI0O ck==d(modm), T. e. noay-

d
yaeM k€= .
C —_— —
b d
[Tockoabky (a, m)=1 u (¢, m)=1, Knaccel = ¥ = omnpefe-
a 4
JICHBI OJIHO3HAUHO M uUMET ofllee YHCJA0 kR, a CJaejoBaTeJbHO

(reopema 94), :=i

a 4
Cnpeneaeune 40. Ilpu (a, m)==1, (¢, my=1 0se dpobu S—H%
HA3bIBAIOMCA  CPABHUMbBIMU N0 MOOyamo m, ecau be=ad(modm).

b d
Mrul GyneM B 3TOM cayudae mucaTb TE— (mod m). Coranacuo stomy

b d
onpelesIeHHI0 CpaBHEHHe Fz?(mod m) ©6yler o03HauaTb, YTO
(@, m)y=1, (¢, m)=1 u uro bc=ad(modm), a CJIe10BaTENbHO,

b
no teopeme 124 Mnl 6yneM B 3TOM CJydae HMeTh:! — = — .
a c

Taxum obBpasoM, cpaBHEUMOCTb JBYX JpoGeii mo paccMaTpHBa-
€MOMY MOJAYJII0 O03HayaeT COBMajeHHe COOTBETCTBYIOUIMX KJacCOB.

B uyactHOM cayuae, ecau S—Ek(mod m), o ak==0b(modm), T. e,

ke_,;=E

Teopema 125. Ecau
b d d’
F_—.—:E,—(mod m), -~ = — (mod m),
mo:
1) be iadﬂ_bc _}:a d (mod m),
ac a'c
2) ——_—bd, (mod m).

’

Joka3aTedbCTBO.- 1)—2—52—,(m0d m) u —f—z% (modm) o3-
HAualoT, YTO
ba'=ab’ (modm) u d¢’ = cd’ (mod m).

YMHOXan obe yacTu epBOro U3 3THX CpaBHeHHPI Ha CC a4 BTO-
poro—Ha aa’ u CKJanniBasi, MNoJyuaem:

(be+ad)a'c’ = (b'c’ +a’d") ac (mod m).

[Tockoabky mpu stom u3s (a, m)=(a’, m)=(c, m)=(c’, m)=1
_ clefyeT Takxke, 4ro (ac, m)=(a'c’, m)=1, TO nocregHee cpa-

105



BHeHHe MOXKHO 3anHicaTb B BHJE:
bet-ad ___b'c' t-a'd
o = (mod m).
Jlnsi pasHOCTH J0Ka3aTesbCTBO COBEPIIEHHO AHAJOrHYHO.
2) Ilepemnoxas cpaBHenus ba’ =ab’ (modm)u dc’ =: ¢d’ (mod m),

noJjqiyyacMm:

ba'dc’ = ab’cd’ (mod m), 2(;15 % (mod m).

Takum o0pa3oM, COTJIaCHO 3TOH TeopeMe omepaiHH CJIOKEeHHS
1l YMHOXKEHHS CDaBHeHHMH C JADOCHBIMH YJCHAMH TIPOM3BOASTCH
110 TeM e 3aKOHaM, KaK onepauud ¢ OOLIKHOBeHHBIMH JApPOOSIMH.

Crepyiomas TeopeMa fBJISETCA .HENOCPELCTBEHHBLIM CJIE€ACTBHEM
Teopembl 101 aa1s cayuas, Korga MojayJab-——[GPOCTOE YHCJO.

Teopema 126. Mnoocecmeo ecex Kaaccos Ho NPOCMOMy MOOYMO
npedcmasasem coboi nose.

HokasaTeabcTBO. ¥Yxe paubuie (TeopeMa 101) 6bwio noKa-
3aHO, YTO MHOMXECTBO KJACCOB MO JOOOMY MOAYJIO IpelcTaBJsier
co0oll KOMMYTATHBHOE KOJIbLO IO OTHOLIEHHSM K BBEJE€HHBIM HaMH
OmepauusiM CHOMEHHA H yMHOMeHHs. Ecaum Mogyms p—mnpoctoe
YHCJI0, TO, OYEBHAHO, CYIIECTBYeT MO KpaiiHell Mepe ONMH KJacc,

HanpuMep 1, oTuMuHBLI OT HyJeBoro. Ecam Kaacc a=~0 u b—rpo-
H3BOJIbHBIH KJaacc, To p4{ a, (a, p)=1 H, cleloBaTeJbHO, COrJACHO
TeopeMe 123 cymecTByeT eIMHCTBEHHOE BNOJHE ONpEAE/EHHOE UACT-

—_ b —_——
HOE X==—, T. €. @ax=>.

a
HOCKOJIbe YCaoBHe, NOPH KOTOPOM KOJLUO SBJASETCSA MNOJEM,
BbIIIOJIHEHO, T€OpeMa JOKa3aHa.
Ilo COCTAaBHOMY MOJAYJIIO KOJIBLIO KJaCCOB HMEET JCJHUTEJNH HYAd

(teopema 104) u, caenoBaTeNbHO, 3aBeJOMO HE SBJASETCSA MOJEM.

FTABA 13
CPABHEHMA C HEU3BECTHOH BEJIMYUHOH

1. CCABHEHHMA C OAHOH HEHW3BECTHOH

BospbMeM MHOrouJieH ¢ UeJbIMH KO3(PpHLHEHTaMHu:
[x)=cex"+ex" "1+ ... -,

Paccmorpum cpaprenue f(x)=0 (mod m), Kotopoe OyieM Ha-
3BIBATb CPaBHEHHEM C HEH3BeCTHOH BeJMuuHOH x. EcaM mb 6yaem
B 3TO CpaBHeHHe BMECTO X NOACTABJATL pa3JHYHLIE LeJibie YHCAA,
TO, BOOOHIE TOBODPS, HEKOTOpblE 3HAYeHHS X MOTYT YAOBJETBOPATH
CPaBHEHHIO, T. €. COOTBETCTBYIOIMe 3HAUEeHHs [(x) MOT'YT OKa3arbCs
Jeasmumucs Ha m. IlocTaBum 3ajauy OTHICKAHHSI MHOXeECTBA BCex
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TaKUX 3HAUEHHH x, NMpHUeM He HCKJIOUeHa BO3MOXHOCTb H TOro,
UTO 3TO MHOMKECTBO MOXET OKa3aThCs NYCThIM. Jta 3ajaya aHaJo-
ruuga aJnreGpanueckoil 3ajaue HAXOXJeHUsl pellleHHH ypaBHeHHS
f(x)=0. B anrebpe mbl HIlleM 3HaueHHs X, NPH KOTOPHIX [(x) 06-
painaetcss B HyJab. Pemas cpasuenue [(x)==0(modm), Mbt HueM
3HAUEHHMS X, H NMPUTOM ILeJble, NpPH KoTopuiX f(x) Jeaurtcsa Ha m,
T. €. UMeeT IIpU JEeJeHHH HA m OCTATOK, PaBHBI HYIO.

OxkasbiBaercsi, 4to cpaBHeuHe f[(x)=0(modm) Jaubo BooOme
He HMeeT MecTa HHM IIPH KdaKHX 3HayeHHAX X, JHOO CYILeCTBYeT
OeCKOHeYHOe MHOMXKECTBO LICJbIX YHCeJ X, YJOBJETBOPAIOIUX Cpas-
HEHHIO, IIpHYeM BCe 3TH 3HaYeHHs x o6pa3yloT HEKOTOPOE YHCJIO
KJIACCOB 110 MOAY/IIO M.

Teopema 127, Ecau wHekomopoe wucao a ydosacmsopsem cpa-
BHEH U

[ (x) =0 (mod m),

Mo 8eCb KAQCC @ COCMOUMm U3 4ucen, yoos8AemeopAUUX AMOMY cpa-
BHEHUIO,

HokasateabcTBo. IlycTe a yHOBJETBOPsieT CPaBHEHHIO
f(x)==0(mod m), 7. e. f (a)=0 (mod m) u b €a. Torna b =a (modm)
u coryacHo teopeMe 86 f[(b)={f(a)==0(modm). Takum ob6pasom,
BMecTe c a moboe YHCJ0 b Kylacca a TakkKe YIOBJIETBOPsieT JaHHOMY
CPaBHEHHIO.

CornacHo 3toil TeopeMe eC/qu B KJjacce HmeeTcsl XoTd Obl OIHO
UHCJI0, YIOBJAeTBOpSoimlee cpaBHeHHwo [(x)==0(modm), TO Bech
KJacCc COCTOHUT H3 UHCeJ, YJIOBJETBOPSIOMMX CPaBHEHHIO, a4 eCJIH
B KJlacce UMeeTcsl XOTs Obl OJQHO UYHCJIO, He YJAOBJETBOpSMOILee cpa-
BHEHHIO, TO U BECh KJIACC COCTOUT H3 YHCEJ, He YAOBJETBOPSIONLHX
cpaBHenuo. TIpHHEMasi 3TO BO BHHUMAaHHE, €CTECTBEHHO pelEHHSMH
CpaBHEHHS Ha3bIBaTb He OTHeJbHble YHCJA, YAOBJETBOPSIOLIHE Cpa-
BHEHHIO, 8 COOTBETCTBYIOUIHE KJacChl.

Onpenenenne 41. Pewenuem cpasrenus [(x)=0(modm) na-
3618AEMCA KAQCC NO MOOYA0 M, COCMOAUl U3 uucen, yaoexzemeopﬂfo-
wux smomy cpasHenuro.

Ecnu KkJace a yncesn no MoayJio m ABJASAETCS pellieHHeM cpa-
BHeHHS f(x)==0(mod m), To roBopsT, UYTO KJacc a YIOBJETBOpSET
JaHHOMY cpaBHeHHI0. COOTBETCTBEHHO onpeliefieHHio 41 uucoM pe-
mieHuii  cpaBHeHuss [(x)=0 (mod m) Ha3BIBAIOT HYHCJO KJIACCOB
O MOJIYJIO f1, YAOBJETBOPSIILHX 3TOMY CPaBHEHHIO.

3anaua HaxOXJEHHS 4HCeJ, YJOBJETBOPSIOUWIHX CPaBHEHHIO
f(x) =0 (mod m), cBoZUTCS K HaXOXKJAEHHIO KJACCOB, yIOBJIETBOPSIO-
LHX ypaBHEHHUIO f(x)=0. HelicTeutennHo, ecian f (@) =0 (mod m),
10 f(a)=0; Ho Toraa corsacHo Teopeme 103 f(a) =f(a)=0. Jlerko
BHIeTb, uTO H, HaoGopor, u3 f(a)=0 cmaenyer f(a)=0(mod m).
Peuenne cpapHenMsi npejcTasiisieT o060 uacTHHIH chaydail obmiei
3ajayH pemleHHd ypaBHeHHH. OcoO6EHHOCTbIO 3TOTO YACTHOro Clyyas
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ApJsieTcs TO, YTO 3HAYEHUSIMH HEH3BECTHOrO SABJSIOTCH KJACCH
[0 HEKOTOPOMY (GUKCHPOBAHHOMY MOZAYIO.
Hucso KJaccoB M0 NaHHOMY MOAYJIO KOHEUHO, a4 HMEHHO 11O MO-

JyJo m Mbl HMeeM m Kaaccos: 0, 1, ..., m—1. Ecau HaM nauHo
cpaBHeHHe f(x)=0(modm), To MBH MOXeM, mnepeGpas BCe 3TH
KJIACCBl, BBLISICHHTb, KaKHE KJIACChl YAOBJIeTBOPSAIOT 3TOMY CPaBHEHHIO,
a Kakye HeT, T. €. HAHTH BCE ero peleHud.

CoraiacHo Teopeme 127, nsist TOro 4ToObl y3HATh, YAOBJAETBOPSIET JH
KJiacC CPaBHEHHIO, KOCTAaTOYHO B35iTh Kakoe-iu6o 4ucjao0, mpHHAA-
Jlekaliee KJaccy, H IpOBepUTb, YJAOBJETBOPSIET JIH OHO 3TOMY
CpaBHEHHIO.

Takum o6pasoM, uToObl pemuThb cpaBHenne f(x) =0 (mod m),
MOXKHO B3SITb JIOOYIO [OJIHYIO CHCTEMY BBIUETOB 1O MOAYJIO 1
Xy, Xy ..., Xp, BBUHCIHTD [(x;), f(xy), ..., f(x,) Hu oToGpathb
T X;, IPH KOTOPHIX [ (X;) Aensitcs Ha m. COOTBETCTBYIOUIHE KJIACCH X;
AajfyT BCe pellleHHs 3Toro cpapHeHHs. O6bIYHO B KAUECTBE Xy, Xy, ... X,
6epyT TNOJIHYIO CHCTEMY HAaMMEHbIUHX M0 aGCOJIOTHOH BeJHUYHHe
BLIUETOB.

Ecau cpaBHeHHe HMeeT HECKOJIbKO pellleHHH a,, ..., @, HHOrAA
ITH PEHIEHHs 3allUCHBANOT B BULE X=0a, ..., 4, (mod m). Takum o6-
pasoMm, x==a,, ..., a,(mod m) o3HauaeT, 4TO X NPHHUMAIET JIOGbIE
3HAUYEHHs, CPABHHUMEIE C OJHHM M3 uHCeX @, ..., Q.

[Ipumepn. Halitu Bce pelleHus clenymOUHX cpaBHeHHH:

1) x®>—2x+6=0(mod 11). HenocpenctBenHass mnpoBepka Io-
KasnBaeT, YTO B [OJIHOH CHCTEMEe - HAMMEHbIIHX 10 abCOJIIOTHOH
BeJIHUHHE BhLIUETOB

-5, —4, -3, —2, —1,0, 1,2, 3,4,5

CPAaBHEHHIO YJOBJETEOPSIET TOJbKO OJHO uuc/jo 5. Peurenue sanu-
cpiBaeM B Buje x==5(mod 11).
2) x*-2x%4+6=0(mod 8). B nosiHO# cucreMe BbIYeTOB

-3, —2, —1, 0,1, 2, 3, 4

1M OJHO YHCJO He YJIOBJETBODSieT CPABHEHHIO H, CJeJ0BaTe/ibHO,
CpaBHEHMe He WMeeT pemleHRi.
3) xt—x%—x?4+5x—2=0(mod 6). B mosHO# cHCTeME& BLIYETOB

-2, —1,0,1, 2,3

CpaBHEHHIO YJOBJIETBOPAIOT ABa uucja: —1 u 2. CpaBHeHHe HMeer
JBa pemeHusi: x=—1(mod6) u x=2 (mod 6).

Mp  BHAHMM, 4YTO 3ajaya pelleHHs CpaBHeHHH BHAa [(x)==
==0(mod m) ropasjgo npouie, ueM paccMaTpHBaeMas B aJrefpe sa-
Jaua pewedHs ypasHeHu# [(x)=0. Pemas ypaBHenHe f(x)=0,
Mbi OGBIYHO HIIEM pellleHHA B HEKOTOPOM GeCKOHEUHOM IIoJie, Ha-
npuMep B TnoJie JeHCTBHTENbHBIX HJH KOMHJEKCHBIX YHCeN, H He
MOXKEM NyTeM HCNLTaHUi nepeGpaTh BCe YHCHA TAaKOro nojssi. Pemas
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cpaBHeHHe f(x)==0(mod m), Mbl HIEM PelLUCHHe B KOHEYHOM KOJIbIle
KJacCcoB IO MOAYJIO /M H INO3TOMY MOXKEM C AOMOMIbI0 KOHEYHOro
uycJa onepauuil HafiTH Bce pelleHHA. TeopeTHUeCKH 3ajaua pelie-
HHA cpaBHenuil Buga f(x)=0(modm) 3THM pelleHa NOJHOCTHIO.
BMecte ¢ TeM HaZo HUMeTh B BHJY, 4TO HAXOXJeHUEe pelUeHHH ny- -
TeM TaKHX HCNbITAKHH npu OGOJbLIMX MOAYJAX NOBOJBHO 3aTpYA-
HHTEJBHO,

HanbHefimas TeOpHA TAaKHX CpaBHeHHMH HMeeT LeJbl0 AaTb CIO-
co0bl, NMO3BOJIAOILHE ONpeleATb UYHCJAO pelleHHH, a HHOTAA H Ha-
XOLUTb STH PelICHHT C MOMOLIbIO BO3MOKHO MEHBUIETO YHCIa ofe-
puHI/IH

[aa cpaBrenn#t Bupa f(x)=g(x)(modm) MOXKHO chopmyu-
poBaThb TeOpeMy, COBepIIeHHO aHAJOTHUHYIO Teopeme 127.

Teopema 127'. [Iycme [(x) u g(x)—MHOz041eHOl ¢ UeAbLMU
Kospppuyueumamu., Ecau  HeKomopoe 4ucao a  yoosiemeopsem
CpagHeH IO

f (x) =g (x) (mod m), (N

mo eco KAacc @ no modyaw m cocmoum u3 ducea, y006Aermeopaouiux
5MOMY CPABHEHUL.

HoxkasateabcrBo. Ecau a ynosaerBopsier cpaBHeHuio (1),
TO OHO YAOBJIETBOPf€T M CPABHEHHIO

f(x)—g (x) =0 (mod m). (2)

BMecte ¢ a qwo6oe b€a Takke yIOBJETBOPAET CpaBHEHHIO (2),
a cjefoBaresbHO, U cpaBHeHuo (1) (Teopemn 127 u 87).

Onpepenenne 41°. Pewenuem cpasuenus (1) Hasoieaemcs kaacce
no modyao m, cocmoawjull u3 4duces, YyO08AEMEOPAIOULUX IMOMY
CpasHenum.

Onpenenenne 42. /lsa cpasuerus

[1(x) =g, (x) (mod m,) (3)

f5 (x) = g, (x) (mod my) 4)

HO36I8AIOMCA  IKGUBANEHMHOIMU, ECAL MHONCECMB0 Huces, y008aemso-
PAOUUX 00HOMY U3 HUX, C0BNAOAem ¢ MHONCECMBOM HUCER, YOO08AL-
meopAruUx 0pYomMy CPASHEHUID.

Ecnn m, = m, 4 cpaBHeHHA (3) M (4) UMEIOT OZHH H Te Xe pe-
IIEeHHA, TO Mbl, OUEBHAHO, 6yJeM HMMeTb [Ba 3KBHBaJIEHTHHIX CpaB-
HeHWsl MO0 OZHOMY H TOMY e MOAYJIO. '

Teopema 128. 1) Ecau K obeum wacmam cpaswenus [(x)=
=g (x) (mod m) npubasum 060 MmHO2ouNEH © (X), MO HOAYLUM
CpasHerue, 3KQUBANCHMHOE NEPEOHAYANbHOMY.

2) Ecau obe wacmu cpasrenun f(x)==g (x)(modm) ymHoxcum
HQ OCHO U MO e 4YUCA0, 63AUMHO NPOCIMOE C MOOYAEM, MO NOAYUUM
CpAGHEHue, 3KBUBANCHITIHOE NePBOHALANbHOMY.

u
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3) Ecau obe wacmu cpasHenus u MOOyae YMHONCUM HA 00HO u
mo oce 4ucao k>0, mo noaysum cpasHenue, IKBUBAAEHIHOE NEPEO-
HAYAA6HOMY.

HdoxkasareapcTBo. 1) Ecau npu nexoropom x,

f (x0) = g (%) (mod m),

f(x0) + o (x,) =g (%) + @ (x,) (mod m)

u, HaoGopoT, M3 f(x,)+ o (x,)=g (x4} + @ (%,) (mod m) caeayer
f(xo) =g (x,) (mod m).
2) Ecnn NIPH HEKOTOPOM X,

f(xo) =g (xo) (modm) u (k, m)=1,

TO

TO
kf (o) = kg (x,) (mod m),
a u3 kf(x,)=kg(x,) (modm) caepyer f(x,)=g (x,) (mod m) (reo-
pemul 79 u 80).
3) Ecau npH HEKOTOPOM x,
f (x0) =g (%) (mod m), (5)

kf (x,) = kg (x,) (mod km), (6)
a u3 (6) caeayer (5) (reopemnr 81 u 82).

U3 teopemer 128 (1) HemocpeACTBEHHO CJENyeT, YTO CPaBHEHHE
f(x)=g (x) (mod m) MOXKHO 3aMeHHTb 35KBHBAJIEHTHBHIM CpPABHEHHEM
f (x)—g (x) =0 (mod m),

MO3TOMY B JajibHEHIIeM JHOCTATOYHO paccMaTpHBATh CPABHEHHA BHJA
F (x)=0 (modm) (F(x)=f(x)—g (x)).

Teopema 129. Ecau co==cy(modm), ¢,=c,(modm), ...,
cnzc;, (modm), mo  cpasnenus  f(x)=cx"+cx" 1.+
te,=0(modm) u gx)=coX"+c;x" 14 ... +c,==0(modm)
IKGUBANCHNIHDL.

JNokasaTtenbcTBO. 1) YMHOKHM CpaBHEHHSH

TO

COEC; (mod m), ¢;=c; (modm), ..., c,,z—:c’,,‘(modm)

COOTBETCTBEHHO Ha Xg, Xq ~, ..., 1, TJe X,—HEKOTOpOe Iejoe
yncao. CKaajpiBas MOJyYeHHbie CPABHEHHS, HMeeM:

f(x0) = g (x,) (mod m).

OGe yacTH 3TOrO CpPaBHEHHSI MOTYT TOJILKO OJLHOBPEMEHHO OHITh
CpaBHHMBI C HyJIeM IO MOAYJIO m, H, TaKHM OO6Da30oM, CpaBHEHHs
f(x)=0(modm) u g(x)=0(mod m) >5KBUBaJEHTHHI.

CorjiacHo 3TO TeOpeMe, B UYACTHOCTH, CpaBHEHHE 3aMeHHTCA
9KBHBAJICHTHLIM, €CJIH OTGPOCHTH MM JXO0GABHTH CJaraempe ¢ Ko03d-
GhunHeHTaMH, JeJSALILUMHCA Ha MOAYJb.
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Onpenenenne 43. Cmenenvro cpaguenus [(x)==0(mod m), ede
F(x)—mrozouren ¢ yeaoimu Kosgppuyuenmamu, Ha3vieaemcs cmeneub
mrozousena [ (x).

CornacHo 3TOMYy Omnpefe/ieHHIO KBUBAJEHTHbE CPABHEHHS MOTYT
HMeThb pasHywoo creneHb. Hampumep, cpaBHenus 2x+ 1==0(mod 3)
# x3 — 1 =0 (mod 3) skBuBaneHTHbl. CTeNeHb NEPBOrO H3 HUX paB-
Ha 1, a ctemexr BTOpOrO 3.

2. CHCTEMbI CPABHEHHH

Donee ofieii siBaseTcs 3ajauya pelleHHA CHCTeMbl CPaBHEHHI:

fl (x) == 0 (mod m,)
Fa (x) =0 (mod mz) 1

(7)
J, () =0 (mod m,)

rae f;(x), f (%), ..., f.(x)—s3amanuble MHOTOUJEHB C LEJBIMH
KO3(pHIIHEHTAMH.

Ecan HeKOTOpPOE uWCJO 4 YAOBJETBOPsieT 3TOH CHCTEME, T. €.
S mljfl ((1), mz}fz (ll), LA ms,fs(a) H M:[mif My, ony ms]_
HaWMeHblilee KpPaTHOE my, M,, ..., M, a b—moboe YHCJIO, Takoe,

uto b=a (mod M), To (reopema 86) aas Bcex i(l<Ti=<Ts),
f:(b) =F; (a) (mod M), a, ciegoBaTesbHO, COracHO TeopeMe 89
f: (0)=[;(a) (mod m;), T.e. f;(b)=0(mod m;) (1 <<i<s).

Mbl BHAHM, YTO BMeCTe€ € KaXkIbIM UYHCJIOM a, YIOBJIETBOPSIO-
mHM cucteMe (7), 3TOH Ke CHCTEMe YIOBJIETBOPSET H Jofoe YHCJIO0

KJaacca a no moaynawo M =[m,, m,, ..., m;]. EcrectBeHHO Becb 3TOT
KJIACC YHCeJ paccMaTpuBaTh KaK OJHO pelleHHe 3TOH CHCTEMBI.
Onpeneanenne 44. Pewenuem cucmemonr cpaguenutli (7), e0e
L), ..., [o(x)—mnocounenor ¢ uyeavimu gosgppuyuenmamu, Ha-
3ueaemca Kaacc wucea no modymo M =[m,, m,, ..., m,], cocmon-
wul u3 wucen, yoOBACMEOPAUUX 6CeM CPABHEHUSM CUCIMEMOL.
CoOTBeTCTBEHHO 3TOMY YHCJO pemleHHH cHucreMsl (7) o3Hauaer
YMCJO KJAcCOB MO MOAY/IO M, yIOBNETBOPSIONHX BCEM 3THM CpaB-
HenmsiM. Tlo Mouymio M HMeeTcsi BCEro TOJNBKO KOHEUHOE UMC/IO
KJaccoB. B3sB MOJHYIO CHCTEMY BEIYETOB IO 3TOMY MOAYJIO, MOXKHO
TIpoBEpPUTh, KaKHe HUMEHHO YHCJ4 3TOH CHCTEMBl, a 3HAUHT, U COOT-
BETCTBYIOIME KJacchl yrosjersopsitor (7). Iloctymast TakuMm o6pa-
30M, MBI MOXKeM 115 J060# CHCTeMHBl CpaBHEHHH HalTH Bce pelie-
Hus. B uacTHOM cayuae, KOrjja MOAY./M BCEX CPAaBHEHHIH OJHHAKOBEHI
M paBHBl M, PEIUEHHSIMH ABJSIOTCH KJacChl [0 TOMY 3Ke MOJYJIO.
Ilpumepsnl. 1) HaliTu peileHue cucreMbl CpaBHEHHIl:

xz—l—x+7_=_0(mod 9), x¥®*—x+3=0(mod9).

B noJsHoli cHcTeMeé HAaHMEHLIIHX 1o abCOMIOTHON BeJHUMHE Bhl-
ueToB MO MOAYJI0 9 CHCTEMe YIOBJETBODSET TOJBKO HHCIO 4.
Pemenne cucremsi—xkiaace x =4 (mod?9). :
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2) Halitn pemeHusi cHcTeMbl CpaBHeHHH:
—3x+2=0(mod6), 2x%*+ x+2==0(mod 4).

3nece M =[6, 4]=12. B nosHOi cHCTeMe HaHMEHbIIMX MO
a6CcoMOTHOH BeJHYHHE BBIYETOB N0 MOAYJIO 12 cucTeMe YAOBJIETBO-
PAOT ABa YMCAA, a UMEHHO == 2. PerieHus cHcreMbl—JBa KJacca no
moaysio 12; 1.e. x== 4 2(mod 12).

Eme Gosee ofmed siBasercss 3ajaya pelleHHS CHCTeMbl CpaBHe-
HHA C HECKOJNIbKHMH HEH3BeCTHLIMH:

fl (%15 Xay oues xt)__O(modml)
e e 1, ©
f (x4, xz, cees )MO(modms)
vae fi(xg, %o ooy Xe)y euuy [o(X5, Xy o ooy Xg) —MHOTOU/ICHBI C ILle-
AbiMH KO3 bHUILHEHTAMH.
Ecau ((a,, a5, ..., 04)) —KOMIJIEKC 4YHCeJ, YIO0BJETBOPSIOHUX
cucTeMe, T.e. eCJiH
filag, a5 ..., a,)=0(modm,), ..., [ (a,,a,, ..., a)==0(modm,);
M={my, my, ..., mg] u b =a, (mod M), b,=a,(mod M), ...,

..., by=a,(mod M),

10, MOJB3YsCh TeopeMoll 86° W paccykjas COBepHIEHHO Tak ke,
Kak B CJyu4ae CHCTEMBl € OJHHM HEH3BECTHBIM, MOJYYHUM, UTO
komiJjeke ((by, b,, ..., b,)) Takxke ynoBJeTBOPseT cHCTeMe (8).
ECTeCTBEHHO M03TOMY peHICHUSIMH CHCTeMbl (8) HAa3BIBATH COOTBET-
CTBYIOILHE KOMILJIEKCBHl KJIaccoB no Moayaie M.

Onpeneneune 45. Pewenuem cucmemot (8) Hasvlsaemcs Komniexc
kaaccos ((@y, @y, ..., ay)) no modymo M=[m,, m,, ..., m],
yOosaemeopsrouyutl scem amum cpasreruam. CoomsemcmseHHo 3Momy
qucao pewienuil cucmemsr (8) NOHUMAEMCA KAK 4UCA0 MAKUX pa3-
AUMHBLX KOMAACKCOB.

[Tockoapky no Monmymwe M Kampuas u3 f KOMIOHEHT KoMIJekca
MOXKeT TNpHHHMaTb M pasJIHUHbIX 3HAUEHHH, HCKOMble pelleHus

NPUXOAUTCS OTOUPATH CPEAr M xoMiaexcor. [lpoBepss, ypoBier-
EOPSET JH KOMIWIEKC ((@y, @y, ..., @;)) CHCTeMe, H3 KakAOTO
KJaacea a,, d,, ..., 4;, OObYHO OepyT HaHMeHblIHe MO abCOMOTHO
BeJIHYHHE BLIYETLl W NOACTABAIOT X B PACCMATPHBAEMbie CPABHe-
uus. INockoabky M' naxe npu HebGosbmux M U ¢ MOXKeT 0KasaTbcs
CPaBHHUTE/IbHO 0OJbIUMM YHCJIOM, BBIYHC/IECHHS OOLIYHO MOJYYalOTCs
JUTHHHBIMH.

ITpumep. HaliTh Bce pelieHHs CHCTEMH:

x2—y?+2=0(mod 6),
B+ x+y+1=0(mod 3).

3necr M =[6, 3]=6. Cpenu 36 kOMNIEKCOB YHKces BHAA ((a, b)),
e —2<<a<c3, —2<cb<<3, uMeerTcad TOJLKO JABa KOMIJIEKCa:
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((—2, 0)) u ((1, 3)), ynosaersopsiomux o6ouM cpaBHeHusiM. Cu-
CTeMa HMeeT JBa pelleHHs:

1) x=-—2(mod6), y=0(mod6), 2) x=1(mod 6), y==3(mod6).

I1 puMeuaHHue. CpaBHel-me HasplBa€TCA TOXIECTBEHHEIM, €CJH OHO Clipa-
BEAJIHBO NPH NPOU3BOJBHEIX 3HAYCHHSX HCH3BECTHLIX.

TJIABA 14 ,
CPABHEHHUSA 1-A CTEHEHH

1. CPABHEHHUE 1-U CTENEHH

PaccmoTpuM cHauana ciyda#i opHoro cpaBHeHust 1-fi cremedH
C OIHUM HEeH3BEeCTHHIM, T.€e. CPaBHEHHA

¢x + ¢, =0 (mod m).

Takoe cpaBHenne yHOGHee 3amucaTh, NEPEHECS ¢; C OOPATHBIM
3HAKOM B IIpaBYIO 4acTb B BHJie ax =b (mod m).

Teopema 130. Ecau (a, m)y=d wu d4b, mo cpasrenue
ax ==b(mod m) ne umeem pewenuii.

HoxasarteabctBo. [lpeanosoxkum, YTO CyWeCTBYEeT XOTs Obl
OJIHO UHCJIO X,, YAORAETBOpPSIOLIee CPaBHEHHIO, T. €. ax, == b (mod m).
Torpa mockoabky dja u djm, to (tTeopema 90) djb, HO 310 mnpoOTH-
BOpEYHT ycJoBuio d4{ b. Ilpeanonoxenue CymeCTBOBAaHHA XOTA Obi
OJIHOTO YHCJA, YHOBJETBOPAIOLIETO CpPaBHEHHID, NMPHUBEJO K HPOTH-
BOPEYHIO, T. €, TaKHX HYHCeN HerT.

CorjlacHO 3TOfI TeopeMe pelieHHst cpaBHeHHMs ax=b (mod m)
6YyLyT pas3bICKHBaThCs TOJBKO B caydae, korpa d|b. B stom cayuae
uMeeM a=a,d, m=ind, b=0>bd. 3anucaB cpaBHeHHe B BHJE
adx=b,d (mod m;d), M MomxeM (Teopema 128) 3aMeHHTH ero
2KBHBAaJICHTHBIM )

a,x=b, (mod m,),

rjie (a,, my)=1. Mbpl BHAuM, 4TO H3y4eHHe cpaBHeHHH }-H cTemeHH
CBOJHUTCS K YaCTHOMY CJyd4aro, Korja Kos(phuilueHT NPH HeH3BecT-
HOM H MOJYJb-— B3a¥MHO INPOCTHle YHCJA.

Teopema 131. Ecau (a, m)=1, mo cpasHerue

ax=b(modm) (15

umeem OOHO U MOABKO O0HO pewieHue.

© HapuM aBa D0KasaTe/bcTBA 3TOH TeopeMbi. B nepsBoM Jokasza-
TeJIbCTBe Mbl 06XxonuMcsi Ge3 TeopeM raasnl 12. BTopoe Jiokasarteb-
CTBO KOpOUe, TaK KaK OHO OCHOBAHO Ha TeopeMax rIjasbl 12.

l-e fokazaTtenbcTBO. Bo3bMeM MOJHYIO CHCTEMy HaHMeHb-
[HX HEOTPHUATEJbHLIX BLIUETOB 1O MOAYJI0 m, T.e. uHcaa 0, 1,
2, ..., m—1. INockoabky (a, m)=1, To cornacHo Teopeme 107
uucaa a-0, a-1, a-2, ..., a(m—1) TakXe 00pa3yioT NOJHYIO CH-
CTEMy BHIUETOB, a 3HAUHT, CPelH HHUX HaHJCTCS OJNO H TOJbKO
ONHO, NMpHHAJJexailee TOMYy XKe KJaccy, YTo H 4Hcjo b. OGosHayKB
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9To npoussefieHHe uepes ax,, rie Os<x;<<m—1, OyneM uMerhb
ax,=b(modm), T.e. Kaacc x, ynoBaerBopser cpasHenuio (1).

JT0 pelleHHe eIHHCTBEHHOe, TaK Kak cpead umcen 0, 1,2, ...,
m—1, Kpome x,, HET YHCEJ, YJOBJETBOPSIOUIHNX STOMY CPaBHEHHIO,
a sHayuT, cpeau knaaccos 0, 1, 2, ..., m—1, xpome x,, HeT pe-
weHu# cpasHenus (1).

2-e foxkaszateabcTtBOo. Ecam (@, m)=1, T0 xaacc a nupwu-
HafMexXuT (TeopeMa 122) rpynme KJaaccoB, B3aUMHO NPOCTBIX € MO-
IyJeM, a mo3toMy (teopema 123) cyluecTByeT €IHHCTBEHHBIH KJace

- b o PR —

Xo=—, TaKol, UTO ax,=>b, T. e. cpaBHeHHe ax=b (mod m) umeer
a

OIHO W TOJBKO OJIHO pellleHHe.

,HJ'I'H HAXOXJeHHA 3TOr0 pelleHusi MOXHO NMOJb30BaThCA CIACAYIO-

med TeopeMoi.
Teopema 132. [Tpu (a, m) =1 pewenuenm cpasrerus ax == b (mod m)

Asagemes Kaace
x == ba® (m=-1 (mod m).

HoxaszateanbctBo. Ilpumensisi teopemy Pepma, nonyuaem
a (ba® (Mm=-1) = pa®(m =p (mod m),

H Torna corjacHo TeopeMe 131 x=ba® (™ -1 (mod m)—enuHCTBEH-
Hoe pelleHHe cpaBHeHHs (1).

I[Tpumep. Pemutb cpaBHeHHe 9x=8 (mod 34).

3nech (9,31)=1, 9 (34)=16 u MBI nosydaem:

x=8.99=8.3%0=8.314=8.(2187)2=8.112= 16 (mod 34).
[Tpu Gosbwiom m u (a, m)=1 HelenecooOpa3HO pa3bICKHBATH

pelueHHe cpaBHeHHs ax==b (mod m), NoACTaBAsASA BMECTO X UYHC]IA
MOJIHOM CHCTEMB! BBIYETOB, HJIH HCKATb €ro no ¢opmyse

== ba® (™ -1 (mod m);
OObIYHO 3HAYUTEABHO npome OniBaeT BOCMOJBL30BATLCH ChACAYIOmEedh
TEOpeMOH.

P
Teopema 133. Ecau Po | Py Poar Ps_

e = — — nocredosa-
Q" Q1 ' Qs Qs

o m
meabHocms nodxodaujux Opobell pas3AosterHUus — 8 yenuyw dpobe

u{a, my=1, mo peuweruem cpasrerus ax=b(modm) ssasemca
Kaacce

x=(—1)°bP,_, (mod m),
HoxasatensctBo. Ilo ycnosuio (a, m)=1, a coraacHo
P, m
Teopeme 61 (Ps, Q,)==1; nostomy ? =—- €CTb paBeHCTBO JBYX
s
HECOKpaTUMBIX jApobell, Tak 4TO (npnMeqa}me K Teopeme 41) Py=m,

Q,=a.
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CoraacHo Teopeme 60
Ps—le"—PJQs—l =(—1)%,
aP,_;=(—1)°+mQ,_,, aP,_,=(—1)* (mod m).
YMHOKasi 3TO cpaBHeHHe Ha (—1)*b, moaydaem:
a((—1)°bP,_,)=0b(mod m).

Tagum obpasom, wuucio (—1)HP,_, yrOBleTBOpsieT cpaBHe-
o (1) u (treopema 131) coorBeTcTBYIOWMI Kaacc MpejicTaBasieT
co00H eIHHCTBEHHOE pellleHHe 3TOr0 CpPaBHEHHS.

[Ipumep. Pewuts cpaBHenue 55x==7 (mod 87).

TaK 4TO

Pasnoxenne 55 B lenuyio Ipobb jgaeT caexywoulyl TabaMumy

5/1eMEHTOB 4; U uyucaurenell P; noaxoisunux apodeii:

afl?i |

|
!‘5
|
|

N

|

1
|
V
]
{
3 8 19‘87

|
|

3xech s=6, TaK 4TO Kjacc x==(—1)8.7-19==46 (mod 87) —
HCKOMOE pellieHHe.

Teopema 134. Ecau (a,m)=1, alb+ sm, mo x=
pewieriue cpasrerus ax=0b(mod m).
JlokaszaTedbCcTBO. a(b—_}-ﬂ)=b—{—sm:b(modm)

TToabsysice a10# Tedpemoil, cpaBHeHHe ax==b (mod m) nocaeno-
BaTeJbHO 3aMEHAIOT KBHBAaJIEHTHLIMH (TeopeMa 129) cpaBHeHHsiMH:

ax=b -+ m(modm), ax=b 4 2m (mod m),
ax=b 4+ 3m(modm), ...,

+ S (modm) —

[OKA He Monajercs cpaBHEHHE, B KOTOPOM JEeBYIO H MPaBYI0 YacTH
MOXHO COKPAaTHTb Ha 4.

TTockonbky yecaoBue al|b-4-sm. npu a==0 o3Hauaer, 4uTO
ms=—b(moda), rae (m, a)=1, T0O s MOKer ObITb HaiileHO
B NOJHOH CHCTEME BBLIUETOB [0 MOAYJIO @, T. €. YHCJO HCIEIThIBae-
MBHIX cpaBHeHHH OyJleT He GoJblle, YeM a.

AtoT cnocob ocofeHHo Lenecoobpasen npu Heboubiux a. Hanpu-
Mep, 15 cpaBHeHHH Buja 2x=b (mod m), rie 2¢m npu 2|b peule-

HueM OyneT xz%(modm) a npu 246 Gyper xs?—_}'—m(mod m).

I[MTpumep. Peumts cpaBrenue 3x==20(mod 161).
ITpu a=23 uucn0 s MOXKHO BhHIOpaTh cpelau umcen — 1, 0, +1.
B pamnoM cayuae 3][20—161 cpaBHenue 3x=20 (mod 161)
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SKBHBANIEHTHO CpaBHeHHIO 3Jx=— 141 (mod 161), Ttak uto x=
==—47 (mod 161).

Teopema 135. Ecau (a, m) =d u dlb, mo cpastenue ax =b (mod m)
umeem d pewenuil. Bce smu pewenusn obpasytom o0uW Karacc no
Mmooy %. ‘

HdokasaTeanbctBo. Brume (cTp. 113) 610 mokaszano, 4ro npu
(a, m)=dud|bcparenune ax = b (mod m) 3KBUBAJICHTHO CPaBHEHHIO

m
BHla ax=b,(modm,), rae my= -5, (a;, m)=1.
Coraaco Teopeme 131 Takoe cpaBHeHHe HMeeT pelleHHE,

[IpeACTaB/d0LEe co00fl OHH KJace 1o MOL4Y IO T. €. 3TOMY

m

d
m

CpaBHEHHIO YIOBJIETBOPSIOT 4YHCJIa BHAA xga(mod 7), rge o

MoXkeT ObITb HaHJCHO NpPHMEHEHHeM CIOCOGOB, H3JIOXKEHHBIX B TEO-
pemax 132—134.

. : m
Yncna aroro xJacca Mo MOAYJIIO ~ ©o0pasywT d KaaccoB mno

mMopymo m (teopema 99), u pemlenus cpaBHeHusi ax==b (mod m)
MOTYT OBITb 3alKCaHH B Byme'

x=a (mod m), x=a+ 5 ™ (modm), . x__a—i—(d—l) (modm)

[Tpumep. Pewnrs CpaBHeHHe 20x=44 (mod 108).

3nec5 (20, 84)==4 u 4{44. Coxpamas ofe yacTd CpaBHEHUS H
MOAyJb Ha 4, MoJayuaeM 3KBHBaJeHTHOe cpaBreHue Hx = 11 (mod 27)
uau 5x =656 (mod 27), T1.e. x==13(mod 27). MHOKECTBO TaKHX X

ob6pasyer no moxymo 108 ueTwipe kaacca: 13, 40, 67, 94. Cpasue-
nue 20x==4(mod 108) uMeeT ueTnipe pelneHHs.

2. HEONPEJEJEHHOE YPABHEHHE 1-H CTENEHH

[Tonb3ysich TeopeMaMHu MpeAbIAYILEro pasjiesia, MOXHO JIJs Jio-
6oro cpapHenyust 1- cTeNeHH BHIACHHTb, HMEET JHU OHO pPELICHHUs
WM HET, M eCJH HMeeT, TO ONPEeASNHTh HX YHCJIO. DTH TeopeMbl
MOKHO IIDHMEHHTb K PELIeHHIO HeOoNpeJeNIeHHHX, HIM, KaK HX HHaue
Has3pIBAlOT, AMOMAHTOBHIX, ypaBHeHMH 1-H cremeHwm.

Onpeaeneuve 46. [Juopanmosuim ypasrenuem 1-ii cmenenu ¢ n
HeU3BeCMHbIMU HA3DIBAEMCA YpasHerue 8ulda

ax, +ayx,+ ... +-a,x,=b, 2

20e ace xoa¢¢uuueumbz U Heussecmmble —Henvle 4ucra U xoms 6ot
odno a;5=0.
Onpeneneﬂue 47. Peweﬂuem 6uo¢aﬂmoea ypasrenus (2) naser-

80emes KOMRAEKC Ueablx uqucen ((xl, Xay vens x,,)), ydosaemsopsio-
wuid 3momy ypasHeruo.
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Teopema 136. [Ipu e3aumuo npocmoix Kosppuyuenmax a,,
a,, ..., a, Ouogarnmoso ypasHexue

G tax,+ .. Fax, =1 ) 3)

UMEEN PeuleHUe 8 Leablx HUucAax.
HokaszarennvcTBo. O603naunm uepe3 M MHOXKECTBO TexX
NOJNOXKHUTENLHBIX UHCea b, AJs KOTOPLIX YpaBHEHHE

X + %+ ... +a,x,=b

HMEeT pelleHHe B LeJbX uHcaax. A, oueBHAHO, He MYCTO, TaK Kak
NpH 3ajaHHbIX 4;, 4,, ..., @, MOXKHO MOAOOpPATH LieJble 3HaUCHUs
Xy, Xsy ..., X,, TakHe, 4TOOHl 4,X;+ Q,X, - ...+ a,x, 61O 1HOJIO-
YKHTRJBHBIM YHCJIOM.

B mMuoxectBe M (teopeMa 1) cymecTByeT HaHMEHbllee YHCJIO,
KoTopoe Mbl 06o03HaunM uepe3 d{(d € M). O6oznauum uepes
X1, X4, «.., Xn LEJHIE UYHCJA, TAKHE, UTO

axy+axe+ ... Fax,=d.
[Myets a, =dg+r, rae 0<<r <<d; Torzma
r=a;— (X1 +axs+ ... +a,x:) g =
=a;(l—gx))+a,(—gx,)+ ... +a,(—gx).

Mbl nofio6Gpanu nessie SHaUeHUS: X, = | —qx{, Xo= —gX3, ...,
ve., X,= —(qX;, TaKHe, UTO QX;+AX,+ ...+a,x,=r, HO
0<cr<<d, a d—HauMeHbIlee TOJOXKHTEJbHGE uHCIO B M, T.e.
r ne Moxer ObITb MOJOKHTEJIbHBIM, r =0, a,=dgq, d|aq,.

AnasoruyHo monyuaeM: d|a,, ..., d|a,.
Mbl BHAHM, UYTO d—OOMHH JEJNHTENb HHCeT @y, Gy, ..., Q,,
C/leI0BaTeNbHO, NOCKOMBKY (@p, ..., a,)=1, d]l, d=1, 1e€M,

T. €. ypaBHeHHe (3) paspelluMoO B LeJbiX YHCJaX.

Teopema 137. Hycmb d—rnauborswiui obuuid Oeaumend tcosd)
¢uyuenmos ay, a,, ..., a,. Juoganmoso ypasnenue (2) umeem pe-
werue mozda u moneko moeda, Koeda d|b. Yucaro pewenuii makoeo
ypagrerus pasno aubo Hymo, aubo beckonewrocmu.

JlokaxeM mnocsefoBaTeJbHO BCE TPH YTBEDXKJEHHS TEOPEMBL

1) Iycty d|b. Iast ypaBHeHUs

a a
7{)‘1—}-7}"2—!- et X, =1,
a1 4 a,
rie ? ’ 7{ R ]
yloBJeTBOpsiomue eMy (TeopeMa 136), T. e. Takue, 4TO

a a a
?‘cl +Ezcz+ .ot fe

) =1, CYMIECTBYIOT LeJble YHCA: Cp, Cp, « v .y Cpy
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Torna
a, (cl %) +a, (c2 %) +...+a, (cn%> =b,

b b b
T. €. Cig» Cags «ovs Cog ) ) —pellieHHe ypaBHenus (2).

2) Tlycrb Tenepn dfb. Torna nesas wacTb ypaBHeHHs (2) npH
MO0BIX. UeMBIX Xy, X, ..., X, JeJAHTCA Ha d, a mpaBas Ha d He
JeJIUTCS, TAK 4TO PABEHCTBO (2) MPH LeJbIX 3HAYCHHAX Xy, X5, « - -, Xy
HEeBO3MOXHO.

3) Ecan ((x1, X3, ..., Xp))— KOMILJEKC YHCe], YIOBJETBOPAIO-
Ui ypasHenuio (2), To, HampuMmep, BCe KOMIJIEKCH

((xi+ayf, xo—at, x5, ..., Xp)) npu t=0, £1, =2, ...

TaKXe YJOBJAETBOPSIOT TOMY YDAaBHEHWIO H, Takum 0o0pa3oM, y Hac
anbo cosceM He OyaerT peileHufl, Jau6o ux OypeT OecKOHeUHoe
MHOXeCTBO.

Ecau xorsi 66l 0AHA napa Ko3(pGhHILHEHTOB B3aHMHO MpOCTasi, TO
d=1, u ypaBHeHHe (2) HUMeeT OeCUHCJEHHOe MHOMKECTBO pelIeHHUH.

[Ipumepr. 1) duodaHToBo ypapHeHue 9x,—21x, - 6x,=100
He HMeeT pellleHHH, Tak Kak 31ecb d=3 u 34 100.

2) Huodanrtoso ypasuenue 20x; + 6x,— 15x,+ 35x, =12 umeer
feckoHeyHOe MHOXKECTBO pelleHHH, TakK Kak sgech d = 1.

Teopema 138. Ecau x, ydosaemsopsiem cpasreruro ax ==c (mod b),

C~—~ax,
5 ecmo peuwlerue Ouoparmosa ypasHeHua

Mo KoMNAeKC ((xo,

ax-+by=c.

Hoxasatenbcrtso. M3 ax,==c(modb) crenyer, uro
€CTb IIeJI0e YHCJIO, W HenoCpeICTBeHHas MPOBepKa MOKAa3biBaeT, 4To

ax,+b ( ax°> =C.

Teopema 139. [Tycme d—rnauboavund obuuil Oeaumens a u b,
20e a=0, b0, dic u ((x,, Y,))—Hexomopoe pewiere OUOParmosa
YpasHerus: ax+ by=c. , @)
Toeda mroomcecmeo pewenuil ypasHenus (4) & yeavlx wucaax cosna-
daem co mHosxcecmeom komnaexcos ((x', y')), rie x’=xo—% t,
y’:yo—i— t, a t—awboe yeroe 4uco.

HoxkasatreanscrBo. [lyere ((x', y'))—npoussBosapHoe pere-
HHEe auodaHTOBa ypaBHeHHA (4), T.e. NYyCTb

ax'+ by =c. : (5)

[To ycaosmo, x,, Yy, YHAOBIETBOPAIOT YypaBHeHHIO (4), T.e
ax,+by,=c. Boluntas paBeHcTso (D) H3 HOCJeJHEro paBeHCTBAa M

c— ax,
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AeJisl BCe YJIeHbl Ha d, nojayuaem:

’ b,
T (H—x) =5 (' — ),

a b alb ’
rae - W -r—Ilejble Yucia. Toraa vl F(y —1y), Tpudem (Teope-
b ,
Ma 40) (%—, E) =1, TaK 4TO corJacHo teopeme 41 HMeewm:

a ! ' a 7 @
1Y Yo ¥ —b=73t y=y+gi
rie {—HekoTopoe uesnoe yucao. IToAcrapass naliieHHoe 3Hauenue
y' B (5), moayuaem:
’ a . ab
ax'=c—b (yo—}— 7t> =ax, =5 ¢,
, b
OTKyJa X zxo—gt.
Takum ofpasom, Jawfoe pelneHHe ypaBHeHHs (4) OyueT uMeTh
BH]:
b , a
X'=Xe—-t, Y =4y,+1,
rje !—HeKOTOpoe LieJloe YHCJO.
OGpaTHoe yTBep:kAeHHe Takme BepHO. [lycrs ((x', y'))—Komm-
JeKC, TakoH, 4To

X' =x,— =1, y’_——yo—}—%t.

HenocpencTBenHass npoBepka NOKasbIBaeT, UTO
b
a<x0—7t> +b (yo—i— %t) =ax,+by,=c,

T.e. ((x', y')),—pewenne auodaHToBa ypaBHeHus (4).

[MTpuMmeuanue. TeopeMa BepHa H TOTZa, KOTrAa a WJHM b paBHE HYJO.
Hanpumep, npu @=0, T. e. B cayuae ypaBHeHus 0-x-4 by=c, noayuaem d=

c
=(0, by=>5b n npu b|c gnd y uMeeTca eIHHCTBEHHOe 3HaueHHe Yo=7» a8 X

npousBoaLbHOe uenoce. Jlio6oe peluieHre 3TOrO ypaBHEHHS MOMHO HNPEACTaBHTbL B
Bufie x =xo—1:1, y'=yo+0-4, u npu moGom ¢ Taxiie ¥’ M Y’ yIOBJeTBOPAIOT
ypaBHeHUIO

0-x+by=c.

[Ipumep. Pemnth ypaBnenue 50x—42y=34.
3aece (50, 42)=2, 2|34. PaccmaTpHBas  CpaBHeHHe
50x = 34 (mod 42), HaXoJAuM NOCJEJOBATEJILHO:
4x==17 (mod 21), 2x=19 (mod 21),
x==20(mod 21), x,=20,
TaK uto 25-20—21y,=17, y,=23.
Jlio6oe pelleHHe RaHHOTrO JHOGAHTOBA YyPaBHEHH HMeeT BUA:
Cx=20+21f, y=23+25(,
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3. CHCTEMA CPABHEHHH 1-A CTENEHH

ITepeiineM Temepb K pacCMOTpeHHMIO CHCTeMbl CpaBHeHMi 1-# cre-
[eHH ¢ OXHHM HEU3BECTHHIM. PacCMOTPHM cHauajla CHCTEMY BHIA:

x=¢; (mod m,) } ©)

x=c¢, (mod m,)

Hns KpatkocTn OyJeM Ha3bIBATh 3TH CPAaBHEHHST COOTBETCTBEHHO
NEePBbLIM H BTOPHIM.

Teopema 140. [lycme d—nauborvwiud obujuii Oesumens, a
M —Haumenbuee Kpamuoe my u m, moeda ecau dfc,—c,, mo
cucmema cpasuenull (6) wne umeem pewseHutl, a ecau d|c,—c,, MO
cucmema (6) umeem o0no peweHue, npedcmasisouiee cobol Kaace
qucea no modyaro M.

HokasatenbcTBo. M3 mnepBoro cpaBHeHHs (6) mnosnyuaem
x==c¢,+ m;t. Tlpu mmoboM nenom ¢ TakHe x YLOBJETBOPSIOT mep-
BOMY CpaBHEeHHIO. 3ajaua HaXoXJeHUs peuleHHi cucTembl (6) cBo-
JHUTCSI, TakHM obpasoM, K TOoMy, uToObl BHOpaTb Takde f, TPH
KOTOPHX X YAOBJETBOPsieT H BTOPOMY CpaBHEHHIO, T. €, HAHTH BCe
LeJbie !, TakKHe, 4YTO

¢, + myt =c, (mod m,).

OrbicKaHHe TakHX ! CBeJIOCh K pelleHHI0 CpaBHeHHs 1-H cTeneHH
C HeU3BeCTHOH f: v
myt =c,—c, (mod ms,). )

Ecau npu (m,, m,)=d O6yper dfc,—c,, To (teopema 130)
cpaBHeHHe (7) He HMeeT pelleHHH, T.e. CpPelH BCeX 3HAYEHHH x,
VAOBJETBOPAWOIIUX CpaBHeHUtO0 x==c, (mod m,), Her HHU OJHOrO,
KOTOpOe YJOBJIETBOPAJNO Obf CPAaBHEHHI0 X==(,(mod m,), H cH-
crema (6) necosmectHa. Ecau d]c,—c;, TO pemeHue cpaBHeHus (7)

m
MOXHO 3anucaTtbh (TeopeMa 135) B BHEe KJlacca IO MOAYJIO 72’
T. e. B BHJE:

=a (mod’gg), =oa—|—%2y (y:O, 41, 42, ...

NOJACTABJSAA 5TH 3HA4UeHUs { B ypaBHeHMe X=cC, + m,f, BbeJsieM
H3 MHOXEeCTBA 3HAYEHHH X, YNOBJETBOPSIOMHX TMePBOMY CpaBHe-
HHIO, Te, KOTOpHLE YAOBJETBOPSIOT U BTOPOMY:

myfy m1m2

x=(31+m1<“+dy)—‘cl+m1a+ y= B’I“ y.

(!/:0, :,:lv :,:21 "')'
STH 3HaueHUs x 06pa3y}0T KJjlacc no MOAYJIIO _m_ZTl_2=M (TeO"

pema 92), 1.e. x=0(mod M), rae no teopeme 34 M =|[m,, my).
B coorBeTcTBHE ¢ onpejeneHHeM 44 cHcTeMa HMeeT OAHO pe-
e HHe,

120



IMMpumeuanue, Ecau m; u m, B3auMHo npoctH, To d=1, M=mym,;
MOCKONBKY B STOM Cayyae npH JoChX ¢; H ¢ Gyper 1|cy—cy, cucrema (6) nas
TaKHX MOAyJeH Bceria HMeeT OJHO pellleHWe, NpeAcTasJjsomee cobofi Kaace
N0 MORYJIO myMmy. :

IIpumepn. 1) HccnemoBarb, HMeeT JH pelleHHe cHCTeMa:
x=:9 (mod 34),
x=4(mod 19),
H ecJid HMEET, TO HafiTH ero.
[Tockonbky (34, 19)=1, cucrema umeer pewmenue. Haxonaum:
x=9434¢=4(mod 19), 15t =—5(mod 19), 3t=—1=
=18 (mod 19), =6 (mod 19), £ =64 19y.
[ToacTaBnas 370 3HaueHue { B BbIpAXKEHHe JJS X, HMeeM:
x=9-+34(6+ 19y) =213+ 646y; x=213 (mod 646).
2) HccnenoBath, ¥MeeT JH pelieHHe CHCTeMa:
=29 (mod 63),
x=9(mod 3b),
H €CJH HMeeT, TO HalTH ero.
(,Hocxonbxy (63, 35)=7 u 7429—9, To cucTeMa He HMeeT pelie-
HPm’i‘eopema 141. Cucmena
x=c¢, (mod m,)
ot ®
x=c,(mod my)
Aub0 coscem He umeem pewseruil, aubo umeem 00HO peulerue.

[IpuMmeuanue. B cooTBeTcTBHH C onpejenexHeM 44 pelueHHe MOHHMAETCH
KaK KJacc N0 MOJYJ0, PaBHOMY HAHMeHbIIEMY KPAaTHOMY HHCEM:

my, Ma, ..., Mg

IlokasaTenbcTRo nposefieM HHAyKnHeHd mno s. Ilpu s =2 yTBepxkK-
JleHHe TeOpeMbl BepPHO B CHJY NpeAblaylied TeopeMbl.

IMpeanosnoxum, 4TO yTBepXKJAEHHE TEOPeMbl BEPHO AJsl JIOOGBIX
s cpaBHeHHH BHJA (8), H BO3bMeM S | NMPOH3BOJIBHBIX CPaBHEHHH:

x=c, (mod m,)
IR O 9
x==c¢,(mod my) ©)
X=Cs41 (mOd ms+1)
O6oznauum: M=[m,, ..., mJ] © M’——,—[ml, ceey Mg, Mgl
HssectHo (Teopema 33), uto [M, mg, ,]=M’. Cornacuo npeanoJo-
MEHHIO MOTYT NPeJCTABHTHCS TOJBKO c/leAylollHe JBe BOSMOXKHOCTH:

1) IlepBrie s cpaBHeHHI He HMeIOT peilleHHH. B aToM ciydae u
cucteMa (9) He HMeeT pewleHHH.
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2) IlepBne s cpaBHeHHH HMeIOT pelleHue, TMpeACTaBJSIOEe
cobolt kJacc no mMopyno M. Torpa sHayeHHS x, YAOBJAETBOPSIOUHe
NepBbIM S CpPaBHEHHSIM, COBMNAJalOT CO 3HAUEHUSIMH X BHJA
x=a(mod M), rae a-—HekoTopoe neJoe, H cHcrema (9) 3KBH-
BaJleHTHAa CHCTEME;

x=oa(mod M),
x=Cg,q (mod my,,).

Ecau 8§==(M, m,,,) n 0fc,,,—a, TO CHCTEMA He HMeeT pelle-
HHsA, a ecau O|cg,,—®, TO CHCTEMa HMeeT OJHO pelueHue, Npef-
cTaBaslolmee coboii Kaacc no mopymwo [M, mg ,|=M’.

TakuMm oOpa3oM, H3 CIPaBeJJHBOCTH YTBEPHKAEHHS TeOpEMbl s
ao0blX S CpaBHeHHH paccMaTpuBaeMOro BUIA CJeLyeT clpaBelJiH-
BOCTb YTBEDMKJEHHA TeopeMbl Iasi Jo6bX S+ 1 Takux cpaBHEHHH.
CorjlacHo NMpHHUUNY MaTeMaTH4eCKOH HWHAYKUMH YTBepXKJIeHHE Teo-
peMbl BEpDHO IJsl Bcex §=2.

Ecau cucrema (8) umeeT pellleHHsI, TO HX MOXHO Ha#iTH, pelluB
CHayaJa NepBble ABa CpaBHeHUs], ROGABUB NOTOM IMOCJEAOBATEJbHO
TpeTbe U T. A., NIOKAa He OyJeT HcuepnaHa BCs CHCTEMa.

Teopema 142. Ecau my, m,, ..., M,—NORAPHO 63AUMHO NPO-
cmble vucaa, mo cucmema (8) coemecmua u umeem 00HO peulerie,
npedcmasasitoujee coboti Kaacc no modyao M=m;-my-...- mg

HoxasarteabcTBo. Ilpy s=2 yTBepXIeH4e BEpHO B CHUJIY
Teopembl 140 (cM. mpuMeuaHue Ha crp. 121). Ilpemnmosoxum, uto
yTBEpXJeHHe TeopeMbl BepHO JJisl JOObIX S cpaBHeHU# Bupa (8),
rie (m;, m;)=1 npu i==j, H Bo3bMeM s+ | Takux cpaBHeHu# (9)
C MONapHO B3aHUMHO NPOCTBLIMH MOAYJSIMH.

CornacHo nNpennmoJioXKeHHI0 3HaueHHsl X, YAORJETBOpSIOIIHe
NepBLIM S CPAaBHEHHSIM, COBNAJAIOT €O 3HAaueHHaAMH x =o (mod M),

rae M=m,, ..., m,, U cucrema (9) 53KBHUBaJeHTHA CHCTEME:
x==a (mod M)
. . (10)
X=ECoyy (mOd g 1)

Ilockonbky mg,, B3aUMHO IPOCTO C KaXKIHIM M3 MOAYyJeH: my,
..., M, OHO B3aHMHO NpPOCTO H € HX NPOU3BEJIEHHEM, TaK UTO
M, mg )=1. ~

Cucrema (10), a cnepoBateabHo, U cHcTeMa (9) corsjacHo K Teo-
peme 140 umeer pelieHue, npejacTaBasiiollee cofoll KJjacc mo Mony-
amo Mmg, . ,=my...mgn,, ., 4, TAKHM 00pa3soM, yTBePKJeHUe BEPHO
4ast Jobblx s-+-1 cpaBHeHH#l paccMaTpHBaeMoro BHJA € IOIAapHO
B3aHMHO NIPOCTHIMH MOAY/sIMH. CorJjlacHO MPHUHLHNY HOJHOH MaTeMma-
THYECKOH HHAYKIHH YTBepKJeHHe TeopeMHl BepHO IpPH:JIcOOM s.

Ilpumep. PewrnTb cucteMy cpaBHEHHI:

=2 (mod 7),
x=>5(mod 9),
x=l1(mod 15).
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PertaeM cHauaja CHCTEMY, COCTOSINYIO H3 JIBYX OEepPBHIX CpaB-
HEHHI:

x=5+4+9f=2(mod 7), 2/ =—3(mod 7), ¢=2(mod 7),

t=2+4T7y, x=5-+9(2-T7y)==23(mod 63).

Taxkum 06pa3oM, MaHHasi HaM CHCTeMa 3KBHUBAJICHTHA CHCTEME:

x=23 (mod 63),
x=11(mod 15).

3necy (63, 15)=3 u 3|23—11, Tak 4YTO CHCTEMa COBMeCTHA.
Pemraem ee:

x=235-63y==11(mod 15), 3y=23(mod 15),
y=1(mod b5), y=1-5z, x=23--63(1-52) =86+ 315z.

OrBer. x=86(mod 315).
Jnst HaXox[AeHHs pellleHHs CHCTeMbl CpaBHeHMH 1-# cTemeHH
C B3aUMHO NPOCTHIMH MOAYJISIMH MOXHO NOJb30BATbCH CJEAYIOLLeH

TeopeMoH.

Teopema 143. [Iycmoe my, m,, ..., M—HRONAPHO 83AUMHO NPO-
cmote uucaa, M =my,my. ..M Y1y Yo, -« » Ys N0C0OparsL Mmak, 4mo
M

Eyl_z_l(mod ml),,‘n—zyzr—:—l(mod Mmy)y oo y, =1 (mod m,),

mg

M : M M
Xo ==Yl h = Yaly b o UG

Toz0a peuenue cucmemol

x=c¢, (mod m,)
X=c, (mod m,)

x=c,(mod m,)

6ydem umems 6ud: x=x,(mod M).
M M
Nlokasatenncrso. IlockOabKY my|——, ..., m|——d
2 5
M
—%Lylzl(mod my), moyuaeM X,=-——y,¢; =¢, (mod m,). Aua-
1 1

JIOTHUHBIM 06pa3oM MpoBepsieM, UTO X,=C,(mod my,), ... , X,==
=c,(mod m,), T.e. X, YAOBJETBOPACT BCEM CPABHEHHSAM CHCTEMBb.
CornacHo Teopeme 142 pemeHue 3TOH CHCTEMbl NpeACTaBiaAeT
coboil kJacc mo moaymo M, T.e. x=x,(mod M).
Ilprumep. Pewnth cucremy:

x=6(mod 17),
x=4(mod 11),
x=—3(mod 8).



Haxonuum:
11.-8y,=1(mod 17), 3y, =1 (mod 17), y,=6;
17-8y,=1(mod 11), 4y,=1 (mod 11), y,=3;
17-11ys=1(mod 8), 3y;=1(mod 8), y,=3;

x,=11.8.6-6+17-8.3.4—17-11-3-3=125(mod 17-11-8);
x==125 (mod 1496).

PaccMoTpuM Temeph CcHCTeMY cpaBHeHHit 1-i crenenu ofimiero
BHJA: :

a,x == b, (mod m,)

a,x=b, (mod m,)
! (11)

Eciu xotsa 6m npu oaHoM i (l <<i<Cs) paga (a;, m;)=d; 6yzer
d;{b;, 1o (teopeMa 130) He cymlecTByeT 3HayeHHH X, YAOBJETBO-
pAIOIIUX [-My CpaBHEHHIO, a, CJefoBaTeJbHO, cHcreMa (11) He uMeer
peleHui.

Ecan xe aas Beex { d;|b;, To Kaxnoe cpaBHeHUE MOMKHO pe-
IIHTh OTHOCHTEJHO X M 3aMEHHTH cucreMy (l1) sKBHBaneHTHOH

CHETEMOI:

X=0 (mod d1>
X=rc, (mod”éi)

Takas cucreMa corsacHo Teopeme 141 nu6o He uMmeeT pelleHu#,

au6o, ecqiu pelleHHsl ecTh, TO 3HAUEHHA X, YROBJeTBOpAOIHE efi,
ny m2 ms

06pa3y10T Kjace 1o MOAYMO |—=, —=, ..., rail

1 2

ITpumep. Pemurs cucTeMy cpaBHeHHE:
7x==3(mod 11),

15x =5 (mod 35),
3x =2 (mod b).

Pemas kaxpaoe CpaBHeHI/Ie 3aMeHdaeM 3Ty CHCTeMy SKBHBAJICHT-
HOH eH cHcTeMoi CpaBHeHHH

x=2(mod 11),
x=>5(mod 7),
- x=4 (mod 5).
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[MpuMenss teopemy 143, Haxoaum:

7-5-y,=1(mod 11), y,=6; 11.5y,==1(mod 7), y,=—1;

11.7.y;=1(@mod 5), yz=3;
Xo=7-5.6.2—11-5-5411.7.3.4=299 (mod 11.7-5).

OrBer. x=299(mod 385).

Hcemopuseckue xommenmapun xk 14-it zaase

1. HeomnpeneneHHbie ypaBHeHHs |-§ cTeleHH HayaJu paccMar-
pHBATBCA ellle MHJYCCKMMM MaTeMaTHKaMM NpuMepHO ¢ V Beka.
HexoTroprle TakHe ypaBHEHHS C JBYMSI M TpeMsl HEH3BECTHLIMH IO-
SBHMNCL B CBA3H ¢ NpobjeMaMH, BO3HHKIIHMHM B acCTPOHOMHH, Ha-
puMep, NMPH DPaccCMOTPeHHH BOMNPOCOB, CBSI3aHHLIX C OMNpeJeJeHHEM
[IepUOJHYECKOTO IOBTOPEHHS] HeGeCHBIX SIBJICHHH.

2. Bo 2-M HM3paHHH KHUTH (pPaHLY3CKOro MareMartuka Darue ge
Mesupbsika ,Problémes plaisants et delectables qui se font par les
nombres“, BoiefAmeM B 1624 r., peuraercs HeonpefeseHHoe ypas-
Hende ax —by=1. DBauwe ne Me3upbsak (aKTHUECKH [PHMEHSIET
nponecc, CBORAMHMACA K NOCNEOBATENLHOMY BHLIYHCJEHHIO HEmoJi-
HbIX YACTHBIX M PACCMOTPEHHIO NOAXOASMHX Apobell; OJHAKO OH He
paccMaTpHBal HelPePLIBHLIX JApoOei, KaK TAKOBHIX, H HE YIOTpebJasil
o6o3HaueHuit Buaa (1) 5-it rmaswl. [lonyasipoe counHeHnne Bawe pe
Me3supbsika okaszano 6oJiblioe BJAHSIHHE HA pa3BUTHE TEOPHH YHCe,
Tak Kak CHOCOOCTBOBAJNO BO3HHKHOBEHHIO HHTEpeca K 3TOH objactd
MaTEMAaTHKH.

Bawe ge Me3upbsik H3BeCTeH M KaK [03T, MUCABIUHA CBOH
CTHXH Ha MHOTHX fA3biKax. B. 1621 r. oH BHINYCTHJ H3JaHHE COYH-
Henul [uodaHTa co CBOMMH NpUMEUAHUSMU.

3. Nocne bBame pe Mesupbsaka B XVII u XVIII Bekax pas-
JIHUHBle MpaBHJa s pelieHHS HeOolpeJeJeHHOro YypaBHEHHs
1-fi cTemeHH ¢ JBYMsl HeH3BeCTHbIMH JAaBaju Poanb, Diinep, CayH-
JIEPCOH M JpYrHe MAareMaTHKH.

Ilennsie ApoOH K pelIEHHIO TAaKHX YpaBHEHHH OLLIH NpHMEHEeHbI
JlarpanxkeM, KOTOpGHIf, OJHAKO, 3aMedaeT, 4TO (PAKTHUECKH 3TO TOT
ke crocob, Kotopblfi Obl1 gaH Bame ge MesHpbSKOM U ApPYrdUMH
MaTeMaTHKaMH, pacCMaTPHBABLIMMH HeolpeJie/leHHBE YPaBHEHHA A0
HEro.

‘HeonpeneneHnnie ypaBHeHHs l-ii cTemeHM cTajM 3aMHCLIBATHCA
M pewatbcss B (opMmMe CpPaBHEHHsSI 3HAYHTEJbHO MO3XKe, HauuHas ¢
Taycca.

4. 3apauu, cBOKsIMeCS K PACCMOTPEHHIO CUCTEMHI CpaBHEHHI
1-ii cTeneHu, paccMarpuBaTHch B apudMeTHKe KHTAHCKOro Marema-
tika CyH T3y, Xupliero nNpUMepHO B HauaJjie Hailed 3pu. ¥ Hero,
KaK Yy LeJOro psifia KHTAaHCKHX, MHAYCCKHX, apa0CKHX M eBponei-
CKHX YueHblX, pelIaBIIHX TaKHe 33JayM MOCJe Hero, BONPOC CTa-
BHJICS B . cJeAyoue# ¢opMe: HAHTH YHCIO, Jaioulee 3afaHHbIe
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OCTaTKM NpPH JeJieHHU Ha 3alaHHble uucaa. CyH Tsy jgaer cnocoG,
(akTHYeCKM 3KBHUBAJIEeHTHBIH TOMY, KOTOPHIH JaH y Hac B Teopeme
143, u nostomy TteopeMy 143 uHOrAa HaspBalOT KHTaficKoH Teo-
pemoii 06 ocrarkax. PaGora Cyn T3y crana usBectna B Espone
B 1852 r. He3aBHCHMO OT KHTAHCKHX MaTeMaTHKOB CIoco6 pelie-
HHMS 3ajad TAaKoro poja OblJ JaH HHAYCCKHM MaTeMaTHKoM Bpame-
rynra (588—660).

Jleonapno Pubonayuun B cBoe# kHHre ,Liber abaci“ paccmar-
puBan 3ajayy HaxoxjeHMs uHcaa N, Jeasmierocs Ha 7 H HMeOUIETO
OCTaTOK, paBublll 1, npu npenenuu nHa 2, 3, 4, 5 u 6.

5. Cucrema neonpejie/leHHbIX ypaBHeHHH 1-fi cTemedu BnepBhbie
BCTpevaeTcss Y KHTaHCKHX MaTeMaTHKoB VI Beka. 3azauu, npuBo-
IsllHe K TAKHM CHCTeMaM, BcTpeuaiorcs Y Jleonapao ®ubonayuu u
y Baue ne Mesupnsika.

CHucreMa n cpaBHEHHH C £ HEM3BeCTHHIMH H3yuaJjach [ayccoM.
[MToanoe wuccaefoBaHHe CHCTEM JHHeHHBIX cpaBHeHHH Obllo 1aHO B
paGorax ®pobenuyca u Crefinnua B kKouue XIX Beka.

Fr1TABA 15
CPABHEHHA MO NNPOCTOMY MOAYJIIO

1. CPABHEHHE nO TNPOCTOMY MOAYJ/I0O C OJHUM HEU3BECTHbLIM

[Mepexoas or cpapuenuit l-fi cremenM K cpaBHeHHAM OGoJee
BbICOKHX cTeneHel, Lenecoobpa3Ho CHayana pPaccMOTPeThb TOT -CJy-
yaj, Korja MoJyJ/b— [IpOCTOe 4Hcja0. B 3ToM ciyuae umeercs psn
BecbMa BaKHLIX TE€ODeM, KOTOphHie, BooOine roBopsi, HeBepHHB AJs
cocTaBHBIX MoAyJaeH. Bmecre ¢ TeM Teopus cpaBHEHHH 1O nPOCTOMY
MOJYJIO 5IBJs€TCH OCHOBOH, Ha KOTOPOH CTPOMTCS U3ydeHHe Cpas-
HeHUH MO COCTAaBHOMY MOJAYJIO.

Bo Bcell aTo0il riaBe 6ykBod p 6yleM 0603HauaTb MOAYJb, Npej-
CTaBASIOMHI COGOH IpocTOe YHCJIO.

Teopema 144. Ecau p { c,, mo cpasuerue

cx*+e X"+ ... +¢,=0(mod p)

Mmosicem GolMmb 3aMEHEHO IKBUBAACHMHBIM CPABHERUEM C KOIPPuyuen-
MmoM Npu cmapuiem 4aeHe, PABHOM eOUHWUUeE.

HJokasaTeabcTBo. PaccmorpuM cpaBHeHHe 1-d cTemeHu
coy =1 (mod p); HOCKOABKY p{ ¢y, TO (¢4, p)=1 u (reopema 131)
cpaBHeHHe HMeeT pemende. Haiigem uHcno y,, yAOBIeTBOpsiOliee
5TOMY CPaBHEHHIO, T. €. Y, TAKOe, 4TO Coyy=1(mod p).

Toraa cpaBHenue c¢ox"-+¢x"" '+ ...+c¢,=0(mod p) skBUBa-
JeHTHo (TeopeMa 128) cpaBHeHHIO

(Coo) 2"+ (C190) X~ 1+ . . .+ (C,¥0) =0 (mod p),
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a cJlefioBate/ibHO (TeopeMa 129), cpaBHeHHIO
X"+b x4 ... 4b,=0(mod p),
rae b, =c,y,(mod p), ..., b,=c,y,(mod p).

[TpumMep. 3aMeHHTb CpaBHEHHE
927x% - 14x2—10x 4 13=0 (mod 59)

3KBHBAJIEHTHLIM CpaBHEHHEM C KO3(hdHIUEHTOM IPH CTaplieM YJeHe,
paBHbIM 1.

Pemaem cpasuenue 27 y,==1(mod 59) u Haxozum y,=35. [laH-
HOe HaM CpaBHEHHe SKBHBAJICHTHO CpPaBHEHHIO

x3 -4 14.35x2—10-35x - 13-35 =0 (mod 59),

T. €. cpasHeHHiO x3-- 18x2+ 4x— 17 =0 (mod 59).
Teopema 145. Ecau f(x) u g (x)— mHO204AEHbL C YeavimU KO-
puyuenmamu, mo cpasHerus N0 RPOCIMOMY MOOYALO

f (x) =0 (mod p) (1)
u
f (%) —(x7 —x) g (x)=0(mod p) @
IKBUBANCHITHSL.
JoxkasarteabctBo. [lycTh x, yaosaersopser cpasHenuio (1),
T. e. f(x,) =0 (mod p). ITockonbky npH J060OM x, COIJIACHO TeO-

peMe ®epma (teopema 119°) x§—x,==0 (mod p), To
f (%0) — (x5 —x,) & (x4) =0 (mod p).

[Toab3ysach Toil ke Teopemoli Pdepma, mnosydaeM, YTO €CJIH X,
YIOBJETBOP ieT cpaBHEHHIO (2), TO f (X,) = (x5 — X,) g (%,) == 0 (mod p),
u, fakum ob6pasom, cpaBHenus (1) H (2) >KBHBaJEHTHBHI.

M3 sToit TeopeMbl HemocpeACTBEHHO BBITEKAeT CJEAYIOIas.

Teopema 146. Cpasuenue no npocmomy MmoOys0 p, cmeneus
Komopozo Goablue, Yem IMOM MOOYAb UAU PABHA emy, Moscem Obimb
3AMEHEHO IKBUBAAEHIIHOIM CDABHEHUEM CMenenu, Mexowleld 4em p.

HJoxaszateabcrBo. Ilycts f(x)—MHOroujeH ¢ meJbIMH KO-
spbunme Htamu creneHu n==p. llpu gnenenuu f(x) Ha xP—x co-
TJIaCHO H3BeCTHOMY croco6y JeJIeHHs MHOrodJieHa Ha MHOTOYJIEH
HENOJIHOe YacTHOe g (X) M OCTaToK r (x) 6YLYT TakiKe MHOrOUJIEHaMH
C LeJBbIMH KO3(pdHIHEeHTAMH:

fx)=(F—x)g(x)+r (%),

rie CTeleHp r (X¥) MeHbIUe cTeneHH xP—Xx, T. e. MeHbIIe, YeM p.
CornacHo  npempiaymeli Teopeme cpaBHeHHs [ (x)=O0(modp) u
r (x) =0 (mod p) 3KBHBaJECHTHHI.

Mpumeuanne. I[Ipakruuecku yaoGHelt mosb3oBaTbes Teopemofi 145, same-
HSISl KAXKAOE CJaraeMoe MHOrouieHa x°, TAe $==p, CJlaraeMbiM

25— (xP —x) x5 P =x~P-1)
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cTenenH, menbuiel uem s, CaenoBarennho, ecan s=(p—1)g+r(l<<r<<p—1),
10 x® MOXHO 3aMeHMTb Ha x. l'lponenbuaaﬁ 3Ty ONepamnMio JJisl BCEX CJaraeMbx
MHOrouJieHa, JIOCTHTHEM TOTO JKe pe3yJbTaTa, YTO H NpHMeHeHHeM TeopeMnl 146.

[Mpumep. CpaBHenue x'®--3x8—5bx?—x*+6x—2=0(mod7)
3aMeHHTb SKBHBAJEHTHBIM CpaBHEHHEM CTENeHH, MeHbluiell ueM 7.

Pemenune. CornacHo npHMe4yaHHIO K TeopeMe 146 Mrl mogay-
YHM 3KBUBAJIEHTHOE CpaBHeHHe, ecjH 3aMeHuM x1% Ha x16-2-%=yx*,
x8 Ha x?, x? ma x. TakuM obpasoM, 3aJaHHOe CpaBHeHHe SKBHBaA-
JCHTHO CpaBHEHHIO

(x*4 3x*—Dbx)—x* 4 6x—2=0(mod 7),

T. e. cpaBHeHUIO 3x%+x—2=0(mod7).

Teopema 147, Ecau f(x), g(x), h(x), r (x)—mHozo4renot ¢ ye-
avimy kodppuyuenmanu: f(x)=g(x)h(x)-+r(x), u 6ce xoappuryu-
enmol r(x) Oeaamcs HA NPOCHMOe 4uCAO0 p, mo aroboe peulexue
CPABHEHUS

f (x) =0 (mod p) (3)
ABASEMCA pellenHuem No Kpalineld mepe 00H020 U3 CPABHCHULL:
g(x)=0(mod p), A(x)=0(mod p). 4)

JlokaszateabcTBo. IlycTs x,—pelleHHe cpaBHeHHs (3),
T. e. f[(x)=0(modp). Ilockoabky Bce KO3POUIIHEHTH r (x)
Iensitcst Ha p, OyleM Takme HMeTb r (x,)==0(mod p), a nosTomy

g (%o) 1t (x9) = [ (o) —r (x,) =0 (mod p).

Coraacno teopeme 105” H3 cpaBHHMOCTH NipoH3BeAeHHUd g (xo) / (X,)
C HyJeM IO MOAYJIO p clenyeT, 4TO NO KpaiHeH Mepe ONHH H3
3THX MHOXKHTeJeH CpaBHHM C HYJEM MO 3TOMY MOAYJIO, T. €. Xo—
pellleHHe NO KpaHHeH Mepe OXHOIO M3 CpaBHeHMH (4).

[Tpumep. B cpaBHenuu x*-+18x245=0(mod 31) nesyio
4acTb MOXKHO MNpelACTaBUTL B BHie (x2—4)(x*—9) - (31x2—31),
H Mbl HaxOJHM BCE pelleHHs 3TOrQ CpaBHEHUHA, pellas CpaBHEHHS:

" x2—4=0(mod 31), x2—9=0(mod 31), 1. e. x=4 2(mod 31)
u x=4 3(mod3l). Bce 5Tu ueTbipe KJacca YZIOBJETBOPAIOT Ha-
lLIeMy CpaBHEHHIO.

Jlnsa coctaBHEX MojaynaeH 3Ta Teopema HeBepHa. Hanpuwmep,
cpaBHeHHIO X%+ 4x = x (x+4)=0(mod 12) ynosiieTBopseT KJacc 6,
He SIBJIAIONHACA pelleHHeM HH OJHOro U3 cpaBHeHHH: x = 0 (mod 12),
¥+4=0(mod 12).

Teopema 148. Cpasrnenue cmenenu n 1o APocmomy molyao p
¢ Kospuyuenmom npu cmapuiem 4ieHe, He OCAAUUMCA HA P,
Moxcem umems He 0OoAbuie uem N pewleHul. )

JokaszaTesbCTBO. YTBepkKAcHHE TeopeMbl BePHO NpH n=I.
JeficTBUTENIbHO, B 3TOM CJjiyuae MBI HMeeM cpaBHenue 1-fi cTemenu:
CopX+cy,=0(mod p), e p{c, T. €. (€, P)=1, a Takoe cpaBHe-
HYMe (Teopema 131) HMeeT B TOYHOCTH OAHO peweHHe. Ilpumenum
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Teleps I N0Ka3aTedbCTBA TeOpeMhl METOJ MOJHO! MaTeMaTHYeCKOM
HHAYKIHH, N

ITpeanonoxuM, UYTO yTBepXKJEHHE TeOpeMsl BepHO JJsl Bcex
MHOTO4JIeHOB (n—1)-i cTeneHH CO CTapmWIUMH Ko3bhdHuiHeHTaMH, He
AeMHUMHACS HA TPOCTOH MORYJb P. BosbMeM Tenepr npousBodb-
HBIH MHOroYJjieH n-d cTeneHH:

f(x)=cox"+cx"" 14+ ... +¢c,,
rie p4{c,, U paccCMOTpHM CpaBHeHHe
f (x) =0 (mod p). )]

Ecnu 310 cpaBHeHHe He HMeET HH OJHOTO peLIeHHs, TO YHCJO
pelleHH# MeHblle 4eM 7.

Eciin ke 3T0 CcpaBHeHHe HMeeT pellleHHs, TO BO3bMeM JioGoe
YHCJIO X,, YJOBJETBOpSIOlee eMy, H pasienuM [(x) HA X—x,.
CoraacHo Teopeme Besy (reopema XII) Gymem umern:

f(x) = (x—%0) & () + [ (%,)-
KoatpdurueHTn MHOro4seHa (n—1)-i crenenn
gx)=byx""t+...+b,_

MoryT OblTb, KaK H3BeCTHO, HalzeHbl no cxeme ['opHepa W npen-
cTaBJAIOT coboll wesble yucia, NpuYeM b, =c,.

[Tockosbky X, yzoBJerBopsieT cpaBHeHHIO (D), p|f(x,), T. e.
3jecb NpuUMeHMMa TeopeMa 147, To Bce peueHus (D) HaxomsaTcd
cpenu pelleHHii cpaBHeHHA x—x,==0(mod p) u g(x)=0(mod p),
YIOBJIETBOPAAAL JIHOO ONHOMY H3 HHUX, JHO60 0GouM.

CpaBHenue x—x,=0(mod p) uMeeT OXHO pelleHHe, a CpaBHe-
nue g (x) =0 (mod p), npeactaBasiomee coboii cpaBHeHHe (n— 1)-i
CTENIEHH [0 MNPOCTOMY MOAYJIO € KO3hdHUHEHTOM IMpH CTaplueM
ujieHe b,=c,, He JejsimeMcs Ha p, COrJacHO IPeANoJoKeHHIO
MOXKeT HMeTb He OoJblle yeM n-——1 pemeHuit. TakuM ob6pasoM,
cpaBHeHue (5) Hmeer He GoJibuie yeM 14 (n—1), T. e. He Goublle
YeM n pellleHHH.

YTBepxaeHue TeopeMbl OblIO npoBepeHo npu n==1. M3 cnpa-
BEIJIMBOCTH yTBEPKAEHHs IJisI MHOTrO4JIeHOB (n— 1)-ii cTeneHH ciie-
IyeT CNPaBelIMBOCTb STOrO e YyTBePKAEHHS JJis MHOrOUYJIEHOB
n-it crenenu. CorJiacHO NPHHIHUNY HOJHOH MaTeMaTHYECKOH HHAYK-
WM CNPaBelJHBOCTb TeOPeMbl JOKAa3aHa,

[Tp ume p. x,=31 ynosyerBopsieT cpaBueHHIo 11x% =65 (mod 103)
HaiiTh Bce pemlleHust 5TOro CpaBHeHHS.

OueBHIHO, YTO BMecTe C KjaaccoM 31 3TOMY CpPaBHEHHIO YJOB-

netBopsieT H Kaacc—31. Koaddunuent npu crapuem uniede 11 we
AeJIUTCS HAa MNPOCTOH MORYJIb 103, MO3TOMY CpaBHEHHE HE MOXeT
HMeTh GoJiblie ABYX pelleHHH.

OtserT. x=z 31 (mod103).
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IOns. cocTaBHBIX MoAyJdel sTa TeopeMa HeBepHa. CpasHeHHue
CTeleHH n 110 COCTaBHOMY MOAYJIO ¢ KO(D(HUHEHTOM OPH CTapiueM
ujeHe, He JensumieMcs Ha MOAYJb HJH Jaxe B3aHMHO HpPOCTOM
C MOAYJeM, MOXeT HMeTb OoJsiblie 4eM n peweHHH. Hanpuwmep,
cpaBHeHHe x2—3x+2=0(mod6) umeer 4 pemenusn: 1, 2, 4, 5.

Teopema 149. Ecau cpasrenue cmeneiu n no npocmomy modyro
p umeem Ooibuwie 4em n peulerull, mo ece KoIppuyuernmor cpasue-
Hus Oessamca Ha p. ’

HoxasatenbcTBO. Bo3bmem noGoe mpoctoe uucyao p. Ecan
cpaBHeHHe cypx+-c¢;==0(mod p) uMeeT GoNblue YeM OJHO pelleHHE,
TO cornacHo Teopeme 131 (c,, p)==1, T. e. plc,, a Toraa u p|c,.
Takum oGpasom, mpu n=1 Teopema BepHa. [IpeanosoxuM, 4TO
YTBepXKJeHHe TEOpeMn! BEDHO JAJI MHOTOUYJIEHOB CTENeHH, MeHbIueH
YeM £, T. e.. MPeAnoJOXKHM, YTO YHCJAO PelleHHH CpaBHEHHs CTe-
NEeHH, MeHblIeH ueM 7, MOXET MPeBOCXOJHTb CTeleHb CPaBHEHHs
TOJIbKO TOrja, Korja BCe Ko3hQHIHEHTb JeNsITC Ha MOAYJb p.

BosbmeM n060e cpaBHEeHHE CTENEHH n:

CoX" X"+ ... +¢,=0(mod p), (6)

HMejolllee Gosbiie dem n pemlenui. CorsiacHo TeopeMme 148 B Takom
CPaBHEHHH C, AeJHTCS Ha p, a TOrfa CpaBHeHHe

X"~ 1+ ... +c,=0(mod p), Y

3KBHBaJeHTHOe (TeopeMa 129) cpaBHeHHu0 (6), TakKe HMeeT GoJiblue
YeM n pelleHHH.

B cpaBHeHuH (7), CTelmeHb KOTOPOTO MeHbllie 4YeM 7, a YHCJO
pelieHHii TPEBOCXOAUT CTeMNeHb COIJIaCHO NPEeANOJIOXKEHHIO, BCe
KO3(ppUUHEHTH JOJIKHBbI [JEJHTbCS Ha p, T. €. plcy, ..., plc,.
ITockoAbKY ye paHbile ObJIO YCTAHOBJEHO, YTO P |Cy, YTBEpXie-
HHe TeopeMnl BepHO aast n. CorjacHO NPHHUHNY MOJHOH MaTeMa-
THYECKOH HMHAYKUHHM CNpPaBeJIHBOCTb TEOPEMHl AOKa3aHa.

Teopema 150. ITycms f(x)=x"4cx" "' ...+ c,—mHo20128H
c yeaimu Kosppuyuenmamu u ce0600RbM urenom c, 7 0 (mod p),
20e p—npocmoe 4ucro, nputem p = n. Cpasnerue | (x)==0(mod p)
UMeem n peulenuli moz0a U moAbKo moeda, Koeda ece Koapduyuernmor
ocmamka om Jdesenus xP~1—1 na f(x) kpamuot p.

JokasateabcTBO. Ilycts ¥F~1—1=f(x)g(x)-+r(x), rae
g(x) H r(X)-——MHOrOWJIEHBI C LeJbIMH KOo3hpHUHEeHTaMH, NPHYEM
cTeneHb r (X) MeHbILe 4eM A.

1) JlokaxeM JOCTaTOYHOCTb YycyoBus. IlycTb KospduUHMEHTH
r (x) .peyiaTcs Ha p.

OGosnauuM 4epes S u T COOTBETCTBEHHO YHCJIO PELIEHHMH CpaBs-
HEeHHUH

f(x) =0 (mod p), ' (8)
g (x)=0(mod p). 9
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CpasHenne xP~1—1=0(mod p) no Teopeme Pepma umeer p—1
peutenuit. Kaxnoe H3 sTHX p— 1 pemeHuii corsacHo teopeme 147
sBAsIeTCH pelleHHeM XoTs O ONHOro u3 cpaBHeHHi: (8) uaum (9),
T. ¢. S+ T=p—1.

CpapHenne (9) crenedn p—1—n HMeeT KoOabdHIHEHT 1npH
CTapuieM uJeHe, paBHAIN e[UHHIE, TaK uTO (TeopeMa 148) T<< p—1—n
H, CJel0BaTeNBHO,

S=z(p—1)—T=p—1—(p—1—n)=n.

ITockoNBKY npH STOM B CHUJY TO# e TeopeMbl 148 S<Cn, mno-
JyyaeM S=n, T. e. U3 JeJHUMOCTH K03(h(HLHEHTOB r (X) Ha p cie-
JlyeT, 4TO YHCJO pelleHHH# cpaBHeHHs (8) paBHO n.

2) JlokaxeM HeoO6XoguMOCTb YycaoBHsA. [lycTe cpaBHeHune (8)
uMeeTr n pewreHudd. Ecam x,—peuleHHe cpaBHeHHs (8), TO
f (x,) =0 (mod p) u BMecTe ¢ TeM, TOCKOJBKY P { C,, TO P { X4, & CJAEIO0-

BaTesibHO, corJjachHo Teopeme ®epma x) '—1=0(mod p), Tak uTO

r (%) = (x4 —1)—F (x,) g (x,) =0 (mod p).

TakuM o6pa3oM, KaxJoe U3 n pelleHUH cpaBHeHu# (8) siBasercs
peuleHHeM cpaBHeHHA r (x)= 0 (mod p), cTemeHb KOTOpPOro MeHblIe
ueM n. CorsnacHo TeopeMe 149 Bce KoadHUILUeHTH! 7 (X) AelsATCS HA p.

ITpumep. Cpasrenno x?==1(mod 13) yjoBieTBOPSIOT Kaac-
cel 1 u 3. VMeer JM 3TO cpaBHEHMe ellle OJHO pelleHHe?

Heas x'2—1 na x*—1, naxozum:

2 ]=(x0—1) (x* +x0+ 27+ 1),
Tak uto r (x)=0, u, cjaegoBaTeJbHO, 3TO CPaBHEHHE HMeeT , TPH
? B P B ;
pelieHHs.

2. CPABHEHHE MO APOCTOMY MOAYJIO
C HECKOJIbKUMH HEH3BECTHbIMH

HekoTopble U3 pacCMOTPEHHBIX HAMH TEOPEM MOXKHO -Jerko 0606-
WHTh HA CJAy4yali cpaBHEHHH € HEeCKOJBbKHMH HEH3BECTHBHIMM . BHJA

Flxs Xg5 o0vy %) ==0(mod p), (10)

rae f(xy, X3 ..., X;)—MHOTOUJIEH C UeJbIMH Ko3duLHeHTaMH,
a p—rmnpocroe uyucio. HemocpeacTseHHBIM 0600ImeHHEM TeOPEMEL
146 sBaseTcsd claexymwomas.

Teopema 151. Ecau 6 aegod wacmu cpasnenus (10) nexomopsie
U3 Heu3BeCMHbIX BCMPEdAOMCa 8 6ude cmenexl ¢ nokasamenem == p,
mo cpasrenue (10) MOJCHO 3aMeHumb IKBUBANEHMHLIM CDABHEHUEM,
8 KOMOopOM Cmenend Kancoo20 U3 HeussecmHulx He npegocxodum p—1.

JoxasareabcTBo. PaccyXknas coBeplieHHO Tak ¥e, Kak H
NpH AOKasaTedbCTe TeopeMbl 145, yGeaumcsi, uto cpaBieHue (10)
S5KBHBAJIEHTHO CPaBEEHHIO

F (X1, X5 o0 x,)—-(x‘-’——x)g(xl, Xgy «0ey Xg)=0(mod p),
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rae-g(xy, X3, ..., X;)—IPOU3BOJALHBHIA MHOTOWEH C MEJNBIMH KO-
apduumenTamu. . :

Ecau cpeam cnaraembix f(xy, X5, ..., X;) €cTb uJieH BHJA
Ax’f‘...x}’ﬂ..xf’(l<i<s), rie k;==p, TO MBl MOXeM, B3fiB
g Xy, Xgy o0, X)= Axbo xk7P  x% 3amenutsr ero useHom
AxFr o gm0 ks catem Axfro. L xR0 gk oy oron

Ecau k;=(p—1)g;+r;, the 1<<r;<<p—1, T0 B nokasareye
JAs x; MOXKHO OT6poCHTL (p—1)g; M TOAYYUTH 3KBHBaJNEHTHOE
cpaBHeHMe, B KoTopoM caaraemoe Ax™ ... x¥ ... xk 6ymer saa-
MeHeHOo Ha Ax™ ... x["... xP. Ilpogesas Takme omepaunH Ajs BCeX
cJlaTaeMblX 1O OTHOLIEHHIO K KaMAOMY M3 HEeH3BECTHBIX, BXOJASIIEMY
C NoOKasaTesJeM ==p, TNOJYYHM CpaBHeHHe, 3KBHBAJIEHTHOE IepBo-
HavYaJbHOMY, B KOTOPOM CTeneHb MO OTHOIUGHHIO K KaxJOMy HeH3-
BecTHOMY OyneT ne GoJbiie yeM p—1.

Teopema 152. Ecau cpasuenue f(xy, X5, ..., x,)==0(modp),
CMeneny Komopozo no KawOOMYy HEU3BECMHOMY MeHbule HeM p,
yoosaemsopsemcs RpuU 6CeX UEAbIX Xy, Xy, ..., X5, MO 6C€ KO3P-
puyuenmor mroeodrena [(xy, %, ..., Xx,) Oeaamca Ha p.

JokasateascTBo. [IpoBeaeM HMHAYKUHIO N0 YHCJIY HEH3-
BeCTHBIX S. [Ipn s=1 yTBepxJeHue TeopeMn BepHo. Ilpexrnosnoxum,
4TO yTBEPXKAEHHE TeOPeMbl BEpHO NpPH S=n, H BO3bMEM IIPOH3-
BOJIbHOE TOXKJECTBEHHOE CpaBHEHHE [ (Xy, ..., X,, X,41) =0(mod p),
CTeNeHb KOTOPOr'o MO KaMAOMY HEM3BECTHOMY MeHblle YeM p. Ecin
k—mHan6oblmni NoOKasaTesb CTeneHH HEH3BECTHOIO X,,,, TO CpaB-
HEHHe MOXHO NpPEACT2BHTb B BHJE:

Go(Xis oovy X)XE i@ Xy ovy X)) XET o g2y, ey X)) =
=0 (mod p),

rpe Bce g;(x;, ..., X,)—MHOroOuUJieHH ¢ LeJbIMH KO3(hHUIHEHTaMH,
CTENEeHH KOTOPBIX MO Ka)IOMy HEH3BECTHOMY MeHblle ueM p. Ecan
BMECTO X, ..., X, NOJACTaBUTb JioOble LeJhe UYHCA2, TO MOJYUHM
TOXAECTBEHHOe CpaBHEHHe C HEH3BECTHOH x,,., CTeneHH k<p.
CorsacHo TeopeMe 149 Bce Koa¢OdUIHEHTH 2TOr0 CpaBHEHHS:
o Xy, vy %), ooy &r(%4, ..., X,)—ROMKHH IIpH JICOBLIX 3Haue-
HHAX X, ..., X, JeJuTbcsl Ha p. [IoCKOMBKY corsacHo mnpearnoJo-
KEHHIO JJ1s MHOTOWJIEHOB OT 1 apryMeHTOB YTBEPXJeHHE TeOpEeMbl
BepHO, BCe KO3(h(DHI{MEHTH ISTHX MHOrOUJEHOB, a CJeJ0BaTelbHO,
¥ MHOTOWIeHa f(Xy, ..., X, X,.i) AOJIKHB! NEJHTbCS Ha p.

CorsacHO NpHHUHMNY TNOJHOH MaTeMaTH4eCKOH HHIYKUHH YTBep-
KJEHHe TeOpeMbl BepHO AJs Ji060ro 4Yucja apryMeHTOB.

3. MPHJIO)KEHH S1: TEOPEMA BHJIbCOHA, TEOPEMA LIEBAJILE

B kauectBe npusoxenuss TeopeMn 150 JoKaxeM HHTepecHOe
CBOHCTBO IIPOCTHIX YHCEJ, KOTOpPOe OOLIYHO HAa3HBAalOT TeopeMoil
Bunscona.
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Teopema 183. [aa amoboeo npocmozo qucaa p umeem Mecmo

cpasrerue:
(p—1) 14+ 1=0(mod p).
HoxasateabcrBo. Ilyetp p=3, T. €. p HeueTHO H
(—1y-1=1,
CBoGonHbIH 4YJieH CpaBHeHHS
fX)=x—1)(x—2)... (x—(p—1))=0(mod p), (11)
pasubit (p—1!=1-2...(p—1), ne geantca (treopema 105") Ha p.

Kaacen 1, 2, ..., p—1 yHOBAETBOPSIOT 3TOMY CPaBHEHHIO, T. €.
uHcao peweHHH cpaBuenus (11) paBHO ero cremeHu. PaccMoTpum

PaBeHCTBO
1= f(x)- 147 (x),

rie r (x)—ocrarok or genenusi xP~'—1 Ha f(x). Torma cornacuo
TeopeMe 150 Bce KO3(hdHIHEHTH OCTaTKa

r(x) =P t—1)—(x—1)(x—=2) ... (x—(p—1))

Jendarcst Ha p. B vyacTHocTH, Ha p JeauTcst cBOOORHBIH 4MeH r (x),
paBHbifi mo aGcomoTHO# Benuuyune (p— 1)1+ 1. Ilpu p=2 yreepx:-
JleHHe TeOopeMbl NPOBEepseTCs] HEeNOCPEeACTBEHHO.

I[Ipumeph.

1) p=5, 414+ 1=25, 5|25.
2) p=7, 61 +1=721, 7|721.
Teopema 154. Ecau n—cocmaguoe ducao, mo
(n—1)! 41 == 0 (mod n).

HokasateabcTBo. I[lycth n cocraBHoe, T. €. n=a-b, rae
l<a<<n, l<<b<n; Torpa a|(n—1)! H, -cJaelosaTeqabHo,
af(n—1)!4+1, HO Torga M mnojaBHO (mpuUMeuyaHHe K TeopeMe 6)
ng(n—141.

Teopemsl 153 u 154 mokasbiBalOT, 4TO HeOOXOAMMBIM H JOCTa-
TOYHBIM YCJOBHEM TOTO, UTOOH YHCJO 1 >> | GBLMIO MPOCTHIM, ABJASETCS
penumocts (n—1)14+1 Ha n.

HHorga mpocToe YHUCJAO p MOKeT Obith jesuTesieM n!4-1, npu
3HaueHHsIX n<<p—1, Hanpumep,

18!+ 1==0(mod 23), 611+ 1==(mod 71).
Crenylomasi TeopeMa Gblia foKa3aHa Brnepsule [lleanne B 1936 r.
Teopema 155. [Tycmo f(xy, X4, ..., X;)—MHO204AEH C YEAbIMU

Koapuyuenmamu co c60600HbLM HACHOM, PasHoim HYyao. Ecau cmenens
9MO20 MHO204NCHA MERLULE YeM HUCAO HeU3BECHHbLIX, MO CPasHeHue

no npocmomy mooyao p
f(x1, %4, ..., x,)==0(mod p), (12)

kpome ouesudnozo pewenua ((0, 0,..., 0)), umeem no Kpaiined
Mepe ewje O0OHO peluenue.
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. :okazateascTtBo. Ilyets [(x, %5, ..., _,)—-Mnoroq.neﬂ
CTENEHH n<s CO CBOGOAHBIM YJIEHOM, PaBHBIM HYJIO.
PaccmoTpuM cpaBHeHue

(F(xpy Xgpovos 2P r=1—(1—x"H)(1—227Y ...
.. (1—x2~*) (mod p). (13)

Cornacuo Teopeme 151 cpaBHeHHe (13) MOXKHO 3aMeHHUTBH 3KBH-
BaJIEHTHBIM CPaBHEHHEM

— -1 P—1
F(xg, Xg0 vvvy X=1—(1—2"(1—x71) ...
. (1—x¢7") (mod p), (14)
B KOTOPOM H JieBasi 4aCTh OyJeT MMeThb [0 OTHOWIEHHIO K KamAOMY
HEH3BECTHOMY X;, X, ..., X, CTelleHb, MEHBIIYIO 4eM p.
Crenenp F(X,, X5, ..., X;) He Oojblie 4YeM CTelEeHb
(F(xy, %9, ov., x))P7L, T. e. He OGoable yem n(p—1), H, ciaeno-

BAaTeNIbHO, MeHblle YeM s (p—1). CTapwuM ujieHOM B cpaBHeHHH (14)
siBasiercst unen (—1)™ ey ™ xy” Y...xE7, KoTopwlii He MOXKeT Co-
KpaTHTbCS C JIeBOH 4acTbi0, TaK KaK €ro creneHs s(p—1) Godblie
CTenmeHH BceX 4JjeHOB JieBoH uyacTH. KoaddHuueHT npH 3TOM cTapiieM
yjleHe He AEJUTCSI HA p, M, CJENOBATENbHO, COIVIACHO Teopeme 152
cpaBHeHHe (14) He sBasercss ToxJecTBeHHBIM. CpaBHeHHe (13),
9KBHBaJIeHTHOe cpaBHeHHi0 (14), TakKe He OyHeT TOMXKJECTBEHHEIM,
TaK 4TO CYUIECTBYET CHCTeMa 3HAYCHHH X; =, X, =0y, ..., X;= O,
He YJIOBJIeTBOpsOas cpaBHeHHIO (13), T. e. Takas, 4TO

(Floy, ) vy )P t&EI—(1—a ™ H(1—az ...

-1
v . (1—af7Y) (mod p). (15)
[Tockoabky cBoGomumit uieH f(x,, X, ..., X;) paBeH HYJIO,
HeNoCpeNCTBeHHa st TPoBepKa MokKaseBaeT, 4to Komnaekc ((0, 0,. .., 0))
yaoBAeTBOpsieT cpasHeHHI0 (13), a 3HAUYHWT, Bce 3TH O, %y, ..., &g

He MOTYT OJHOBDEMEeHHO NpHHAalJeXaTb HYJeBOMY KJaccy, H CpelH
HUX HafifleTcsl Mo KpafiHed Mepe ONHO o, Takoe, uTo p } ;.
[To teopeme Pepma (teopema 119) mpu p 4 o; uHMmeem:

1—af ' =0(mod p),
TaK 4TO H3 cpaBHeHHs (15) mosyuaem:
(f(ay, gy .., 0))P~1 = [ (mod p).

CoraacHo Toit ke TeopeMe PepMa 3T0 MOKeT OLITb TOJBKO,
ecJiu
fey, oy, ..., a)=0 (mod p),
T. €., KPOME OYEBHIHOrO HYJ/IEBOTO PEUIeHHS (0, 0, ..., 0)), cpas-
HeHHe (12) Hmeer mo Kpaiined Mepe ellle OZHO, OTJIHYHOE OT HYJle-
BOro; pellleHHe: .
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fIpumenp. Hpn .moéux ‘nenvix a, b H ¢ CpaBHEHPle no I]pOC'l‘OMy
MOLYJIO p
ax? —|— by? + cz22 =0 (mod p)
HMEEeT pellleHHe, NPH KOTOPOM MO KpaHHed Mepe OJHO HEHU3BECTHOE
He JeJUTCS Ha p.

Hcmopuuecrue xommenmapun « 15-it 2aase

1. Teopema 148 6nina gokasana Jlarpanxem B 1768 r. Jlarpanx

He paccMaTpHBaJ KJacChl pelleHHH, a ¢opMyaupoBal Teopemy,

roeopsa o HanboJIbIeM YHCe HeJablX X, JeXauux Mexay —--g— H T

IpH KOTOPHIX f(x) meantcs Ha p. JloKasaTeabCTBO, NPHBeleHHOE
y Hac, 6MH3KO K J0KasaTeJbCTBY, JaHHoMY [ayccoM.

2. Bapunr B cBoeM counHeHHH ,Meditationes Algebraicae“,
BhimeaiiemM B ceer B 1770 r., npnsonm 6e3 JMOKasaTeJbCTBA TeO-
peMmy 153. BapuHr numer, yTo TeopeMa NPHUHAIJIEKHT €ro yUEHUKY
JxoHy Buabcony. HepBoe J0KAa3aTeJbCTBO TeopeMul BHJbcOHa
610 gano B 1771 r. Jlarpamxkewm. Iaycc o6o6uina teopemy Buabcona
Ha cjayyad cocTaBHOro Mmoiynas (reopema 198 20-#i raaBm),

TJIABA 16 |
CPABHEHHSA N0 COCTABHOMY MOAYJIIO

B srtofi rnaBe GymyT paccMOTpeHBl criocoObl NPHBEIEHHS Cpab-
HEeHHH N0 COCTaBHOMY MOAYJIO K CPaBHEHHSIM IO NPOCTOMY MOAY.JIO.
Crenyiomass TeopeMa NOKasbiBaeT, WYTO pelleHHe CPaBHeHHH MO

MOAYJIIO m=p}* ... ps*, TOe p;—IpPOCThIE lmc.na, MOXeT OhiTh
NpHBEJEHO K DEUIeHHIO CPaBHEHHH YO MOLYJIAM pi'. Bo Bceil sTOM
raaee f(x) Gyner o6o3HayaTh MPOHM3BOJIbHBIH MHOTOUJEH € IEeJBIMH
K03(dunueHTaMH.
Teopema 156. Ecau m=p} ... ps*—KaHoHu4ecKoe pA3A0dCEHE
mo0yas m, mo cpasHeHue
f (x)=0(mod m) (1

JFKBUBANCHIMHO cucmeme Cp(lBI-LeHuu

f (x)=0 (mod p{")
.......... . @

HokaszartenbctBo. PemeHns cucremol (2) (onpesenenne 44)
NpeACTaBAsIOT cOG0OH KJacCh 10 MOAYJIO /7, PaBHOMY HaHMEHb-

uleMy oOmeMy KpaTHOMY uuced pY', ..., ps'. Eciau. Kaace a no
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MOAYJI0O m  YIOBJETBOpSeT cHCTeMe (2), . T. e. ecau
1f@), ..., ps*lf(a), To cornacHo Teopemam 32 u 47, f(a)

IeJUTC Ha m,
f (@) =0 (mod m),

T. e. a IpeactaBisier coboil peiueHHe cpaBHeHus (1).

HaoGopor, ecan ksacc g yHloBJeTBopsieT cpaBHeHuio (1), To
m|f (a), u nockoabky pit|m, umeem: pf| f (a), f(a)——O(mod pt') npu
i=1,2,..., s, T. &. g—pellleHHe CHCTEMHI 2).

ﬂJIH HaxXoXJeHHsl pelleHH# cHcTeMEl (2) 00BINHO NMpeaBapUTENIbHO
pewlaloT KaxJoe H3 cpaBHeHHH 5Tofl cucTeMH. Ecin xotsi 6B OfiHO
H3 cpaBHeHHH (2) He HMeeT pelleHHN, TO M BCfg CHCTeMa HecOB-
MecTHa, T. €. B 3ITOM cJyuae - cpaBHeHHe (1) He MMeeT pelIeHHH.
Ecnn kaxnoe H3 cpaBHeHHH HMeeT XoTs OH OIHO pemieHue, TO
HaXOJHM HX B BHJIE:

x=a, (mod Pl')
SIS o 3)

x=a (modps )

3HaueHHd X, YIOBJETBOPSIOIIHE BCeM 3THM CpaBHEHHsM C B3a-
MMHO TIPOCTHIMH MOJLYJSIMH, CYIIeCTBYIOT U o0pasyloT KJacc o
MOLYyJIO m, SIBJAAKOMIHACA pelleHHeM (3), a CJeJOBaTeJbHO, peile-
HHeM HCXoAHOH cucteMnl (2) m cpaBHeHHusa (1).

Ec/aH HekOTOpble H3 cpaBHeHHH (2) uMeoT 6oJblle YyeM MO OX-
HOMY pelleHHIO, TO MBI IIOJYYHM HECKOJbKO cHcTeM Buia (3), a
HMEHHO, eCJIH cpaBHeHHe [ (x)=0(mod p}*) umeer k, peweHui,
[(x) =0 (mod p2 *) uMeeT R, pewienHi, ..., f(x)=0 (mod p5*) ume-
eT kR, pelleHHH, TO Mbl MOXKEM COCTaBHUTb Kk -ky-...-R, CHCTEM
Buia (3), kKaxknas H3 KOTOPbIX JacT IO ORHOMY peHIeHHIO CH-
cTeMH (2), u Toraa cucreMa (2) u cpaBHeHHe (1) HMeloT Ry-ky-... -k,
peleHHH.

MoxHO chopMynupoBaTh MOJYYEHHH HaMH pe3yJabTaT B BHIE
ClefyIomell TeopeMHl.

Teopema 157. Hucao pewerui cpasnerus (1) pasHo ky-ky-. .. -k,
20e ky, ky, ..., kR, COOMBEMCMEEHHO pABHO wUCAY peulerull Kadic-
dozo u3 cpasrenuti (2).

IIpumep. Pemnts cpaBHeHHe x%— 3x+23=0(mod 63).

CpaBHeHHe 5KBHBAJIEHTHO CHCTEMe:

—3x+423=0(mod7),
x2—3x+423=0(mod9).

Jas cpaBHeHHA x2—3x+4 2=0(mod7) HaxoiHM JBa pelliCHHA:
x=1(mod7) u x=2(mod7), a Aaa BTOPOr0 CpaBHEHHS
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—3%x +5=0 (mod 9) — nBa pemenns: x=4 (mod 9) u
x==8(mod 9). Pemaem ueThlpe CHCTeMHI: :
1) x=1(mod7), 2) x=1(mod7),
x==4(mod 9); x=8(mod9);

3) x=2(mod7), 4) x=2(mod7),
x=4(mod 9); x=8(mod9)

M HaxoJHM cJefylomue peweHus: 1) x=22(mod 63),
2) x=8(mod63), 3) x=>58(mod 63), 4) x=44 (mod 63).

PaccMoTpuMm Temepp cpaBHeHHMe MmO MOZAYJIO p®, TAE p - IPOCTOE
uncno. IlokaxkeM, 4YTO HaXOXJAEHHe pelleHHH TAKHX CPABHEHHi
CBOIHUTCS K pelleHHI0 CPaBHEHHH MO_MPOCTOMY MOZYJIO.

Teopema 158. B kaxdom Kaacce a@ no npocmomy modyato p, yoos-
nemgopaouwem cpasenuro f(x)=0 (mod p), maKom, umo ptf’ (a),
uucaa, yoosiemsopanoujue cpaeueuu/o f (x) =0 (mod p*) (= 1), obpa-
ayrom Kaacc no modyao p*.

HokasaTenbcTBOo. [IpuMeHuM MeToj MOJHOH MaTeMaTHue-
cKolt HHAYKIMH 10 k. IlycTb [ (x) — OpOH3BOJIBHHH MHOTOUJIEH C
IeJbIMH KoaddullneHTaMH H a, Takoe, uto plf(a), p4{f’ (a). Cre-
neHb f(x) obosmauuMm uepe3 n(nz=1). Ilpnu k=1 yTBepxkuenne
BEpHO N0 ycJoBHIO. [IpenmosioXuM, 4YTO YTBepXKAEHHe BEPHO NpH
HEKOTOPOM £, T. €. NPEeRnoJOXKUM, UTO CPeiH UHCEJ

.., a—p, a, a+p, a+2p, ...
qycsa, YIAOBJETBOpSIOMHE CPaBHEHHIO

f (x) =0 (mod p¥), 4)
06pasyioT OfMH KJacc no MomyJaio p* Buaa
x=b (mod p*). (5)

Yncao b€ a, Tak uto b=a (mod p), f’ ()=’ (a) (mod p) (Teope-
Ma 86) u u3 ycaosus p{f’ (a) caenyer p{f’ (b). ITockonpky b ynos-

JeTBOpsieT cpaBHeHHIo (4), 10 f (b) = 0 (mod p”), f—;()%) —IIeJI0e YHCJIO.
CpaBuenue nepBo#l creneHy f' (b)-t+[’§—b)50(mod p), y Koro-

poro Ko3adpHIHEHT NPH HEH3BECTHOM H MOAYJb B3aHMHO MPOCTHI,
HMeeT pelleHHe, TaK 4YTO MOXHO nozo6path 4HCIO f,, TaKoe, UTO

[’ (6) p*ty+ f (b) =0 (mod p*+1). (6)
Toraa kJaacc uncea no Mogymo p*+1 ,
x=y (mod p**1), (7
rae y=b+ p*t,, VIOBJETBOPSIET CpPaBHEHHUIO
f (x) =0 (mod p**1), 8)
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IleficTBHTENIbHO, B Pa3iOKEHHH f(b-l—p‘?t) N0 CTeNneHAM p*t
(reopema HbloToHa) ' '

Fb-+pt) = FO)+ [ 0P Mo+ca(P*Lol+ . .. 4, (M)

)
BCE cs=fs!(b)—ue.nb1e YhcJa, M NOCKOMbKY npu k=1 Oyjer

2k = k-1, To Bce cnaraembie, HaUMHAA C TPETbEro, JEJATCS Ha
p**1, Tak uyro

f(Y)zf(b+Pkt0)Ef(b)+Pktof’ (b) =0 (mod pk"'l).

Takum ofpasoM, kJaacc (7) mo mopyamo p**l yposneTsopsier
cpasHeHuw0 (8).

Iokaxem, uTo cpelu uHucea Buga (D), Kpome Kujacca (7), He
CYLIECTBYeT APYIMX KJAacCOB 1O MOAYJI0 p°*l, ynoBJeTBOP FIOMMX
cpaBHeHMIO (8). 3aMeTHM nNpexjge BCEro, 4TO IOCKOJbKY y=b=
=a(mod p), To p{f (y). BosbMeM cpegn uHcen BHAa (D) Kakoe-
aubo u”cao y, =a- p*t;, yIoBjeTBOpsioliee cpaBHeHHO (8); Torja
Y.—y=p*(t,—1t,), Tak uTo, pasaaras no dQopmyae Teiaopa,
HMeeM:

FOv)=F(v+p* (ti—to)) =T (V) +p* (t1—1o) [ (v) (mod p**?). (9)

Tlockombky p**[f(yy), p***|f(y) u BMecte ¢ Tem pXf’ (y), TO
(9) noxaswiaer, uto p|#,—1,, TaK 4TO M3 Y,—Yy=p” (¢, —1,) no-
nydaeM vy, =7v (mod p**1); y, NpHHaANeXKHT O MOLYJMO p**1 ToMy
Ke KJjaccy, 4To U y. ' '

Mbl BHAHM, YTO M3 CHNPaBEeIJMBOCTH TeOpeMH i K cjenyer
CTpaBeIHBOCTb YTBepKACHHA ans k- 1. CornacHo npHHUENY HOJ-
HOH MaTeMaTHU4eCKOH HHIYKIIHM TeOpeMa BepHa mpH JwoboMm k== 1.

MBl BHIHM, 4TO JJis TOrO, YToGHl, 3Has peuieHHe x==b (mod p¥)
cpaBHenus (4), Takoe, 4to p4f’ (b), HaliTh peitenue x ==y (mod p**1)
cpaBHenus (7), Hajmo B3ATb y=b-p*t,, rae ¢, yHoBreTBOpsieT
cpaBHeHHUIO (6). ‘

Jl0Ka3aTeJIbCTBO TeOpPeMBI TaKuM 06pa3oM 3¢(eKTHBHO M Jaer
BO3MOXHOCTb JJ/15l KaXJOTr0 pelleHds a cpaBHeHds [ (x)==0 (mod p),
Takoro, uro p4{f’'(a), HalTH NOCJeNOBATEJbHO PEINEHHS CPABHEHHMN
f (x) =0(mod p?), ..., f(x)==0(mod p*) npu Mo6oM CKOJb YTOJAHO
60aBLIOM «.

[Tpuwmep. Peruuts cpasienre x — 2x2 — 30x 441 =0 (mod 125).

3nece f(x)=x3—2x2—30x+41, 1256=05%. Pewmaem cHauana
cpaBrernue [ (x)==0 (mod5), sxBHBaJICHTHOE CPaBHCHHIO x3—2x2-}-
+ 1=0(modb), 1 HaxoauM mnas Hero pewenue x==1(mod>b). Co-

CTaB/iieM CpaBHEHHe f’(l)t-}—“%f:*O(modS), T. e. —3lt42=

=0(modb) umn ¢=2(modb). DBeps ?¢,=2, HaxoauM pelieHHe
cpaBheHust f(x)=0(mod25) B Bupe x=1+2-5=11(mod 25).

Cocrapnsiem cpaBHerue f'(11)¢ +“”) =0 (mod 5), T. e. 289¢ 4

B
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'4-32=0(mod 5), pemenuem KoToporo saBasercsa ¢==2(mod?5),
T. €. B KayeCTBe {; 3leCb TakXkKe MOXKHO B3fTb f,=2.

Pemenne cpaBHeHHa f(x) =0 (mod 125) 6yaer HMeTb BHL X==
=114 2.25(mod 125), 1. e. x=61 (mod 125).
Teopema 159. ITycme p|f' (a)u

x=a (mod p¥) (10)
pewenue cpasuenus f(x)==0 (mod p¥).

1) Ecau p**1¥f(a), mo cpedu uucer (10) Hem wu 00HOz0 uucia,
y0081eMBOPAIOUIL20 CPABHEHUID

f (x) =0 (mod p**1). (11)

2) Ecau p**1|f(a), mo sce uucra (10) ydosremeopsrom cpasue-
Huro (11).

JokaszatenbcTBo. PasnoxkuM f(a- p*) no crenenam p*t:

fla+pfty=F(@) +F (@) pPt +c, (P2 + ... +c, (p*)",  (12)
rae n—creneus f(x), cg=£%@—uenbxe unciaa (2<<s<<n). [llo
ycnosuo p|f'(a) u npu k=1 2k=k-+1, Tak uTO BCe ciarae-
Mble npapoft yactH (12), HauHHAsA CO BTOPOTO, Jeasrcs Ha p*+l,

1) Ecau p**14f(a), To npaBas yactb paBenctsa (12) He gesutcs
Ha p**1 (npuMeuanHe X Teopeme 11) HH NpH KakoM f, H H3 3TOrO
paBenctBa noayuaem p**lrf(a--p*t), 1. e. cpemu umcen (10) Her
“HH OJHOro, YyZIOBJeTBOpsomero cpaBuenuio (11).

2) Ecau p**1|f(a), 1o npaBas uacTh (12) npu moGom mesoM ¢
menutca Ha p**l; p**1|f(a+ p*t), T. e. Bce wncaa (10) ymosaer-
BOpAIOT cpaBHeHHIO (11).

Teopema 159 nokaswiBaer, uro B cayuae p|f’(a) cpemn 3Haue-
HHA X, YIOBJCTBOPSIOMHX cpaBHeHHIO f(x)=0(modp), MoXeT He
ObITh YHCeJN, YAOBJETBOPSAIOULHX CPaBHEHHIO

f (x) =0 (mod p*), (13)
HO MOXeT ObITb H HeCKOJIbKO KJaccoB N0 MOAYJIO p*, ABJSAIOMHXCA
petleHHsaMH cpaBHenusa (13).
TTABA 17
CTENEHHBIE BBIYETbHI
1. MOKA3ATEJIH KJIACCOB MO 3AJAHHOMY MOAYJIO

B 3Tol rJaBe Mbl PacCMOTPHM BOMPOC O pacnpeleleHHH B
KJaccax Mo MOJAYJIO M MOCNAe0BaTeJbHOCTH:
’ a, at a*, ..., S
re a— HeKOTOopoe YHCJ0, B3aHMHO MPOCTOE C MOAYJIEM.

B Havaje raaBbul 11 6buio TOKa3aHO, YTO cpelu STHX CreneHed
ROJKHBI CYIEeCTBOBaTh CTeneHH a®, CpaBHHMble ¢ eNMHHIEH [0
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MoayJaio m. Mu 6y11eM _paccMaTpHBaTh HaHMEHbIee TOJIOXKHTelb-
Hoe k, mpu Kotopom af==1(modm), u HasHBaThb €ro mokasareseM
a 1o MonyJso m.

Onpenenenne 48. IToxasamesem a no modyao m (6yneM o6osHa-
yaTb ero uepes P, (a)) Hasvieaemcs HAUMEHbWUL NOAONUMENbHULL
nokasamenb cmenenu a, cpasrumot ¢ edunuyeill no modyaro m.

Ecan Momysnb m ¢ukcupoBaH, To mnokasateab P, (a) 3aBHCHT
TOJIBKO OT Bh6Opa a, B 3TOM cJaydae OyleM o0603HauaTb €ro AJs
kpatkoctH P (a). CornacHo 3ToMy onpefenenuto P (a) osHadaer
NOJIOXKHTENEHOE YHCJIO, TAKoe, 4TO

af @ =1 (mod m),

NpHYeM NpH BceX r, TakKHX, uTo l<<r < P(a), a’" & 1 (mod m).
[MMpumepn. 1) "Haiitu P11(3)
Jlerko mposepuTb, UTO

3', 32,33,3¢4, 35z 1 (mod 11), a 3%==1 (mod 11), Tak uto P,; (3)=6.
2) Haiitu nio momyJo 15 P(2) u P (11).
21, 22 93=£1(mod 15), a 2*==1(mod 15), Tak uTO0 P (2)=4.

112=1(mod 15), Tax uto P(l1)=2

Paccmorpum cBoiictBa ¢yHKuuu P (a), npuueM BO Bceil sTOH
rjlape, He OTOBapHBas 3TOTO KaxAuH pas, OyjgeM cyuTatb, 4TO
(a, m)=1.

Teopema 160. Ecau b==a (modm), mo P (b)=P (a).

HoxasateasctBo. Ilpy b==a(modm) mns mobGoro Haty-
panbHOoro s b°=a‘(modm) (Teopema 85). Uz aP@ =1 (mod m)
cienyer bP@ =1(modm), a us a"# 1 (modm) npu 1<<r <P (a)
c/elyeT, YTo MpH TaKuX r 6yner TaKke H "% 1 (modm), T. e.
netictBurenpio P (b) =P (a).

CorjlacHo 3TOo#t TeopeMe IJs BceX YHCEJ, NPHHAAJNEXKAUX Of-
HOMY H TOMY e KJaccy @, NoKasaTeJb N0 MOALYJIO m ONHHAKOB.
Mul MOXeM NO3TOMYy paccMaTpHBaTh P (a) Kak (QyHKIHIO, onpege-
JIEHHYI0 Ha MHOXECTBE KJIacCOB, B3aHMHO INIPOCTHIX C MOAYJIEM, H
o6osnauyath ee B BHge P (a).

Teopema 161. Ecau a"=1(modm), mo P(a)|n. HueMu cho-
BAMH,  [IOKa3aTeJJd BCEX CTeneHed a, CPaBHUMBIX C eJWHHLEH MmO
MOJYJIIO M, KPaTHbl HaHMEHbIUEMY MNOJIOXHTeNbHOMY H3 HHX.

JlokasateabcTBO. Hpe}lCTaBPIM n BBHJe n=P(a)q+r, rae
0<<r <P (a). Iockonbky a"=1(modm) u a? @ =1 (mod m), 10

l=qa"=qP @e+tr=(qP @)9.q"=q" (mod m).

CorsiacHo onpeziesieHuio 48 npu Beex r, TAKHX, YTO l<<r <P (a),
a” HECPaBHMMO C eJMHHLUeH N0 MOAxyJio m, H, TAKUM o6pa30M r
MOXeT PaBHATbCA TOJbLKO HYJIO, T. €.

n=P(a)q, P (a)|n.
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Teopema 162. P (a)| o (m).

Jokasareanctso. Ilo Teopeme Dinepa a? ™ = 1(mod m),
cJlefoBaTesIbHO, COTJIaCHO mpejbiayuieii Teopeme umeeM P (a)| @ (m).
Ecam BMmecto uncen a GpaTb KJaaccH @, To Teopema 162 Gyger
NpeLCTaBJaATb COG0H YacTHHIH cayyalt oOue# TeopeMbl TEOpPHH rpynm,
COrJIaCHO KOTODOH MOpPSIZOK JioOOro 35JeMEHTa TPYNIbl— JeJHTeNb
NOpSIZKA TPYMNNHL.

TeopeMa 162 moxker ObiThb JaHa B HECKOJbKO GoJiee YCHJIEHHOM
BHJE.

Teopema 162°. P (a)|L (m), 2de L (m)—obobujernas ¢ynkyus
Jiirepa (onpenenenue 38).

HDokasarteanctBo. Ilpu (@, m)=1 al ™ =1 (mod m) (Teo-
pema 121), u torga coraacHo Teopeme 161 P (a)|L (m).

Teopemnbl 162 u 162’ mokasbiBaioT, YTO MOKAas3aTeNH MO MOZAYJIO
m JOCTAaTOMHO HCKAThb CPeAM JeauTened ¢ (m) U Aaxe cpeiu Jesu-
Tenel L (m).

IIpumepsn. 1) Ilo mogymo m=22 na#itu P (3) u P (7).

¢ (22) = 10, nostomy 3HaueHusMu P (@) Moryr 6biTh ToabKo 1, 2,
5 u 10. Haxopum 3%, 32 1 (mod 22), 3°=1(mod 22), P (3)=>5.
Ons a=7 umeem: 7, 72,7% # 1 (mod 22) u, caeposarensto, P(7) ==

2) Ilo Mopymio m=133 naiitu P (2).

Haxogum L (133)=18, tak uyto P (2)—o0AHO H3 cJelyiOlHX
unces: 1, 2, 3, 6, 9, 18. ITockoabry 21, 22, 23, 28, 2% = | (mod 133),
T0 P (2)=18.

Teopema 163. Cpasnenue a*==a'(modm) umeem mecmo mozda
u moabko mozda, kozda s=t (mod P (a)).

I[oxasaTeJleTBo 1) Ilycts a*=a' (mod m), s=1; Toraa,
NOCKOAbKY (@, m)=1, o6e yacTu 5TOro CpaBHEHHS] MOXHO (Teo-
pema 80) cokpaTHTs Ha a', Tak uro a°~!=1(modm). Cormacuo
teopeme 161 Gynem umetrb P (a)|s—i¢, s==f(modP (a)). Canyuai
! >s>=0 cBoauTcs K YXKe pPacCMOTPEHHOMY, TaK Kak JIeByl0 H
NpaBylo YaCTH CPaBHEHHS] MOXHO IIOMEHSTb MeCTaMH.

2) Ilycrp s=t(modP(a)), s=t=0. Torna s=t+P(a)y,
TJie y Iejioe HEOTPHIATEJbHOE.

a’=at*+P @y =gq! (aP @)Y =4a' (mod m).

Cayua#i 1 >s==0 cBoauTCs K yXe pacCMOTPEHHOMY.
Teopema 164. B nocaedosamensrocmu (1) sce wucaa npuradae-
aam P (a) Kaaccam, npedcmasumersmu (@ui4emamu) KOmMopbix 8-

Aatomea 4ucaa:
a, a, a®, ..., aP @, 2)

JdokaszateanbcTBo. Uncaa (2) nonapao HECpaBHHMEl MeX 1y
coboit. JleficTBHTeNIbHO, coOIVIacHO Teopeme 163 a’==a (mod m)
TOJMBKO TOrZa, Korja s==f (mod P (q)); HO cpefu moka3aTejeil cre-
neHedl g B MOC/eOBaTENBHOCTH (2) HeT CpaBHHMHIX no Moiydio P (a).
C Japyroii cTOpOHH,; B CHAY TOH XKe TeOpeMbl, €CJH [OKa3aTelH
IBYX CTemeHe#l ¢ cpaBHHMH 110 MOAYJI0 P (@), TO CTeNneHH CPaBHHMHI
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10 MOAYJIO m, MO3TOMY B mocJeloBaTeJsHOCTH (1) He MOXKeT GHITh
G6onbuie yeM P (@) HecpaBHHMBIX IO MOAYJAIO m YHCEJ, T. €. Kax-
Joe aucqao Buga aV (1 << N < oo) CpaBHEMO C HEKOTODHIM YHCJIOM
nocxe0BaTeabHOCTH (2).

MMpumep. ITo mopynio m=21, P(2)=6. Cpeau creneneit oc-
HOBaHHUS 2 MONapHO HECPaBHUMBIMH BeJIHYMHAMH SIBJSIOTCS CTENeHH:
2, 22=4, 23=8, 2¢=16, 2°=11, 2°=1(mod 21), u, Takkm 0Gpa-
30M, BCe uHcsia BHAAa 2° TMpHHajnexaT Kiaaccam 1, 2, 4, 8, 11, 16.

Teopema 165. P(a®)=P(a) mo2da u moasKo mozaa, xo2da
(s, P(a))=1.

HoxrasatenbctBo. 1) Ilyere (s, P(a))=1. Haiigem HanMeHb-
Ilee MOJONKHTENbHOE LEJ0e UHCJIO0 i, Takoe, uto (a’) =1 (mod m).
W3 nmocaennero cpaBueHHst nosjyuaeM a*” ==1(mod m), T. e. cornacHo
Teopeme 161 aomxkHO 6miTe P(a)|sy; HO, MOCKOABKY (S, P (a))=1,
3TO MoXeT OHTb TOABKO TpH P (a)|y, W HauMeHbilee NOJOXKHTEJb~
Hoe 3HaueHHe Y, YJAOBJETBOpSIOIlee INOCTABJICHHOMY YCJIOBHIO, paB-
Ho P (a).

P (a) s
2) Hycts (s, P(a))=d>1. Torza o H g —UeJbe YHCaa H
P (a) s
N d i s P {(a)
(a°) ¢ =(aP@)d =1 (modm), T. e. P(a)< << P (a).

Jrta TeopeMa NOKa3biBaeT, 4TO Cpeid CTeneHeu nocJieloBaTeb-
HOCTH (2) Bce cremeHH a®, y KOTOpHIX S B3aHMHO npocto c P (a),
HMEIOT TOT e I0KasaTeJb N0 MOAYJIO m, Kak H caMo a.

IIpumep. ITo Mmogymo m=19, P(5)=9. Cpean crenenei
ocHopaHusi 5:5', 5%, B3, b4, 55, 58, 57, B8, 5® — moguepkHYTH Te,
Yy KOTOPHIX HOKa3aTejH B3aUMHO npocTel ¢ 9. Jnsi Bcex 3THX cre-
neHefi W BCeX YHCeJ COOTBETCTBYIOILHX KjaaccoB b, 52=6, 5*=17,
55=9, 57==16, H®= 4 nokasaTeAH TaK¥kKe paBHbl 9.

Teopema 166. Ecau no modyaro m P(a)=k, mo xaaccot

a, a?, ..., a* @)
npedcmasasiom cobol pasAudHbIe PELUEHUS CPABHEHUS:
=1 (mod m). (4)

L[oxasa're.nbcnao Ecau P (a)=£k, 10 af=1(modm), u
TOrJa IpH mobom s =0 (a®)* = (a*)*= 1 (mod m), Tak uTO BCce uMCaa
a® YZOBIeTBOPAIOT cpaBHenuio (4), T. e. Kjaacchl (3)— pelieHHUst
3TOI'0 CpaBHEHMSI.

CorsnacHo Teopeme 164 Bce 5TH pemeHHs! pas3jHuUHEL

lNpumeuasue. KpoMme kaaccos (3), cpaBreHde (4) moxer, soome roBo-
pf, HMeThb HM_Jpyrde peilenufl. Hanpmvxep, npn m=36, P (5)=6 knaccu 5,
52=95, §8=17, B4=13, 55=29, 58=1 spasiorcs pellleHHAME CpPaBHeHUd x8 =3
==l (mod 36), HO 5TO CcpaBHeHHE MMeeT H npyrue pememm, a HMeHHO (KJacCH)

7, 11, 19,-23; 81, 3b.
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‘OxasniBaercsl, ¥ Mpl 9TO YCTaHOBHM B clelyioulefi Teopeme, B
ciy4yae, KOrla MOAYJAb m-—IPOCTOE YHCJO, KJaccH (3) Hcyepnhl-
BAIOT BCe pelleHUs CpaBHEHHA (4).

Teopema 167. Ecau no npocmomy modyso p umeem P (a)=*k,
mo Kaaccot

a, a, ..., a* (5)
npedcmasasom coboli ece peuieHus cpasHeHUA
x*=1(mod p). (6)

INokaszaTennctBo. B teopeme 166 yxe 6bio ycTaHoBJeHO,
YTO KJacChl (5) sIBJISIOTCS Pa3/IMYHBIMH DeIUeHHSIMH cpaBHeHHs (6).

ITockonbKy MOMY/Ib p—mnpocToe 4uC]O, cpaBHeHne (6) (Teo-
pemMa 148) He MoXeT uMeTb GoJbie YeM k pelleHHE H, TaKHM
o0pa3oM, Kijacchl (5) HCUepNBIBAIOT BCe BO3MOMKHbIC PelleHHs STOrO
CPaBHeHHSI.

IIpumep. 3Has, uTo 2 yJOBNETBOPSET CpPAaBHEHHUIO

x*=1(mod 17),

HafTH BCe DEIeHHS STOrO CPaBHEHHS. :

Tak kak @ (17)=16, To P,,(2) Haxomurca cpegu uucea 1, 2,
4, 8, 16. HenocpencrsenHast mpoBepka NoKasbiBaeT, uto P (2)=8.
PemienusiMu JaHHOrO cpaBHEHHS ABJASIOTCS KJAAaCChi: :

-1, =5, 5=T16, =15, =13, 77=7, =T,

N

2. YUCAO KJACCOB C 3AJAHHDBIM NMOKA3ATEJIEM

Ecau Mbl Bo3bMeM Bce KJacchl, B3aHMHO TPOCTHIE ¢ MOAYJeM m,
TO KaXIbifi Takoll KJacc @ MPUHALNERHT HEKOTOPOMY MOKAa3aTeJlio
k=P (a), npuuem (Teopema 162) &|@(m).

Mb Gymem paccMaTpHBaTh NpPH 3aJaHHOM fi YHCJO KJIACCOB,
JJIA KOTODbIX MOKasaTeldb IO MOJAYJKI m paBeH k, u 0603HAYATh
9TO uHucao depes (k).

Ipu kfe(m) uucao k He MoMeT ObITb 3HaueHHeM P (@), Tak
4TO npH R{Q (m) umeem ¢ (k) =0.

[Tpumepsw. 1) Ilpu m=11 umeem ¢(11)=10. BosMoxHble
3HaueHuss k= P (@) AomKHO ObITh cpenu nenutened 10, T. e. cpeiu
yucea 1, 2, 5, 10. CocraBuM caenymomyio TabaHLy 3HaueHuil P (g):

345‘6‘7 10

8'9

a ’1)2

k=P (@|1]10 |5 15 10 10 5 2

5'10

B nepBoil cTpoKe BHINHCAHBI MPeACTaBHTENH BCEX KJacCOB, B3a-
HMHO NpPOCTHIX C MOJYJieM, a BO BTOPOH CTPOKE—COOTBETCTBYIO-
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mue sHaueHus P (a). Takum o6pasom, mo momymio 11 uMeeTcs opum
KJlacc, MOKasaTeJb KOTOpPOro paseH 1, OJIMH KJiacc, NoKasaTelb
KOTOpOro paBeH 2, YeThipe KJacca, NOKasareNd KOTOPBEIX PaBHH 5,
H YeThipe KJiacca, NMOKa3saTeJH KOTOpHX paBHH 10, T. e. npu m=11

HMEEM:
Y(=1, (=1, ¢ (5)=4, ¢ (10)=4.

2) Tlpu m=20 ¢ (20)=8. BosMmoxHubue 3Hauenuss k=1, 2, 4, 8,
CooTeeTcTRyIOmMAs TabjHIa GyJeT HMEeTh BHI:

1|3 7,9 11 13’17!19

P (a)

IREE

IREE

Y(H)=1, $(2)=3, vy(4)=4, $(8)=0.
Teopema 168.
2 Y (k) =g (m).
k@ (m)

JoxasaTenbcTBO. DBhnHileM Bce TNOJOXHTENbHbIE JeJH-
Tenn @ (m), o6o3Hauas HX uepes ky =1, k,, ..., ky=0¢(m). Beero
Mo MOAYJAIO M HMeeTcs @ (/M) KJacCop, B3aMMHO NPOCTHIX C m, H
KaxJBH M3 5THX KJIACCOB HMEEeT B KauecTBe MOKasaresis OJAHO H3

uncen: ky, k,, ..., k, (Teopema 162).

Hekoropble H3 3THX KJaccOB HMeIOT TOKasaTeseM k,, NMpHYEM
YHCJO TaKHX KJaccOB paBHO P (k,), HEKOTOpble HMEIOT MOKasare-
JeM k,, OpHYEM YHCJIO TaKHX KJaccoB paBHO (k,), M T. X JO
nocjefHedl yacTH 3THX KJacCOB, B KOTOpYIO BOHAYT P (k) KJaccos
¢ TNoKaszaTeJsiMH, paBHbIMH k.. CyMma

P (ky) + (ko) + .. D (k)

paBHa ofiemy quc.n);\ KJaccoB, B3aWMHO MNPOCTEIX C MOZAYJeM i,
T. €. paBHa @ (M) H, TAKHM 06Pas3oOM,
klZ} t)P(k)=\P(k1)+1P(k2)+...+'\P(ks)=<P(m)-
@ (m
Mpumep. B npumepe 1 k mpeabinyies TeopeMe ObiJIO BBIYHC-
JeHo, uro no Moaymo 11 $(I)=1, $(2)=1, ¢ (5)=4, ¢ (10)=4,
kIZIJ\P(k)=\P(1)+1P(2)+’1P(5)+\P(10)=10=<P(11)-
[1}

Teopema 169. ITo npocmomy modyao p 841 06020 yerozo k=1

: P (k) < (k).
- HoxasaTeabcTBO. PaccMOTPHM KJacChl, A KOTOPHX MO~

KasaTeJlH MO MOAYJiO p paBHEl k. Ec/H TakHX Knaccos He cyme-
creyer, To P(k)=0, T. e. Y(R) <@ (k). Ecmu cyumecrsyer xorp
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OfHH TaKOH KJacc @, T. e. ecqu P (a) =k, To cornacHo Teopeme 167
KJacchl o _
a, a?, fe a* (7N

06pasyioT Bce pellleHHs CpPaBHeHHs x* =1 (mod p).
- Ilo Teopeme 165 P(a’)=P (a) Toria ¥ TOJBKO TOrAa, KOria
(s, k)=1. UHcao Takux s (1 <<s=<k) paBHO @ (k), Tak 4TO HHCJO
KJaccoB B (7), y KOTOpHX NOKasaTesb paBeH k, ToXe paBHO ¢ (k).

C xpyro#t cropoHns, mo6oft KJacc b, y KOTOpPOro nokasare/b no
MOLYJIO p TOXe paBeH k, JOJuKeH YJIOBJETBOPATL cpaBHeHHIO (6),
H No3TOMY b JOJKeH HaxXOJUThCs CpeaM KJaccos (7).

dro sHauMT, 4ro, Kpome ¢ (k) KJjaccoB, umelomuxcsa B (7),
BoofLie He CYIECTBYeT APYTHX KJIAaccoOB, Yy KOTOPHIX I[10KasaTetb
paBHsierca R, T. e. P (R)=¢ (k). Mb BuauM, TakuM o0pasoM, UTO
P (k) MoxeT paBHATbCS JuOO HyJO, aubo @ (k), T. €. BO BCAKOM
cayyae P (k) << @ (k).

Teopema 170. Ilo npocmomy modymo p npu k|p-—1 eceeda
P (k) = (k).

HoxasarteabctBo. CorsacHo TeopeMmam 118 u 168 npu mo-
JyJe m, paBHOM MNpPOCTOMY YHCJY p, HMeeM:

D PE=p—1, @
2¢(k)=p—1. 9

ITockonbky B qmopmy.nax (8) u (9) k& npoGeraer omHM H Te Xe
sHayeHHsi, To, BhuuTasg (9) H3 (8), MOXHO 00BEJWHHTHL MNONAPHO
cjaraeMble ¢ OJHHMH H TeMH e 3HAaYeHHAMH R, Tak 4ro

2 {@ ()—9 (R)} =0. - (10)
klp-1

CornacHo teopeMe 169 P (k)<< @ (k), T. e. BCe cjlaraeMbie B Jie-
Bo# uyactH paBencrBa (10) HeoTpHuaTesbHB. CyMMa HeOTpHUATENb-
HBIX CJaraeMbiX MOXeT PaBHATBbCA HYJIO TOJbKO, €CJH Bce cja-
raemble paBHbH HYJO, T. €. OpH Bcex k|p—I1 -

@ (k) — (k) =0, ¥ (k) = (k).

Ipumep. Ina npocroro MmMopyas 11 B npHMepe Ha c'rparm-

e 143 6nno Haiigeno, uto P (1)=1, 1[7(2)——1 P (5)=4, P (10)=4,
n JeficrBuTenbHo HMeeM Takke @ (l)=1, @(2)=1, ¢(b)= 4
¢ (10)=4.
rJ1ABA 18
NMEPBOOBPA3HBIE KOPHH
1. IEPBOOBPA3HBIE KOPHH MO MPOCTOMY MOAYJIO

Onpegenenne 49. Kaacc a, 20e (@, m)y=1, Ha3bi6aemcs nepeo-
06pasHbIM  KOPHEM N0 MOGYa0 m, €CAu NOKA3amesb a no smomy
Mmodynio paser @(m), m. e. ecau P(a) @(m). , _
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‘Bmecre c' knaccom @ Mbl GyfleM HasbiBaThb TepBOOGpasHLIMH
KODHSMH M BCE YHCJIa 3TOTO KJjacca. ’

Ipu (a, m)=1 a® ™ =1 (mod m) u (teopema 162) P (a)| ¢ (m),
MOSTOMY, €CJiH Bce COOCTBEHHBlE HREJIHTeJM @ (m) He SIBJASAITCH 3Ha-
ueHusiMH P (a), To P (a) MoxeT paBHATbCS TOJAbKO ¢ (m). Takum
oGpasoM, 4ToOn yGenutbCst, 4TO @, rjae (a, m)=1,—mnepBooGpas-
Hbii KOpeHb MO MOAYJIO M, JOCTaToYHO IpPOBEPHThb, YTO a@F &
# 1 (mod m) npu Beex k|@(m), Takux, uro 1<k <<q(m).

ITpumep. Ilo moxymo 54 kiacc 5—rmnepBooGpasHbii KOpPeHb.
HefictBurennHo, @ (54)=18. CobcTBeHHBle jenuTesn ¢ (54) paBHBI |
1, 2, 3, 6, 9. Jlerko mpoBeputb, uto 5% % 1(mod 54) npu k=1,
2, 3, 6, 9.

Has npocroro Mopynsa m=p uMeeM ¢ (p)=p—1. IlepBooGpa3-
HEIMH KOPHSIMH TIO TIPOCTOMY MOAYJIO p SABJSIOTCS KJAacChl, MOKa-
3aTeJil KOTOPBHIX 110 3STOMY MOAYyJ/O paBHH p—1, T. e. KJaccH
@, nas Koropelx P(a)=p—1.

Ipu pka (t. e. (a, p)==1) kaacc @ 6yaer nepBooGPa3HbLIM KOP-
HEM MO MOAYJIO P, €CJH IpH Bcex k{p—1, Takux, uto <<k <<
<p—1, a*# 1 (mod p).

IMpumep. Ha crpannue 144 O6binn yKasaHn mnoKasareau IO
monymio p= 11 mas BceX KJaaccos, He feasuuxcs Ha 11. Ilokasa-
Tead, paBubie p—1, 1. e. 10, uMeor YeTHpe Kaacca: 2, 6, 7, 8, aB-
JSIOLHEC, TAaKUM 00pasoM, NepBoOOpPasHbIMH KOPDHSAMH MO MOJY-
aoe 11.

TlepBooGpasHbiX KOpHEH MO MOAYJIO /m MOMXKET COBceM He ObIThb
H, TakuM o0pa3oM, uHCAO NepBOOGPa3sHBIX KOpHeH MOXKeT paB-
HATbCA Hymo. Tak, HampuMep, Ha crpaHuine 144 ObuiM yKasaHbl
nokasaTeJan no moaymo 20 Mg BCeX KJaccoB, B3aHMHO NPOCTHIX
¢ MoayJsieM. Jlnfl BceX 3THX KJAacCOB MOKasare/sb OTJHYeH OT @ (20) =
=8, T. e. mepBoo6pasHbX KopHell No moxyo 20 He cymecTByeT.

Teopema 171. [lo awbomy npocmomy modyiwo p cyuwjecmayem
® (p— 1) Kkaaccos nepeoobpasHbix KopHed,

HdokasateascTBo. IlepBoo6pasHrle KOPDHH MO MOAYJIO p-—
KJIacChl, Y KOTOPBIX NOKa3satesb k paseH p— 1. CoraacHo Teopeme 170
npu k=p—1 uncno (k) Takux KJaaccoB paBHO @ (k)=¢ (p—1).

Ecan @—xaacc nepBooGpasHbIX KOpHeH IO IPOCTOMY MOZAYJIO p,
TO cornacHo Teopeme 165 Bce kaaccm a® mpu (s, p—1)=1,
1<<s<Cp—1 uMeOT mo MOAYJIO p TOT JKe MoKa3aTeJb p—1, T. e.
TaKke SBAAIOTCA KjaccamMH mnepsooOpasubix kopHeil. IlpupaBas s
3HaueHHs, 0o6Gpa3yioliie MPHBEJEHHYIO CHCTEMY BBHIYETOB [0 MOAYJIO
p—1, nonyumm ¢ (p—1) xJuaccoB nepsooOpa3HHX KOpHed, T. e.
Bce MepBOOOpa3Hble KOPHH MO MOAYJIO p.

IIpumep. o mogymo 13 kaacc 2 asasercs nepsooBpasHbM
KOPHeM, TaK Kak npu k=1, 2, 3, 4, 6 (coGcrBeHHble aesnutenu 12)
2% 1(mod 13). = = ‘
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~ Mu nonyunM Bce nepsooGpasHHie KOpPHH mo Moaywio 13, ecam
BO3bMeM KJacCH BHIa 2°, mpujaBsast s 3HaueHus 1,5, 9, 11, obpa-
ayolHe NpHBeJEHHYI0 CHCTeMY BhIWeTOB 1o moxyJaio 12, Haxoxum
deThipe MepBOOOpPa3HLIX KOpHA no MoayJawo 13: ‘

N=2, =6, =11, 20=7.
Teopema 172. Ecau a-— nepsoobpasubii Kopert no modyaro m,
mo wucaa
a, a?, @, ... ,a?™ (M

obpasytom npusedeHHYyI0 cucmemy 6bliemos no modyawo m,

JdokasartenbcrBo. Ecan a-—nepBoobpa3Hbifi xopeHb [0
Monyo m, To P (a)= ¢ (m), 1 Torja cornacHo TeopeMe 164 uncna (1)
NONAapHO HeCPaBHHMH NO MoayJaiwo m., M3 (a, m)=1 cneayer (teope-
Ma 43), uTo Bce uHchaa (1) B3aUMHO HPOCTHI C MOZYVJIEM.

Taxum obpa3oM, cHcTeMa @ (m) uucexn (1), nonapHo HeCpaBHH-
MBIX II0 MOAYJIO /M H B3aHMHO HNPOCTBIX C 3THM MOAYJeM, o6pasyer
(Teopema 110) mpHBeJeHHYIO CUCTEMY BBIUETOB.

3aMeuanue. B uacrHocTH, ecnu a—nepBoobpa3Hblfi KopeHb
[0 MPOCTOMY MOAYJAI0 m==p, T0 ¢ (p)==p—1, U YHCcIa

a,at, ...,a"! @)

06pa3yioT NpHBEJEHHYI0 CHCTEMY BEHIUETOB MO MOAYJIO p.
Ilpumep. Ilo moaymo p=11 uncao 2—nepBoobpa3Hbll Ko-
peHb. CTeneHu 2 oT nepBolf MO HecAToH, T. €. uHcaa:

2, 22=4, B=8, 24=5, 28=10, 2¢6=9, 2"=7, 28=3,
29=6, 29 =1 (mod 11), :

06pa3yioT NpPHBEJEHHYI0 CHCTEMY BBIYETOB MO MOAyJw 11.
Jas Haxoxjennst nepBooGpasHbIX KOpHeH no IpoCcTOMY MOAYJIO
MOXKHO NOJIb30BaTbCH CJAEAYIOMIHUM KpHTepHeM. .
Teopema 173. Ecau p}r p3: ... p*+—KGHOHUHECKOE PASAOKCEHUE
yucaa p—1 u
p-1 p=1
a P #1(modp), ...,ar = 1(modp),
mo a— nepsooOpasHbLi KOPeHb N0 NPOCHIOMY MOOYA0 P,
JHoxasarteabcTBo. Jlio60if co6CcTBeHHBIH JeJdHTeNb B 4YHCIa

—1
p-——l SBJISIETCS JIeJIMTeJIEM XOTs Obl OJHOrOo M3 uHces BT H TOrja
i

P=l_pl. Ecam 6m s Takoro E(l<<k<p—1) 6umoa*=

z—il (mod p), TO
p-1
a?n =a*=(a*" =1 (mod p),

YTO MPOTHBOPEYHT YCJMOBHIO. TakUM o6pasoM, A1 BceX coGCTBEH-
HBIX Jeauteneii k uncia p—1 umeem a* # 1 (mod p) B, crenosa-
TeJbHO, a—INepBoobpasHuii KOpeHb MO MOAY/O p.
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. p-1 g
Ouesunno, uTo ycJjoBHe a P = 1 (mod p) mas Bcex MPOCTHX p;,
BXOJSAIMHX B KaHOHHUYECKOE Pa3JIOKeHHe p— 1, SBJASETCH HE TOJIBKO
JOCTATOYHBIM, HO M HEOGXOIMMEIM YCJAOBHEM TOro, 4TOGH a ObLIO
Neppoo6pa3HLHIM KOPHEM N0 NPOCTOMY MOAYJIO p.
IIpumep. dokasaTs, 410 2 ecTh nepBoOOGPas3HLI KOPEHb MO

MonyJio p==53.

p—1=52=2%.13. Vmeem: 213 =24z | (mod 53),

B2
- 27 =226—=(8192)?=(30)2=—1 (mod 53)

H, TaKkuM 00pasoM, CcorJjacHO TeopeMe 173 umncio 2—mnepBoobpas-
HHfi KopeHb 1O MoAyJio 53.

2. NEPBOOBPA3HBIE KOPHH MO COCTABHBIM MOAYJISAM

PaccmoTpuM Temepb BONPOC O CYUIECTBOBAaHHH MepBOOOPasHBIX
KOpHeH 1o cocTaBHOMY Mopayio. [Ipemxpe Bcero oTMeTumM, 4To mepBo-
o6pa3Hble KODHH [0 MOAYJIO pP* HAXOAATCA Cpefiu NepBOOOpas3HbIX
KOpHeH 1o MOAyJio p.

Teopema 174. IIycme p—npocmoe 4ucao. Jlwobodi nepsoobpas-
Hod Kopers no modyaw p® (o == 1) ssasemcs maksice nepsoobpasHoiLm

KOpHem no modyao p.
~ IMokaszartenbcTBO. Eciu a He nepBoobpas3Huli KopeHb IO
MOZAYJIIO p, TO CYILeCTBYeT k£ Takoe, uto ls<<hk<<p—1 H atf=

==1 (mod p). Torma a*=1-+pt u, pasnaras a’ifi_la——_—l(l —}—pt)"’m"1
[0 cTeneHsiM pf, nosy4yaeM ake” =1 + p*ipt+4 B_%Ll(pt)2+

+...=1(mod p%), rpe kp*t<<p* }(p—1)=q@(p®), TaK 4TO @ HE
nepBoo6pasHbll KOpPeHb MO MOAYJIO p.

Takum ofpasoM, 3afaua OTBICKaHHS NepBOOGpasHbIX KOpHeH MO
MOAYJIO p* npu a > 1 cBOAUTCS K TOMY, 4TOGH cpeju neppoodpas-
HbIX KOpHed 1o MOAyMI0 p otoOpaTh YHCJa, SABJSIOILHECA TaKke
NepBOOGPA3HBIMH KOPHSAMH H 0O MOAYJIO p°.

Teopema 175, Ecau a—nepsoobpasnsid Kopewb ho npoCMOMY
MoOyr0 p u

a?* (-1 = 1 (mod p%),

e0e =2, mo a sgrsemcs maKxce nepeoobpa3HbIM KOPHEM MO MO-
dyawo p°.

HoxasartenbctBo. [lycte no Moaymo p* P(a)=£k, Torja
a*=1(mod p*) u k| p*~* (p—1) (Teopema 162). Bmecte c TeM GyAeT
CHpaBe[JiNBO U cpaBHeHHe a®==1 (mod p), Tak 4TO MOCKOJBKY @ —
nepBooGpasHbil KOpeHb MO MOAYJIO p, T0 (Teopema 161) p—I1]&,
k=(p—1)t,(p—1)¢|p*~1(p—1), t|p®~ 1, t=pF, rre O<P<a—1.
Takum o6pasom, k= pd(p—1), ) ]

2?Pe-V=1(modp) ©O<P<a—1).
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Ecan 6u 6uno O0<<f <a—2, To, BO3BOASL 0Ge 4acTH CpaBHEeHHS

@ -1 =1 (mod p)

B CTeneHb p°~2~f, mnoayuman G
a* Fe-n=1 (mod p%),

YTO NPOTHBOpPEYHT YCJOBHIO TeopeMel. Takum ob6pasoM, B Moxer
pPaBHATBCA TOJBKO a—1, Tak 4TO

P@)=p"t(p—1)=09(p9,

T. €. @—NepBoo0OpasHLIH KOpPeHb M0 MOAYJIO p°.

Teopema 176. Ecau a nepeoobpasnbili KOpeHs RO NPOCHOMY MO-
Oyamo p=>2, mo ua 0syx uuces a u a-p no kKpatiueii mepe oOHO
ABASIEMCA NePBoOOPASHBIM KOPHEM NnO Mo0yao pi.

IlokasaTeabCTRBO. a-+ p BMecTe C a Takke SIBASIeTCS Iep-
BOOOpa3HLIM KODHEM IO MOAYJIO p, npuueM p4 a. IIpeanoioxuM,
4TO @ M @+ p He SIBJSIIOTCS N1epBOOGpa3HBIMU KOPHSIMH IO MOAYJO p2;
TOTAa COTJIACHO MpeABlAyLIeHl TeopeMe:

a’"1=1 (mod p?) u (a+ p)’~1==1 (mod p?),
(@a+p)P1—af1=(p—1)a? 2p+Ci_ a’? p>+ ... =0 (mod p?),

Tak uro p®|(p—1)af~%p, p|(p—1)af~?, 4TO NPOTHBOPEUHT TOMY,
yto p{p—1 u pfa.

IMTockoabky yxke panbuie (TeopeMa 171) 6bijIo yCTaHOBJIEHO Cy-
LleCTBOBaHHe NepBOOGpa3HbIX KOPHEH IO JIIo6OMY NPOCTOMY MOAYJIIO,
Teopema 176 noxasbmae'r CYLIeCTBOBaHHEe MNepBOo0OOpa3HEIX KOpHeH
10 MOAYJIO p?, rie p—HeUyeTHOE NPOCTOE UHUCIO.

Teopema 177. Ecau a—nepsoobpasHbLl KopeHs Nno Moay/lfo p2,
20e p—Hedemroe RPOCHMOE HUCAO, MO G SBASlEMCA NepeooOPa3HbIM
KOpHem no modymo p° npu awobom o = 2.

HokaszarteanctTBo. JlokakeM cHauaja, YyT0 NpuU n=p"~2,

rie p-—HEeYeTHOe NpPOCTOe YHCIO, =2, (F=_r—0Fp (n‘ 5 §=2,
Gyner
p**|Cs. 3)
Heficrurenbho: 1) npa s=2 p“‘zfn"—-;——l , T.e. p*2|Ch
2) npu s=3 p*~? dBasercsd HeJHTENEM UYHCIHTENSl BLIpAMKEHHS

s_nn—1).. (n——s+1)
Cn_ 1. 2

— — I +..
a p[ ] ["'] eCTb HaWBBICWIAsl CTENeHb p, AeNsiuas 3HaMeHa-
Tesb (Teopema 52), mosToMy

Rl 2 bl 1 Rt

Ca.
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Ecam s=3, 10 ’
. s | . s 3
== [5]—[3] = e [3] meamams
P pz ‘ ¢ P = 0 3 a S
a e s=4, 10
S S $ S
Aa—-2——[—]—[——]—...>a——2——<— = )=
p p? p + pz+
$
—e———— 2 — —_—
a—2 1= 2—5=a—s,
T. e. p*~¥|Cs.
IMepeiineM Temepp K JOKAa3aTelbCTBY TOrO, 4TO d HABJAAETCH
epBoOOpa3HHIM KOpHEM [0 MOAYJIO p°.
p4{a, Tak uTo corsacHo Teopeme Pepma aP~l==1 (mod p),

af~lt=1+4pt 4)
H BMecTe C TeM NOCKOJbKY Pp:(a)=p(p—1), 10 p4t.
BosBons (4) B creneHbp n=p*~2, rie a>>2, nomyuaem

a?* "t =0 = (14 pt)" = 14 npt + Ca (pt)*+ ... +Ch (pt)".
N3 (3) npu s=2 noayuaeM p*|Cup° H, clefoBaTeJbHO,
p*|Cr(pH)2+ ...+ Ch(p)".
BMecte ¢ TeM npf=p*~1f{ He meJHTCA Ha p*, TaK UTO
a?*"* =1 % 1 (mod p"),

H cornacHo TeopeMe 175 a—nepBoofpasHbld KOpeHb N0 MOAYIIO p*.
[Tpumep. Haiitu nepsooGpasubiii Koperb mo moayimo 625. ITo

MonyJio 5 Kiacc 2 ABJAseTCs MNepBOOOPasHHIM KOpPHEM, TaK 4YTO
(reopema 176) u3 AByx wuHcean: 2 u 24+ 5=T7-—mno0 KpailiHe#t Mepe
OHO HO/IKHO OLITb NepBOOOPA3HBIM KOpHEM I10 MOAYJdI0 52
2% £ 1 (mod 5%), Tak uTo cormacHo TeopeMe 175 2 —nepBooGpas-
Hblil KopeHp no MOAyJMo 52, HO Torja (reopeMa 177) 2—mepBo-
00pasHbll KOpeHb H MO MoAyJw 5%=625. /

Teopema 178. Jas a0bozo modyan p*, e20e p—Hevemroe npo-
cmoe qucao u yeace a z==1, cywecmsyrom nepeooBpasHsie KOPHU.

HorkaszareancrBo. TeopeMa siBaseTcs HenocpeJCTBEHHBIM
caefcrBueM Teopem 171, 176, 177.

Teopema 179. [To modyao m=2p*, 20e p— aoboe HedemHoe
npocmoe uucto u o ==1 yesoe, cyujecmayrom nepeoobpasHbie KOPHLU.
JI10601i Hewemnbili nepaoo6pasHeli KopeHs ho Modymo p* ssisemcs
makoice nepaoobpasHbim KopHem no modymo 2p°.

JlokaszaTeabcTBO. Ecau a HeuerHo H a*=1 (mod p%), ToO
a®*=1 (mod 2), a clefoBatensho (Teopema 91), af*=1 (mod 2p%).
Us a*=1 (mod 2p®), ouesuzno, caeayer a*=1 (mod p°®). Takum
o6pasoM, /sl HEUeTHbIX @ N0Ka3aTejH MO MOAYJAAM p* W 2p* paBHHI,

T. €. , v
Pypa (@) = Ppa(a).
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TIpn HeveTHOM p B Mo6OM XJacce NO MOXYJMO p H3 mayx co-
CeIHHX YHCesJ OJHO HedeTHoe. B3fiB M3 KJacca HepBooGpasHHIX
KOpHefl Mo MOAyJo p*, CylleCTBOBaHHe KOTOPOTO OHIJIO AOKAa3aHO
(Teopema 178), Takoe HedeTHOe YHCJIO a, GyjeM HMETb

Piypa(a) = Ppa (a) =9 (p*) = ¢ (2P%),
T. €. a 6yjer nepBooOpasHBIM KOPHEM H MO MOAYyJi0 2p°.

ITpumep. Halith neppoo6pasnnii KopeHb no moaymo 50.

B npumepe k Teopeme 177 Onio HalijaeHo, uTO 2 ecTb NepBC-
ob6pasHbiil KopeHb no Moaymio 25. Jliob6oe HeueTHoe uuCJIO, CPaE-
BHMoe ¢ 2 mo Moayso 25, 6ymer nepBoo6pasHBIM KODHEM IO Mo-
aymo 50. Hanpumep, TakuM nepBoobpasHelM KopHeM 6yaeT yuciao 27,

Teopema 180. [Ipu 24X a, a =3 umeem mecmo HepageHcmso:

P,e(a) < 2°~2. (5)

JdoxrasareasctBo. Ilycts a~—mo6oe HeueTHOe yucno. JJoka-
KeM HepaBeHCTBO (D) uuAyKudeh no a. Ilpn a =23 HepapeHcTBO ()
BEPHO, TaK KakK H3 a=1-2{ caenyer, 4TO

a2=1—}—4t(t—}—1)51 (mod 2?%), 1. e. Py(a)=<2
Honycrum, uro HepaBeHCTBo (5) BepHO npH a=n>==3; Toria
P19, -6
Bospoas o6e 4yacTH paBeHcTBa (6) B KBajpar, moJydyaeMm

=] 271 f{ 282 =] (mod 2rt ),

T. e. (B) BepHO H opp a=n-+1.

CornacHo NpPHHUHGY MaTeMaTHYeCKOoU HHlIyKLIHH ('reopema I1I)
TeopeMa JoKasaHa AJd Bcex o ==3.

3ameuvanue. [lockompry @ (2%) =271, Teopema noxaauBaeT,
4to no wmoaymo 2° npu a=3 P(a)=¢ (2" "), T. e. 1O TaKoMy
MOAYJIO He CyumecTByeT NepBooOpasHbIX KOpHeH.

Teopema 181. [Tepsoobpastole rcopnu no modyaw mcyu;ecmeylom
moeda u moasko moeda, Koeda:

1) m=p"® ede p— moboe HewemHoe npocmoe 4ucio, o — aoboe
2) m=2p°

3) m=2" npn O<<a=<2.

Hokasatenpctso. CymecTBoBanHe NepBOOGPAasHBIX KOpHeR
B cayuasix | u 2 npid a >0 6bs0 fokasaHo (Teopemul 178 u 179).
B ocraBmmuxcsa caydasax m=1, 2, 4 MOXHO HemocpeACTBEHHO yKa-
2aTh NepBOOOpAa3Hble KODHH, PABHBIE COOTBETCTBEHHO 1, 1, 3.

HJoxkaxem Ttenepb, 4r0 NPH BCeX JAPYrHX m NepBooGpasHEIX
KopHell HeT. B cayuae m=2", o =3 mnepBoo6pasHbix KopHel He
CyulecTBYeT, COTJIacHO 3aMeyaHH}o K TeopeMe 180.

Ecnu m uMeeT XOTA Obl JBa Pa3JHUHLIX HeUeTHHIX NMPOCTHIX Je-
AuTeNN p; H Py, TO, MOCKONbKY py—1 KB py,— I-—He B3auMHO npo-
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cree uncaa, dopmyaa (6) manu 11 nokasmBaer, yto L (m) << ¢ (m).
L (m)<<¢(m) u npg m=2" pl, a>1, p=1. B ofoux stux ciay-
Yagx corjacHo teopeme 162’ P(a)<q>(m) T. €. [10 MOAYJIO m He
CyIecTByeT nepaooépasﬂux KOpHe#.

TJTABA 19
HHAEKCHI

1. OBIIHE CBOﬂCTBA

OO6menspecTHo, Kakoe G0Jblioe 3HAYEHHE B PasAHYHBIX pasfeax
MaTeMaTHKH H B OCOOEHHOCTH B BBIYHCJHTEJLHOH NPAKTHKE HMEIOT
Aorapudmbl. B Teopuu uyuces BBOAMTCH CXOSHHH ¢ Jorapudmamu
annapar, KoTopelfi Mbl OyfieM HaswBaThb HHAekcaMH. JlorapudmoM b
[0 OCHOBaHWIO @, KaK H3BECTHO, Ha3blBAaeTCs M0Kas3aTelsib CTENeHH d,
paBHuH b. B TeopuH ynceJ aHAaJOrHYHO STOMY PacCMaTpPHBAIOT 0K a3a-
TeNb CTeNEeHH @, CPaBHUMOM ¢ b mo paccMaTpHBaeMOMY MORYJIO M,
H Tako# NoKasaTesb HA3bIBAIOT HHIEKCOM b MO MOAYJIO m H OCHO-
BAHHIO 4.

Onpenenense 50. [Tycmo (a, m)=1, (b, m)-l YUCAO S HA3bL-
eaemca undexcom b no modymo m U OCHOBARUNW @, ecau

a’= b (mod m).

Jasi kpatkoctd npu (HKCHPOBAHHOM MoOZyJse m Mbl GyleM 3a-
NHCBIBaTb 3TO B BHIe s=ind, b, a eciin HPHKCHPOBAHO TaKke H OCHO-
BaHHe @, TO elle Kopoue, B BHAe s=ind b.

Takum ofpa3om, COrVIacHO OMpejeJIeHHIO:

ainda b =p (mod m). D

Ecau b, €b, To U3 a*=>b (mod m) crenyer rakke a*=>b, (mod m),
T. €. HHJEKC YHcaa b sABJsieTcs TakkKe HHIEKCOM H BCeX UYHCEN H3
b, W MB MOXEM TaKOe WHCJO s HasnBaTh HHIEKCOM KJaacca b.
Onpegenenue 50°. [Tycms (a, m)=1, (b, m)=1. s Hasvisaemcs
undexcom Kaacca b no modyao m u OCHOBAHUIO A, €CAU NO 3MOMY
modyao — ‘
a‘=b.

IIpumepr. Ilycre Moayns m =13, ocHOBaHHe a==2, Torja
28=12 (mod 13), 1. e. ind, 12=6, u ana moboro b==12 (mod 13)
6yner Takxe ind, b==6 213—~2(mod 13), 1. e. ind,2=13, u BMecTe
c TeM, nocxom,xy 2‘=2(mod 13), uMeeM Takxke md 9=1.

?’CTb MozayJsb m =21, ochoBarue a=>5. Toraa 5¢=16 (mod 21)
58==1 (mod 21), 1. e. mo momymo 21 ind;16=4, ind;1=6. Ilo
aToMy Mofymo ind;2 He cymecTByeT, Tak KakK He CYyILIeCTBYET S
TaKoro, 4TO 5’__2(mod 21).

EC/H B KauecTBe OCHOBaHHA B3ATh UHCJO @, He SBJISIONIeeCs
nepBooOpPa3HLIM KOPHEM IO MOZAYJIO m, TO HBJEKCH OyAayT cyuie-
CTBOBaTb He [JIs BCeX 4HHCe/, B3aHMHO NPOCTHIX C MOAYyJeM m.
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Heficreurensuo, ecnu. P(a)=k<<@(m), To coriacHo Teope-
Me 164 cpemu creleHeH a HMeeTCH TOJNBLKO & pasJM4YHBIX, H JANA
qHCceJi, PUHAAJEKAUMX OCTAJIbHEIM ¢ (m)—k KiaccaM, HHEEKCOB He
cymecrByer. HHaue OGCTOMT 1es0, e€CJH OCHOBaHHE eCTb OEPBO-
o6pasHbli KOpeHb MO MOAYJIO m. B aToM ciyuae, Kak Mbl JoKaxeM
B CJepyiomel TeopeMe, Jo6oe UHCJIO, B3aHMHO NPOCTOE C MOAYJEM,
AMeeT GeCKOHEYHOE MHOMKECTBO HHIEKCOB.

Bynem B 3TOl raaBe nepBoo6GpasHble KOPHH MO MOAYJII0 M
o6osHauaTh GyKBOH g, uTOObI OT/IHYAaTh HX OT APYrHX OCHOBaHHH.

Teopema 182. ITycme g— a06oii nepsooGpasHeili KOpeHs no mody-
ao m. Jlasa Kaocdozo wucaa b, e3aumHo npocmozo ¢ molysem m,
cywjecmeyrom UHOEKCbl N0 OCHOBAHUIW g, M. e. cyuwjecmayiom S ma-
ue, 4mo g°=b (mod m).

Mruosicecmso scex marux unOexcos s 041 OanHO20 uKcuposa-
HO20 b cosnadaem ¢ HeOMPUYAMEABHOIMU HUCAAMU HEKOMOPO20 KAACCA
no Modyaw ¢ (m).

Hokxasateabctso. CornacHo Teopeme 172 creneHH mepBo-

o6pa3HOro KOpHA g: g g .. g™ : @)

— 06pasyioT NpHBEJEHHYIO CHCTEMY BBIYETOB MO MOAYJIO M.

Ecaun B3saTh moGoe uncao b, B3aMMHO NpOCTOe C /1, TO B IPHBe-
JIEHHOR CcHCTeMe BHIYeTOB (2), KOTOPYI0O MOXHO 3aMEeHHTb TaKXKe
cucremoit g°=1,g,8% ..., g**™"}, cymecTByer 4YMCJIO H NMPHTOM
TOJMILKO OJHO, NpHHAaNJexKalllee TOMY 3Ke KJjaccy, 4To H b, T. e.
cpaBHHMoOe ¢ b mo Moxyawo m.

Takum  obpasoM, mnpu HekotopoM s (O<<s<<o(m)—1)
g‘=b(modm), T. e. cymecTByer no KpaiiHefi Mepe OIHH HHIEKC b
[0 OCHOBAaHHIO g, NpHYEM 3TOT HHAEKC He OoJbile YeM @ (m)—1.

JlokaxeM Temepb, 4TO YHCJA S TakHe, yTo g ==b (modm) cos-
NajaT ¢ HeOTPHUATEAbHHIMH YHCJaMH HEKOTOPOro KJjacca mo Mo-
RyJo ¢ (m).

Ecanu s -um s,—naBa 4Hcla, TakKHX, 4Yro g'=b(modm) u
g% ==b (mod m), To g+ == g*(mod m), u Toraa, nockoabky P (g) = ¢ (m)
corjacHo TeopeMe 163, s,=s(mod ¢ (m)), T. e. BCe HHIEKCH b
OPHHAJJIeXKAT OJHOMY KJaccy HO MOZYJI0 @ (m).

Bce HeoTpHuaTe/IbHble YHCIA 3TOTO KJACCa ABIASIOTCS HHJeKCaMH,
TAK KaK COMJIacHO TOH Xe TeopeMe M3 sl_s(modcp(m)) ciaeayer
gh==g°(modm), u ecan g'=>b(modm), To u g==b (mod m), 1. e.
J1060e HeOTPHUATENBHOE §;, CPABHHMOE C S [0 MOAYJIO ¢ (M), TaKxke
ABJAsIeTCH HHAECKCOM b.

Teopema 183. ITycmbo g—nepsoobpasnbili KopeHb no MO0y

(b, m)=1; cpasrerue

c=b(mod m) (3)
umeem mecmo moz0a u moAbKo mozda, Kozda
ind, c=ind, b (mod @ (m)). (4)
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TipuMeuanne. Buue GHIO OTMEUEHO," YTO YHCIA ¢ H ‘b, CpaBHUMHe MO
MOJYJIO m, HMEOT N0 3aJ|aHHOMY OCHOBaHHIO g OfMH¥ H Te Xe uHAeKcH, IMpunu-
Maf 3TO BO BHHMaHHe, TeopeMy 183 MOXHO MOJYYHTh HS TeopeMul 182.

JlaiuM HenocpeiCTBeHHOE JOKa3aTeJbCTBO TeopeMul 183, :

Hokaszarteabctso. 1) Ilycre c=b(mod m); Torza corsacto
onpegejenuio yHAekca (1):

ind ind b
g% =c=b=g""%" (mod m);
HO nockoasky P (g)=¢(m), T0 no teopeme 163 u3
ind ¢ ind b

g =g "¢ (mod m)
crepyer
ind, c=ind, b (mod ¢ (m)).
2) Mycre ind,c=ind, b (mod ¢ (m)); Torxa coriacHo ToH e

TeopeMe

gindgc Egindgb (mOd m),

T. e. c=b(mod m).

Ilepexon or cpaBHeHHst (3) K cpapHeHHIO (4) Mb OyfeM Hasbl-
BaTh HHAEKCHpPOBaHHeM cpaBHeHHs (3), a mepexol ot (4) x (3) no-
TCHIHPOBAHUEM. :

Teopema 184. Ilycme g— nepsoobpasubiii Kopens no modyaro m,

(a,m)=1, (b,m)=1.
Toz20a .
ind, (ab) =ind,a+ ind, b (mod ¢ (m)).

HdoxasarteanctBo. CornacHo onpefieneHHIo Huzekca (1):
gmdg“b)i:ab:g’i“dg" . gindgb =gindga + indgb
HO NOCKOJBKY P (g)=¢o (fn), TO corJjacHo TeopeMe 163 u3
gindg(ab)zgindgtu indgﬁ (mod m)
ind, (ab)=ind, a + ind, b (mod ¢ (m)).
Teopema 184'. Ilycte g-— nepsoobpasubiii Kkopens no Mo-
dyao m,

(mod m),
clefyeT

(a,, m)=1, (a,, m)=1, ..., (a,, m)=1.
Toz0a
ind,(a;-a,- ... -a,)=ind,a,+ind,a,+ ...+ ind,a,(mod¢(m)). (5)

JlokasaTenpCcTBO. ¥YTBepXKJIeHHe TeOPeMH BepHO NPH n=1,
TIpeAmONIOXKHM, YTO YTBePXKJeHHE TeOpPeMBEl BEpHO NPH HEKOTOPOM #
(n==1). Bo3pmem mobnie n-+1 uucea a,, ..., a, a,,,, B3aHMHO
npocThix ¢ MoAyJeM m. CorJjacHo Teopeme 184 ,

ind, (a; ... @, a,,)=ind,(a, ... a,)+ind a,,, (mode(m)), (6)
H NOCKOJbKY N0 IPEeATNOJOKEHHIO

indg(a, ... a,)=ind,a, ... +indya, (mod ¢ (m)), )
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70 H3 (6) u (7) noaygyaeM cnpaBefJIMBOCTb YTBEDKAEHUS RJAA UHCEJ
Qy, 8y, -, Uy i ‘

CornacHo NpUHUMNY IMOJHOH MaTeMaTHYECKOH HHIYKUHH CpaB-
Henue (D) BepHO A JIOGOTO YMCAAa 4YHCEN @;, B3AHMHO MPOCTHIX

C MOAyJeM m.
Teopema 185. ITycme g — nepsoobpasnuill Kopens no modymo m,
(@, m)=1, n=0; mozda.

ind, @"=nindy a (mod ¢ (m)). (8)

HokasartenbcrBo. g'=l1(modm), Tak urO indglz—
=0(modg(m)), ind,a’=ind,1=0=0ind,a(modg(m)), T. e.
cpaBHeHHe (8) BepHO npH n=20.

Ilpy n=1 neBas u mpasas uyacTH B cpaBHeHuH (8) coBmapamor,
a npy n==2 TeopeMa 185 mnpencraeisier coOOH YacTHHIH cJydYal
TeopeMbl 184’ mpu a,=a,~...=a,=a.

Onpenenenne 51. Ecau g—zk(mod m), (a,m)=1, m>1, mo
nod indg% >6yaeM ROHUMAMb indgk, m. e. undekc awbozo wucia

u3 kaacca k no modyaro m.
Teopema 186. ITycmbe g— nepsoobpasubill Kopeno no Mo0Yaro
m>1, (a, m)=1; mozda

. b . .
ind, 7= ind, b —ind,a(mod ¢ (m)).

HokasarenbctBo. Ilpu (a, m) =1 cymecrsyer (reopema 123)
eAMHCTBEHHBIH KJace £ 10 MORYJi0 m, Tako#, uro a-k =»b. Huaek-
CHpys cpaBHeHde ak=b (mod m), momnyyaem:

ind, a4 ind, k=ind, b (mod ¢ (m)),
HaU

. b . .
ind, — =ind, k=ind, b—ind a(mod ¢ (m)).

Teopembr 184, 185 u 186 noka3blBaioT, YTO ONepallHHd C HHIEK-
CaMH IPOH3BOAATCA NO TEM 3Ke INpaBHJIaM, 49TO H ONepallHH C Jo-
rapupMaMH.

B uyacTHOCTH, KOHEYHO, MOXKHO 6paThb TaKHe 3HAYEHHS HHIEKCOB,

uro indab=inda+ind b.

2. HHAEKCHI 110 MPOCTOMY MOAYIJIIO

Ocob6enHo GoJsibIioe 3HaueHHe HMeeT cJydad, KOTAa MOAYJb—
npocroe yHcao. [lockonbky, Kak GBIIO N0Ka3aHo Bolite (TeopeMa 171),
no mo60oMy IIpDOCTOMY MOAYJIO p CYINeCTBYIOT HNepBooGpasHble
KOPHHM, TO, B3sB 32 OCHOBaHHe KaKOH-IH60 H3 HHX, NOJYYHM CH-
CTeMy HHIEKCOB, B KOTOPOH KaxJoe 4HCNIO, He Jensuieecs Ha p,
6yJeT HMeTb CBOM: HHIEKCHI. :
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HHgekcH KakJoro Taxoro 4mucja COIIAcHO Teopeme 182 npen-
cTaBjsAIOT cOOOH HeOTpHLATeNbHBHIE YHCJAa HEKOTOPOro Kjacca [o
MOJyJIIO ”p—l, a TeopeMbl 183—186 paT caexyouHe npaBuaa
onepauui ¢ HHAEKCaMH MO MOAYJIO p.

1. Ecau a=b(mod p), 10 inda=ind & (mod p—1), u, Haobo-
por, u3 inda=ind b (mod p—1) caenyer a==b (mod p).

2. ind(a,...a,)=inda,+ ... +inda,(mod p—1).

3. ind@”"=ninda(mod p—1).

4. ind %Eil’ld b—ind a (mod p—1).

Janst KpaTKOCTH 37leCh Be3lie ONYIIEH 3HAYOK g, YKasblBaloWHi
OCHOBaHHMe, KOTOpOe NpejnoJiaraeTcsi OHHAKOBHIM B JIEBOH H Ipa-
BOH wacTax. Bce HHJeKcHpyeMble UMCJa NpeAnoJiaralTcs He JeJid-
mumMHcs Ha p. [To mpocTOMy MOAyMio p AJs KaxIOTO YHC/A Cylie-
cTBYeT GeCKOHEUHOe MHOMECTBO HHAEKCOB, CPABHUMHX MO MOAYJIIO
p—1, 1 B KauecTBe HHfeKCa MOXHO GpaTth Jo6oe u3 HUX. OGBIUHO
M3 BCceX BO3MOXHBIX 3HAaueHHH HHJEKca MO JaHHOMY OCHOBaHHIO
GepyT HaHMeHbllee; NPH TaKOM BbHIGOpe HHAEKCOB OHH HMeIOT 3Ha-
yeHHSs, MeHbIHe yeM p— 1.

Tabnuubl HHAEKCOB AJS NMPOCTHIX MOAYJel p CoJepHaT HHIAEKCH
uhcen ot 1 go p— 1. [Ias xaxJOro Takoro 4ucjia H BCeX CPaBHH-
MHIX € HHM IO MOAYJIO p B Tabjuie yKaseBaeTCs HHIEKC, Npel-
cTaBjsiomuii co6oit ogHo w3 yucey: 0,1, ..., p—2. B HekoTOphIX
Tabaulax B KayecTBe MHJEKCa eIMHHLE! yKa3niBaeTcs He 0,ap-—1.
Tabnuubl HHEEKCOB COCTABJNSJIHCh MHOTHMH aBTopaMu. B 1839 r.
TabJHIBl UHIEKCOB JJIA NMPOCTHIX uMces, MeHbuinx uyeM 1000, Gelau
ony6aukoBaHb §1ko6u (Jacobi ,Canon Arithmeticos®).

B xonne kuuru (crp. 372 —378) npuBefensl TaGJHILI HHACKCOB
10 NMPOCTHIM MOAyJAM p << 109.

3. HHAEKCDI 110 COCTABHbIM MOAYJAM

Insi  cocraBHBIX MoAyJeH# Buia p® U 2p% rie p—npocroe
uucno (p>2), kak Obiio HoKasaHo (Teopembl 178 u 179), cyme-
CTBYIOT mepBooGpasHble KOPHH, H NO3TOMY Ijs Jiio0OTo UHcaa, B3a-
HMHO NPOCTOrO C TAKHM MOAYJIEM, CYIIECTBYIOT HHIEKCHI.

ITpumep. CoctaBuTh TaGJauLy HHAEKCOB 1O MOAYJIO 27 € OCHO-
BaHUEM g=>5,

Co6cTBenHble JeauTend uHcaa ¢ (9)=6 pasum 1, 2, 3.
ITockonsky 5!, 52, 5% necpaBHHUME ¢ 1 no moayaio 9, To b— j1epBo-
obpasHbii KopeHb 1o MoayJio 9= 32, a cinefoBaTesbHO (TeopeMa 177),
u no moxymo 27 =33 IlonyuaeM noclegopaTe/bHO:

50=1, 51=5, 5*=25, 5%==17, 5¢=4, 5°=20, 5¢ =19, 57 =4,
58.=16, 5°=26, 51 =22, 51=2, 51=10, 51=23, 514=7,
516=8, 519=13, 5!"=11 (mod 27). g
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|l7

Ta6auua HHIEKCOB IO MoayJio 27 uMeer BHI!
718 I 10 ll‘
’ 14 15‘ 12 ’

Teopembl 183—186 ycranaB/iuBalOT NpaBHJA OMePaUHi ¢ HHIEK-
CaMH N0 TaKHM MOAYJsSM, OpHYEM B 3THX Clyuasx

(P =9 (2p¥)=p*-t(p—1).

Hocrarouno uMeTb TaGaMIBI HHAEKCOB MO MOAYJSIM p* ¢ OCHO-
BAHMAIMH g, NPEACTABNSIIOIHMH COO0OH HeueTHhle mepBOOGpasHbe
KopHH. Kak 6buio jokasano B Teopeme 179, ecim HeyeTHOe OCHO-
BaHHe g AIBJISIeTCS NEPBOOOPA3HBIM KOPHEM MO MOAYJIO p%, TO OHO
ABJsieTcsl NepBOOGpPa3HbIM KOPHEM H MO MOAYJIO 2p%, mMpHuYeM, Kak
Mbl JOKaxeM, NPH TAKOM OCHOBAHHH MHIEKCHl UHCeJ IO MOZYJio 2p*
TaKHe K€, KaK H mo MoAayJio p%.

Teopema 187. Ilycme g— Hewemnotll nepeoobpasnsiil KopeHs no
modymo p* (p=>2), (a, 2p)=1;, mozda xaxOeii urdexc 4uciaa no
MOOYAr0 P U OCHOBAHRUI & ABASEMCA UHOEKCOM @ no modyso 2p* u
OCHOBAHUIO &.

JokaszartenabctBo. IlyeTe s—HHIEKC a 1m0 MOAYMIO p* H

OCHOBaHHIO g, T. €,
: g'==a(mod p%).

IMpu 24a, 24g nMeeM g*=a(mod 2), Tak uto g'=a(mod 2p%),
T. €. S—HHIEKC @ H N0 MOLYJI0 2p%.

Ta6aunpl HHAEKCOB MO COCTABHOMY MOIYJIO BHJAa M =p° HJIHU
m=2p% TIe p-—HEUeTHOe MPOCTOE YHUCJO, COAEPKAaT MHAEKCH BCEX
yHceJ a, Takux, 4T0 l<<a<<m—1 (a, m)=1. Hugekc Ttaxoro
yHcaa @ ABJASETCS TAKKE HHIEKCOM BceX YHCeN, CPaBHHMBIX €@ MO
MOLYJIO M.

B ta6aunax Jko6u KaHB HHAEKCH JIAMOLYJeH BUaa m = p*<1000.

B rta6auibl HHIEKCOB, KOTOpHIE TOMEIIEHH B KOHIE KHHTH,
BKJIIOYEHBbl HHAEKCHl MO COCTaBHBIM MopyasM m=9, 25, 27, 49, 8l.

Ilpy a=2 gna wMoaynsa m==2% cymecTByeT NepBoOGpa3HbIA
KopeHb g=3.

ITpu =3 pas Mopynsi m=2% He CyIleCTBYeT MepBoOOpa3HHIX
KopHeil (reopeMa 181), H MO3TOMYy cTemeHH OJHOTO OCHOBAaHHS He
MOTYT SIBJAATbCH HPeJICTaBHUTEJSIMH BCeX KJACCOB, B3aHMHO MPOCTHIX
¢ MOJyJeM. : -

TlonsaTre WHAeKca MOXHO 0606LINTH, BBEAS HHAEKCH H JJs MO-
ayneit puza m=2% npu a=3. MHaeKkcn no TakuMm MoayasiMm GyayT
npeAcTaBaaTb cobofi ye Heé 4uHcaa, a mapu udces. [lasg mocrpoe-
HHMSl TakOH CHCTeMH HHEEKCOB HaM MOHAJO0HTCA Clefylomas TeopeMa.
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Teopema 188. ITpu a =2 dsa uucra 6uda (—1)"° u (—1)"'5
(v, v'=0) cpasnumst no .uoay/zro m=2% mo20a u moAibKo moeaa,
Koz0a

u=u'(mod2) u v=v’(mod 2¢-2).

JlokasaTeabcTBo. MeTogoM nosiHOH MaTeMaTHYeCKOH HHAYK-

UM JIOKaXKeM, 4TO NPH JI0O0M 71 =>2 HMeeT MeCTO PaBEHCTBO:

5" ° = 1427, rtae 24t,. 9)

Ilpn n=2 paeeHctBo (9) BepHO, Tak Kak 5=1-422.1, Ilycrp
paBeHcTBO (9) BepHO NMpH HEKOTOpPOM n (n =2), TOoraa, Bo3Boxs obe

YacTH paBeHCTBA B KBajpart, nojay4um
n-1
5 = 1 20FI(f L 2" = 127
rje
bpor=1t,+ 2" n.

ITockoabky npu n=2 2| 2""1, 2{¢,, 1o 24¢,,,, T. e. W3 cnpa-
BeJJIHBOCTH paBeHCTBa (9) AJaa n  clelyeT ero CnpaBelJHBOCTDb
H ana n+1, CornacHO MpUHNMNY HOJMHOH MaTeMaTHYeCKOH HHIYXK-
nuu paseHcTBO (9) BepHO mnpu Bcex n. CoorHoweHHe (9) nokassl-
BaeT, 410 npH n=2 Pyn () =2""2,

PaccmorpuM cpaBHeHue

(—1)"67 = (— )“’5”'(mod2a)' (10)

Ecnv u=u'(mod2), TO cpaBHeHHe (10) npuﬂnmaer BUE
5?=5%" (mod 2%), 4T0, MOCKOJBKY .

P (5) =201,

COIVIacHO Teopeme 163 MoxeT HMETb MeCTO TOTAa H TOJBKO TOTjAa,
Korjga v=v’ (mod 2“ 2).

Ecan Ke UFE U ’(mod 2), TO cpaBHeHHe (10) HeBO3MOXKHO HH NpH
KaKHX U MU', TAK KaK IpH & => 2 H3 —5% (mod 2%) caenoBao Gul

1=—1(mod4),
YTO HEBEPHO.
Taxum o6pasom, cpaBHeHue (10) HMeeT MecTOo Torja M TOJBKO
Toraa, Korga u=u’'(mod2) u BmecTe ¢ TeM v==v’(mod 2°-2.)
Teopema 189. ITpu oz==2 ar0boe HeemHoe 4UCAO CPABHUMO MO
MO0yat0 2% ¢ OOHUM U MOALKG OOHUM HUCAOM U3 MHOXMeCmsa:

-5, ..., —5%,—5,5, B, ..., B . (1)

HorkasaTeabcTBo, Uucna (11) umeror Bup (— 1)*6%, rae u pae-
HO O uau 1, 1<<uv<<2""2, CoraacHO npejplayuteli Teopeme OHH IO-
NnapHo HeCpaBHMMH 1o MoayJio 2°, Bce 3Tu uHcna mprHapfiexar,
TakuM 00pa3oM, pa3/HYHLEIM KJaccaM HeYeTHHX YHCes o MOAYJIo 2°,
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H TaK Kak HMX YHCAO 2.2°"2=2""1 papHo yHCJy HEYETHHIX KJIACCOB
M0 MOAyJ0 2° TO COIIaCHO ,[IPHHUMNY SIIHKOB* B cucTeMe (11)
HMEeTCHl . [10 OAHOMY H TOJIbKO OJHOMY NPEACTABHTENIO KaXKJOro
TAaKOro KJacca. v

* Onmpenenenne 52. Hwnlexcom wedemmuozo 4ucaa a no modyao 2°
npu az=3 uasueaemca napa wucea (4, v)), 20ev =0, maxas, umo

(—1)*5° =g (mod 2%). (12)

Takyw mapy ((¢, v)) 6ydeM HHOrJa 3amHCLIBATL TaKXKe B BHIE
inda. Teopema 189 nokasbiBaeT, uto npH a =3 g060e HEYeTHOE
YUCJAO HMeeT HHJAEKC No Moaymaw 27,

[MTpumep. ITapa ((0, 0)) sBaseTcss uHAZekcoM 1 mo Jw6omy
moayao 2%(a == 3). HefictButesbHo, (—1)°.5°=1 (mod 2%).

Onpenenenne 53. [se napor: ((u, v)) u ((u', v")), tae v=0,
v’ = 0—naswsaromes cpasHumoimu no 0soldnomy modymo ((m, n)),
ecau

u=u'(modm), v=v'(mod n).

CpaBHHMOCTb nap: ((¢, v)) 1 ((4’, v'))—no nBOiHOMY MOAYJIO
((m, n)) 6yzeM sanHchIBaThb B BHIE:

((u, V) =((4', v"))(mod ((m, n))).

OueBuJHO, 4TO JBe @AapH, CPAaBHHUMBE NO ABOHHOMY MOLYJIO
¢ ojHOH W Tofi e TpeTbeH, CPaBHUMBI MexXIy coloii.

B cpapHenun (12) uMCaO @ MOKHO 3aMeHHTb YHCJIOM b, CpaBHH-
MBIM C @ 10 MOAYJIO 2%, Tak 4TO HHAEKC a MO0 MOAYJO 2° sBasieTCs
BMeCTe C TeM HHIEKCOM BceX yHceJ KJjacca a. Teopema 188 moka-
3BIBaET, YTO MHAEKCOM JaHHOTO 4HcJa BMecTe ¢ napo#t ((4, v))
apasercd Takme mgwbas mnapa, cpaBHuMas ¢ ((¢, v)) 0O JBOHHOMY
Moxmyaio ((2, 2°72)). Teopemy 188 mpm o =3 MOXKHO NO3TOMY 3amnu-
caTh B ciaepywuieft dopme.

Teopema 188’'. [Tpu a=3 a=0b(mod2*) moz0a u morsko
mozda, ko2da uudekc a cpasHum ¢ uHOekcom b no OdsodHomy mo-
dyaro ((2, 2*7%)).

Onpeneaenne 54. Cymmoii undexcos ((uy, v,))+ ...+ (4, ©v,))

Hasoieaemca undexc (uy+ ...+u,, v1+...4vy)).
Teopema 190. [Ipu a =3 0212 modyan 2" undexc npoussedenus
HEUeMHbIX HUCeA CPABHUM C CYMMOL UHOeKco8 COMHOXCUmeneldl no

Osodinomy modymo ((2, 2°7%)). ,
HdokaszaTenbcTBo. IIycts ay, a,, ..., a,— HeYeTHble YHCIA.

(—1)%.5% =g, (mod 2%, ..., (—1)*.5%=a,(mod 2°%).

Ilepemuoxkast 3TH CpaBHeHHS, MOJY4YaeM:
(— l)ul+.L.+u,,501+...'+v,.Ea1’. ..a, (mod 9%, : (13)
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IMycrb HHAekc a,...a, paBeH ((¢, v)), T. e.
(—1)*.5%=a,...a,(mod 2%, 19
CoraacHo teopeme 188 u3 cpaBuenudt (13) u (14) camenyer, uro

(e, v))=uy+...4+u, vy+...4v))=
=((4y, n))+ ...+ (1, v,)) (Mod((2, 2*72))).

B cnyuae, korpa a,=...=a,, BMeCTO ((¢y, v;))+...((4,,0,))
6yneM 1Js1 KpaTKOCTH mucaTh 1 ((¢y, ¥4)).
Mpl nonyuuau, Takum ‘obpasoM, uTO LA Moayas 2° (a==3)
HHJIEKC cTenieHH @” cpaBHuM ¢ ninda no Momyawo ((2, 2%~2)).
Tabauusl HHAEKCOB MO MOAYJAM BHAa m=2% rje a==3, paiorca
B BHJe nap ((u, v)). Tabauuma HHAEKCOB MO TAKOMY MOAYJIO YKa3bl-
BaeT JJ5 KamJOro KJjacca HeueTHBIX YHces COOTBETCTBYIOILYIO mapy,
NpeACTaBAAMLYI0 COGOH HHIEKC YHCeJN JAHHOTO KJacca.
ITpumep. CocraBuTs TaGJHIY HHAEGKCOB HO MOAyJl0 m =64,
64=2% nna yucen Bupa (—1)*5% rme u paBeo O uam 1, a v
npoberaetr MOJHYIO CHCTEMY BBIYETOB HO MOAYJI0 24 = 16 (0 << v <3 15),
HaxXo0JuM:
+580=41, +5'=45, 452=425, + 5¥=+61,
+54=+49, +5°=53, £5%=19, +5"=4 45,
+58=+433, 4 5°=+437, £50=157, + 51 =129,
4+ 5% =417, £5%=421, £ =441,
=+ 515 = 4- 13 (mod 64).

Tabanna uaieKcoB MO MoAyJaoo 64 6yJaer HMeTb BHJ: _

a ind a a inda a inda a indag
1 1((0,0)) 17 |((0 12)) 33 [((0,8)) 49 1((0,4)
3 [((1,3) 19 1((1,7)) 35 |((1.11)) 51 1((1,15))
5 1((0,1) 21 [((0,13)) 37 1((0,9)) 53 1((0,5))
7 |((1,10) 23 |((1,14)) 39 [((1,2)) 55 1((1,6))
9 1((0,6)) 25 1((0.2) 41 }((0, 14)) 57 |((0,10))
1 {((1,5)) 27 |((1,9)) 43 [((1,13)) 59 1((1,1))
13 |((0,15)) 29 |((0,11)) 45 {((0,7) 61 1((0,3))
15 [((1,4)) 31 1((1.8)) 47 |((1,12)) 63 1((1,0))

HHuzexchl MOXHO MPHMEHSTh I/ BBIYHCJIEHHS OCTAaTKOB OT JeJie-
HHs HA 3aJaHHbIA MOAYJb M IPOM3BEJCHHH C ABYMS MJIH HECKOJb~
KHMH COMHOMHTEJISIMM H, ‘B YaCTHOCTH, CTemeHefl.

HMes Tabauny HHAEKCOB MO MOAYJIO m, YTOObl HAHTH OCTAaTOK
OT JeNeHHus a,...a, Ha m, TAe 'BCe @; B3aHMHO MDOCTH € m, MH
HCKOMBIfi OCTaTOK 0603HauaeM Yyepe3 X H MHUEM

x==a,...a,(modm). - (15)
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HUnpekcupya cpasnense (15), momyuaem:
indx=inda,+ ... +ind a, (mod ¢ (m)).
HaxonuM B Tabauue HujiekcoB s=inda,+ ...+ inde,, Tak4ro
ind x==s (mod @ (m)).
HaxonuM uyHcsio, HHIEKC KOTOpOro paeeH s, T. €. I TakKoe, YTO

s=indr. Torza
ind x=ind r (mod @ (m)),
OTKyZAa (TeopeMa 183)
x == r (mod m).

B 4acrHocTtH, ecaM @, =...=a,=a, Mbl NOJyuaeM IpHeM s
BBIUHCJIEHHS OCTATKa OT JeJeHHS Ha MOAYJb m CcTeneHH a”,

ITpumep. INonbsysce Tabmuuell HHIEKCOB, HAHTH OCTATOK OT
Iejenuss Ha 61 umciaa 3720.2312, .

x=37%°.23'% (mod 61), ind x=20 ind 37 -+ 12 ind 23 (mod 60).
B rabaunax no Mogpymo 61 ¢ ocHoBaHHeM g=059 uan g= —2
HaxoauM ind 37=9 u ind 23 =27, Tak uToO
ind x = 504 = 24 (mod 60).
ITo 3naueHHI0O HMHIeKca HaxoiuM x. Yucjao 24 sABJasiercss HHJIEK=-
coM 20, Tax gro ind x==ind 20 (mod 60), x==20 (mod 61).

Ecan m=py' ... ps*, TO L1 HaxXOXKIEHHs OCTaTKa OT JeJeHHS
Ha m NpOH3BeleHHS WJH CTeNeHH HAaXONHM OCTaTKH ry, ..., IgTpH
IeJIEHHH Ha MOLYJH pS', ..., Ps®H3aTeM peliaeMCHCTEMY ypaBHEHHH:

x—fl(modp ),

=r,(mod p5*).

ITpun p;=2, o; > 1 ocraTok OT JeseHHs Ha 2% HaXOLUM APYTHMH
MetofaMHu (6es NpuMeHeHHs TEODHH HHJIEKCOB) HJH paccMaTpHBAeM
HHJEKCH NO MOAYJi0 2% (onpeleseHue 52).

Ilpp p,=2, a;=1 MbH MOXKEeM INpeiCTaBHIb m B BHIE

(205", ..., ps® U HaXOIHTb C INOMOLIbIO HHAEKCOB OCTaTKH OT jeJie-

HUS Ha 2p%%, ..., ps’.
ITpumep. Halitu ocTaTok or nesleHHsi Ha 1242 uucna 35'%

1242 =2.38%.23.
HaxoguM ocrarok r; or Aenenus 351 pga 2.3% =54

on ——35100 (mod 54), indr, =100 ind 35 (mod 18).
B Tabauie HHAEKCOB MO MOAYJMIO 27 ¢ OCHOBaHHEM g=-5 HaXxo-

IHM
‘ ind 35=ind 8 =15,

6 A. A Byxmra6 lBl



TaK 4YTO - TR

ind r, = 1500 = 6 (mod 18).

ITo monymio 27 Haxomum, uto 6==ind 19, Tak 4ro
ry =19 (mod 54).

HaxoguM ocratox r, oT nejenns 35!% pa 23.

ry = 35100 = 12190 (mod 23), indr,==100-ind 12=100.10 =
- =10(mod 22), ry==12 (mod 23).

Pemasi cucreMy x=19(mod54), x=12(mod 23), Haxonum:
x==127 (mod 1242). Ocrarok paseH 127.

Hcmopuueckue. kommenmapuu x 17-a, 18-it u 19-it 2na8aMm

1. Teopus CTEMEHHBIX BHNETOB BOSHMKJIa Ha Gage MeMyapa
Siaepa ,Teopema o BHYETax, MONYYAIOWMXCSH OT AeJEHHs CTele-
He#" (1755) TlonaTye . mokasartess NAaHHOTO OCHOBAHMA OblJIO BBe-
neHo 'ayccom.

2. Tlousitue nepBooépasﬂoro KOpHs OLJIO BBeJeHO DiJepoM.
Teopema o0 cymecTBOBaHHH NepBOOOpPa3HOrO KOpHS MJasi J06oro
npocroro MoAyJs Gubwia BbICKasaHo Oe3 nokasarenbcTBa B 1769 r.
JlambepToM. [loka3aTe/JbCTBO 3TOH TeOpeMbl BCTpeuaeTcs y Jisiepa,
OJHaKO OHO He ObIO JaHO MM .B . JIOCTaTOuHO ueTKoil ¢popme. TI'aycc
Jan 1Ba pas3JMYHBIX 0Ka3aTeJbCTBa CYIeCTBOBAHHS NMepBOOGPasHBIX
KOopHeil mo mpocromy MoxyJio (Teopema 171).

3. II. JI. HeGrliueB B psile TeopeM yKasal HEKOTOpHIE _KJIAcChl
NPOCTBIX YHCEJ, AJS KOTOPbIX MOXHO JIerko Ha#TH nepBooGpasHbIi
KOPEHb.

4. . M. BuHorpazos Jlal OLEHKY BeJHYHHb HAHMEHbLIEro nep-
BOOGDA3HOr0 KOPHs 110 MPOCTOMY MOAy.mio. OH J0Kasanx, 4TO eciu
0603HayHTh Yepe3s g(p) HaHUMeHbIIMH nepBoo6GpasHbI KOPeHb Mo
MOAYJO p, TO NpPH JIOGOM CKOJib YroiHo Majome >0 ,

2(p) =0(p17+8)-

CytitecTByeT TIPEANOJIOKEHHE, YTO MpOCTHE YHCA’ p, VIS KOTO-
pbiX 2 sBAfETCA MEPBOOOPA3HBIM KODHEM, HMEIOT NOJIOKHTENbHYIO
NJOTHOCTD B "MHOMKECTBE ' POCTHIX WYHCEN. DTO 3HAYHT, YTO €CJH
0603HauuTs 4Yepes T (x) 4HCHO TaKHX p<I X, a yepe3 & (x) —obmee
YHCHIO- MPOCTHIX P << X, TO NPH HEKOTOpoM o >0 1A BCex X (X = 1)
BHIOJHAETCA HepaBeHCTBO: T (X) = an (x). D10 NpeANoNoKeHHe MoKa
HE yIaeTcd ‘HH JOKa3aTh, HH ONPOBEpPrHYTbH. -

5. Teopema 181 Bcrpeqae'rca Bnemeeyl"aycca B Dlsqulsltlones
arithmeticae®. -

6. ITounatue unnexca, OCHOBHBIE CBOHCTBA uﬂnexcoa 6wm JaHH -
l"ayccom.
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TNABA 20 .
ABYUYJIEHHBIE CPABHEHHUA
1. ABYYJIEHHBIE CPABHEHHA MO NMPOCTOMY MOAYJIIO
Onpegenenne 55. [syuneHHbim cpASHeHUEM HQA3bI6AEMCA CPAGHE-
Hue suda
Ax"= B (mod m).

Mbl paccMOTpPHM JIByuJIeHHble CPaBHEHHSI MO NPOCTOMY MORYJIIO
p>2 BHJa
x"=a (mod p). 1)

Teopema 191. 1) Ilpu pta cpasuenue (1) no npocmomy modyao
p>2 aubo coscem He umeem pewieruti, AUBO HUCAO PeuleHUll PABHO
Hauboabemy obujemy Oeaumerro n u p—1.

2) Cpasnerue (1) ue umeem pewenuii, ecau 0aa 8§=(n, p—1)
8finda, u umeer 6 pewennii, ecau 6]inda.

HOoxasatenbcrBo. Ilyets (n, p—1)=49. Ilo: npocromy
monymio p (teopema 171) cymecrsyer mepBooGpasHblii  KOpeHb.
Hupexkcupysa cpaBHerue (1) mo HEKOTOpPOMY OCHOBaHHIO g, NpencTa-
BJslioleMy coG0H nepBoOOpasHBlii KOpeHb, NoJydaeM

nind x = ind a (mod p—1). 2)

Cpaeuenust (1) u (2) cornacuo Teopemam 183 u 185 sksuBa-
JeHTHbl. Ecan o6osnaunts ind x=2z, inda=">0, To a1 HeHssecT-
HOH 2 moJyuuM cpaBHeHHe l-Hi creneHH:

nz=b(modp—1). - (3)

Itpu dfinda, 1. e. 84b, cpaBnenne (3) He MMeeT pelleHHH
(reopema 130), HO TOria He CYILeCTBYET W ‘3HaueHHH X, y)IOBJleTBO-
PAIMHKX CpaBHeHHsM (2) u (1).

[Ipu 8linda, 1. e. 8]|b, cpaBHeHne (3) uMmeer § pemenuii (Teo-
pema 135). 3unauenns indx, ' ynosaeTsopsouie ‘CpaBHEHUIO (2),
ApHHaLJIexar & kaaccam n'o’MoAymo p—-l ‘a CAEJOBaTeNbHO, H
AN X CYmeCTBYeT & Kjaccos no MOXYJIO P, YJIOBJETBODPSIOUIHX
cpaBHenuio (1).

Mpumeuvanne. llpu p\la cpas'ﬁeﬂne-'(l-)? MOXeT GHTb 3alHCaHO B BHJE
A" =0 (mod p) 1 B STOM Ciyyae: GHO UMEET OZHO pelltenne: x ==0 (mod p).

Onpeaeaenne 56. 1) a ‘naseisaemca eviemom n-t -emenenu - no
npocmomy . Mo0ymo p, ecaw afa u cpaeueuue x? *—a(mod p)
umeem peluen . :

2) a ‘Hasveaemcs Heebiemom  n-i cmeneHu no npacmo.uy
MOOYAr0 P, ecad’ cpastenue X' =a(mod p) He. umeem - pewienuil.

B wactaocTH, Bbtuerhi 2-iCTeReHH HO NPOCTOMY MOAYMO p. Ha-
3bIBAIOTCS' KBaXPATUUHLIMY 'BBIYETAMU O STOMY’ MOZYVIIO, BbiUETHI
3-# c1enenn-—xy6nqecxnmn BEIYETAMH, 2 BEINETH 4 cTeneny —
OuK BagpaTHUHLIMH. - c : : Lot



3amensas B cpaBHeHuH (1) a /IOGHIM UHCAOM, CPAaBHHMBIM C HHM
o MOAYJIIO p, NoJayuuM (TeopeMa 129) CpaBHeHHe, sKBHBaJienTHOE (1).

Ecau a npepcrapisieT co6oft BboiueT n-ii CTeneHH 1O MOAYJIO p,
TO BeCb KJacC & COCTOHT H3 BHIUETOB n-H CTENeHH IO MOAYJIC p,
a eCc/lH @—HeBblYeT, TO H BeCb COOTBETCTBYIOLIHA KJacC COCTOMT
M3 HeBhUeTOB. MOXHO INO3TOMY BMECTO OTHAeJbHLIX BLIYETOB H He-
BbIYETOB n-H CTeNeHH pacCMaTpHBaTh COOTBETCTBYIOLIHE KJIACChI.

Onpenenenne 56'. @ =0 Hasvieaemcs  Kkiaccom ebiemos n-i
cmenenu no npocmomy mo0yaro p, ecau cpasuenue x"=a (mod p)
UMeem pewieHUsA, @ HA3LIBAEMCS KAACCOM Heeu4emos n-ii cmenenu,
ecau cpaguenue x"==a (modp) He umeem peuteHuli.

Hmess Tabiuuy HHAEKCOB IO MOLYJIO p, JIETKO HAHTH BCEe KJIACCHI
BLIYETOB CTeNeHH M N0 3TOMY MOAYyJo. lleficTButesqbHO, Teopema 191
NIOKa3biBaeT, YTO BbIUETAMH 7-H CTENEHH N0 MOLYJIO p SBJSIOTCS
TOJILKO Te YHCJa @, AJsd KOTOopuXx (n, p—1)|inda. PaccmatpuBas
7abJHLYy HHIEKCOB MO MOAYJIO p, MOXHO OTOGpaTh BCe Takue &.
ITonb3ysicb 3THM ke CBOHCTBOM, JIETKO ONPENEJHTb YHCJO TaKHX
KJiacCOB.

Teopema 192. [lo npocmomy modyao p>2 HUCAO Kaaccos

y —1
abitemoa n-ii cmenenu pasHo ET’ 20e d=(n, p—1).

JlokasaTeabrcTBO. Bcero no woaymo p umeercs p—I1
KJacCoB, B3aHMHO NPOCTHIX ¢ MoayJseM (kJgacc 0, COCTOSILHIA H3
YHCeJ, NEJSIIMXCS HA p, COTJIAaCHO ompeflefenHio 56’ He npuumc-
JISleTCsl K BbIUeTaM n-f CTeNeHH).

Unpekcsl 3THX KJaaccoB 06pa3yioT NOJIHYIO CHCTEMY BBIYETOB 110
moaymwo p—1, T. e. KaKIAOMY TaKOMy KJjaccy (eCaH B3fTb
ind1=p—1) MOXHO CONOCTaBHTb HHIEKC, PaBHBII ONHOMY H3
yyuces:

1, 2, ..., p—1L. 4) .

BosbmeM 8= (n, p—1). Cpeau nepseix p— 1 unceyn (4) uMeercs

-p—;:—l— yuceJs, nejsuipxcs Ha 8, T. e. corjacHo Teopeme 191 cyiue-

—1
CTBYET ’1-3—— KJ1aCCOB BBIYETOB - CTeneHH IO NpoCcTOMY MOJLY.JIIO p.

Tpumep. Tonbaysch TabnHueidl HHAEKCOB, HalTH KJIacchl Bbl-
uetoB 6-f1 cTenmenu no Moaymwo p=11.

3mece 8=(6, 10)=2. B Ttabaune HHIEKCOB MO Moxymio 11
HaXOJIM, 4TO MHJEKChHI, HeJSUHECS Ha 2, HMEIOT CJIeAYIOlIHe KJacChl:
1, 3, 4, 5, 9. Otu kaaccwl u BYAyT KJaccaMH BbUETOB 6-# cTemenw
no monyJwo 11.

Teopema 193. Ecau 8=(n, p—1), mo asusemoi n-i cmenenu
no npocmomy modymo p>2 cosnalaom c swwemamu cmenesu 0O
no smomy modyaro.

JokasarteanctBo. Ecau (n, p—1)=248, ro 6yneM HMeTb
tTakke (86, p—1)=406. Ilpu pfa cpaBHenus x"=a(modp) u
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*=a (mod p) coriacHo TeopeMe 191 HMelOT peileHHA NPH OZHHX
H TeX Xe 9HCJAax a, TakHx, 4to O|inda.

Byzem nostoMy B JAanbHeHINeM paccMaTpHBAaTb BHIUETH H HEBHI-
yeThl n-# CTEMEHH TOJNbKO JJI TaKHX 1, KOTOpble SIBJASIOTCA JAeJH-
TeAsiMH p— 1, H paccMaTpuBaThb cpaBHeHHst Buaa (1), rige n|p—1.
Ilpu n|p—1. Teopemr 191 u 192 nNpUHHMAIOT CAEAYIOIHA BHI.

Teopema 191°. IIpu pfa, n|p—1 cpasnenue x"=a(mod p) no
npocmomy Mmodyaro p>>2 aubo coecem He umeem peweHull,
Aubo umeem n peuwenuti. Ilo maxkomy molymo a ssasemcs eolde-
mom n-ii cmenenu moeda u moavko mozda, koz0a n|inda.

Teopema 192'. ITo npocmomy modyaro p>2 u n|p—1 «aucro

KAQCCO8 6bI4eMO8 N-ii CMENnexu pasHo ”—E—- .

B crnepyromeii Teopeme Mbl YCTaHOBHM HeOOXOIHMMOe H JOCTa-
TOYHOE YCJOBHe TOro, 4To6bl a mnpH n|{p-—1 ObIO BbIUETOM n-i

CTEeNeHH [0 MOAYJIO p.
Teopema 194. Ilpu n|p—1 a ssasemcs eoemom n-ii cme-

neduy no npocmomy modyso p=>2 mozda u moasvko mozda, Koeda
. -

a » =1(mod p). : (5)

HokasarteancTBo. Ungekcupysa cpaBHeHHe (D), mosyuaem,
49TO 3TO CpaBHEHHe HMeEeT MeCTO TOrjJa H TOJbKO TOrAa, Korja

p—:—lindaEO(modp—l) uin p—'n;linda=(p—1)t,
inda=nt, (t—uenoe),
T. e. CpaBHeHHe (D) HMeeT MeCTO TOrAa H TOJNBKO TOrAa, KOrja
nlinda.

MMpumeuanne. Jlerko nposeputs, uto Teopemun 191 n 192 cnpaBepnnBw
TaKke W npH p=2. B stoM cayuae a€l v p—1=1, TaK 4TO yTBepKIEHHS
STUX TEOPEM TPHBHAJBHH.

CpaBHenHe x"=1(modp), oOueBHAHO, HMeeT  pelleHHe
==1(mod p). Coraacio Teopeme 191 370 cpaBHEHHe Oyzer,
Boobme ropopsi, WMeTb &= (n, p—1) pewenuii, a npu n|p—1
(teopema 191’)—n peuennii. EcTecTBeHHO KJacChl, YIOBJETBOPSIO-
IlHe STOMY CPaBHEHHIO, HJH, YTO TO )K€ CaMoe, YDABHEHHIO (X) =1,
HasbpiBaTb KOPHAMH A-fi CTeNeHH M3 eIWHHIH MO MOAYJIO p. AHajo-
THYHO 5TOMY KJAacChl (€CJH OHHM CYIIECTBYIOT), YIOBJETBOPSIOULHE

cpasHennio (1), T. e. ypaBHeHHIO (¥)"= @, eCTeCTBEHHO HasBarhb
KOpPHAMH n-# cTeleHH H3 @ N0 MOAyJio p.

Onpenenenue 57, Kopuem n-ii cmenenu u3 xaacca a no npo-
cmomy MoOYAr0 p HA3LIBAENMCA KAGCC 4ucen N0 3momy modynwo,
Y0064eMBOPAIOULUX CPABHER U

x"==q (mod p). (6)
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[To npocromy MOAYJMIO p, eciH nlp—1, 160 He CymecTByeT
HU OJHOTO KOPHA n- # crenenu, qu6o 4HcAO KopHefi paBno n (Teo-
pema 1917).

Teopema 195. [lpu n|p—1, pXa ece pewenusa cpasuerus (1)
no npocmomy MoOYsr0 p>>2 MONHO NOAY4UMb, YMHONAA O00HO
pewienue 3Mo20 CPABHEHUA -HA PA3AUYKLIE PEUleHUA  CPABHEHUS
x" =1 (mod p). ‘

JpyrumMu cnoBaMH, Bce KODHH n-il CTeMeHH M3 g [0 MOAYJIO p
MOXHO NOJYYHTb, YMHOKAsl OJMH H3 3THX KOPHefl Ha pa3/MuHble
KODHH n-H CTeneHH H3 1.

HokasatenbCTBO. HO(,KOJIbe ind1=0 u n|0, cpaBHeHue
x"=1(mod p) umeer n pemenuii. OGO3HAUYHM 3TH pelUeHHs Yepe3

f, ..., £, THe t #t, (mod p) u ptt,. [lycrs x, ynosneTBOpsieT
cpaBHeHH (1), Torza

(xot))" = x5 tf =a-1=a(mod p)

npu i=1, 2, ..., n, T. €. Kaacchl Xyfy, ..., X,f, NpPeICTaBJsIOT
coboii peuleHdsi cpasHeHus (l).

[Tockosbky pa, To prx, (x4, p)=1, H, crejoBaTe/NbHO, 4YHCJIA
Xolys o .., Xot, ABAAIOTCA (Teopema 111) vacthio mpuBeAeHHOH cH-
CTeMBbl BBIUETOB IO MOAYJIO p; Xolq, ..., Xof, TPEACTaBJSIOT COGOH
N pasAMuYHBIX pelleHHH cpaBHeHHs (6) n-# cremeHH U, 3HAYHT,
HCYeprbIBAIOT BCE PElleHHsA 3TOr0 CpaBHEHHs.

CpaBHeHHe 0[O TPOCTOMY. MOZYJIO

Ax" = B (mod p) ()

npH p{A 5KBUBaJIeHTHO CpaBHEHHUIO
x"=a (modp),

rie Aa-—B(mod p) (Teopema 144). Ilpu pfB Gynem uMerh TaKxKe
pla u, crefoBaTesbHO, -COrJiacHo TeopeMe 191 CpaBHeHHe (7) nubo
COBCGM He uMeeT peileHuti, nuG0 uHcao pemeHuit pasHo 8, rae.
6=(n, p—1).
Hmes Tabauny HMHAGKCOB HO MOAYJO p, cpaBHeHHe (7) MOMHO
pelHTs U He mpeo6GpasoBeiBas ero K BHAY (6). I/IHneKcupyﬂ cpaB-
nenue (7), nonydaem:

nind x=ind B—ind A (mod p—1), . (8)

T. €. CpaBHeHHe ‘1-fi cTemeHH C HeM3BecTHO# z=ind x.-
Peiitasi 310 CcpaBHeHHe OTHOCHTeJbHO - 2=ind x¥, HaXOAHM Bce
sHauensi indx, yHOB/JETBOpPAIOUIUE CPABHEHHIO (8), a sarem o

'raGmmaM HAXOAHM H 3HAYEHUS X, yIOBJETBOpPAIOLLIHE- cpaBHeHHIO (7).
MIpumep. Tlonbsysce 'ra6.nuneu HHEKCOB, peum'rb cpaBHeHue

13x21 =5 (mod 31). o
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" ‘HajeKkcupys, 'HaXoauM:

11421 ind x==20 (mod 30),
7 ind x==3(mod 10), ind x=9(mod 10),
indx=9, 19, 29(mod 30), x=12, 21, 29 (mod 31).

(WUuzekcel B3siTel B Tabsuue ¢ OCHOBaHHeM g=3.)
OtseTr. Kaacew 12, 21, 29 no moxymo 31.

2. ABYYJIEHHBIE CPABHEHH S O COCTABHOMY MOJAVJIIO

CoBepIlIEHHO aHAJIOTHYHLIM O0pa30M MOMKHO NpPHMEHSITb Teo-
PHIO MHJAEKCOB H /A DelleHHs CPaBHeHHi

Ax"== B (mod m) 9

B Cjydae COCTABHOTO MOAYJA m, e€cJu IJsi 3TOTO MOAYJH CYlLect-
ByeT x0T OBl OAHH NepBooOpa3Hblii KOpeHb, B3AB KOTOPHH B Ka-
4yeCTBe OCHOBAHMS, MOXKHO NOCTPOUTb CHCTEMY HHIEKCOB.

Ilpy m>2 mnonyuaeM B 3TOM cJyyae cpaBHeHHe 1-i cTemeHu
¢ HeusBectHOil indx: nindx=ind B—ind A (mod ¢ (m)), u3 xo-
TOPOTO B CJydae CYIHeCTBOBAaHHS pelleHHH HaxoIuM 3HadeHHd indx,
a No HUM H 3Ha4eHHs x.

CpaBHeHHe (9) HMeeT HJM He HMeeT pelleHHs B 3aBHCHMOCTH
or Ttoro, 6yner au (n, ¢(m))|ind B—ind A. B yacTHOCTH, MOXHO
NPHMEHHTh 3TOT KpHTepuHl JaA MoayneR m=p" npu p>2 H
B Npelielax HMEIOIHXCA TabJull OTHLICKMBATh pelleHHs CPaBHEHHH
Buja Ax"= B (mod p°).

ATO NMO3BOJAET, MEXJIY NPOUHUM, BHIICHHTH BONPOC O CYUIECTBO-
BaHUH JJ51 3aJaHHOTO NpPOCTOro p>=>2 yHcJaa @, TaKoro, 4rTo

a’~'==1(mod p?) (10)

(cM. cTp. 100). [eilicTBuTeNbHO, TaKHe YHCJa a YIOBJETBOPSAIOT
cpaBHennio x*~1==1 (mod p?), KOTOpOe 5KBHBAJEHFHO CPaBHEHHIO
(p—1indx=0(modp(p—1)), 7. e. indx=0(modp). [lo mo-
aymo. p (p-—1) O6yzer p—1 KJaccoB TaKHX HHAEKCOB, a CJeJ0OBa-
TeJbHO, MO MOAYJIO p? cymecTByeT p—1 KJaccoB HCKOMHIX 3Ha-
ueHttlt - x. [Ipn pz=>5 Oyaem ' MMeTb ' He  MeHee . YeThlpeX  TAKUX
KJaaccoB. “Mpl BHIMM, uTo maa Jgwoboro p=5, Kpome umcena a,
CPaBHMMBIX C -£ 1, CyIleCcTBYIOT M ApYyrHe 3HaueHHUsl @, YAOBJCTBO-
patowue ycaopuio (10). Jlioboe yucio @, HHAEKC KOTOPOrO IEJHTCSI
Ha p, 6yneT yAOBJIeTBOPATL cpaBHenuio (10), npuuem Bce 3TH 3Ha-
yenusi @ GyayT oOpasoBmBaTh P~—1 KJAACCOB NO MOAYJIO.p2.

Il1punmep. Ionabaysce tabauueil- HHAEKCOB, HalTH Bce YHCaa a,
Takue, yTo a®==1 (mod49). o

Baer p==7. B  TaGnuue mmexcon Ao, Mo,nymo 49 Haxo,uHM
LWIECTDb - KAACCOB: YHCEN [O. ITOMY -MORYJIO, MHAEKCH KOTODhIX je-
AATCA Ha 7; a MMeHHO kjaccs: 1, 18, 19 30, 31, 48, 1. e. a=2+1,
=+ 18, = 19(mod 49).
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JINA COCTABHOrO MOAYJA m=p3'...ps' Mbl 3aMEHsEM CDaBHEHHe
(9) cucreMo#:
Ax" == B (mod p}")

Ax = B (mod p§*).

Tlpn Moxyne m=2% o=3, a5 peillenHsa cpapuenus (9) Moxnuo
BOCNOJIb30BaThcs TeopeMaMH 188’ u 190 nns BriuMcieHHS HHAEKCa X
B BHAe mapbl ((u#, v)) ¢ TeM, 4TO6bl fIOTOM MO 3HAYEHHAM STOrO
HHJEKca HalTH U BCe 3HAYEHHS HEH3BECTHOH x.

I[Ipumep. Ilonb3ysach Tabauueldl HHAEKCOB, pewlHTb CpaBHEHHE

7x%= 23 (mod 64).
Pemenune. 64=2% lugekcupys cpaBHeHHe, MOJy4aeM:
ind 7+ 6 ind x==ind 23 (mod ( (2, 16))).

O6o3nauas ind x 4yepes ((4, v)) u nonap3ysich Tabauued HHJIEK-
coB mo Molymo 64, cocraBleHHOH B NpHMepe Ha cTpaHule 160,
HaxoJHM MOCJeN0BaTe/IbHO:

((1, 10))+6 ((u, v))=((1, 14))(mod ((2, 16))),

((6u+1, 6v+10))=((1, 14))(mod((2, 16))),

6u+1=1(mod?2), 6u+4 10=14(mod 2%,
=0,1 (mod 2), v==6, 14 (mod2%).

B xavecTse 3HaueHHH HHIexca ((4, v)) HMeeM UYeThipe Naphl:
((0, 6)) ((0, 14)), ((1, 6)), ((1, 14)).

B Tabanue HMHAeKCOB HaXOJHM COOTBETCTBYIOIIHME 3HAYEHHA X IO

moaymo 64, a umenno: x==9, 23, 41, 55 (mod 64). CpaBHenue

MMeeT yeThipe pemeHus: Kuaaccs 9, 23, 41 u 55 mo Mo,uymo 64.

3. KBAAPATHbIE KOPHH H3 ENHHHIIbI

IlousiTne KOpHA n- H CTeneHH MOMXHO pacnpoc-rpann'rb Ha 1po-
H3BOJIbHBIE MOJYJIH.

Onpenenenne 58, KopHem n-ii cmenenu u3 Kaacca @ no molyaro
m Haspieaemcs Kaacc uucenr, Y00o8remeopAOUUX CDABHEHUIO

x" =g (mod m). (rn

PaccmoTpuM KBajpaTHBle KODHM 1O JI0GOMY MOAYJIO H3 €RH-
HHUB M ONpefesuM MX uuciao. HaudeM co cayuasi, kKoraa m= p*,
rie k=1, p—npocroe 4Huco.

Teopema 196, Ilpu a06om HedemHOM NPOCHIOM p u k=1
qucro Keadpammolx KopHel u3 eQunuybi no modymo p* paswo 2.
Hpu p=2 4uciro keadpammnoix Kopueld u3 edunuysi no modyao 2%
paeug coomsemcmeenno: 1 npu k=0 u 1, 2 npu &=2; 4 npu
k=3, , :
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‘NoxasarteabctTso., 1) Cpasuenne x?==1 (modp*) npu ue-
YeTHOM NpOCTOM p 3anuumeMm B Bule (x—1)(x+4-1)=0(mod p*).
O6a MHOXHTeNA NPH OJHOM H TOM ¥XKe 3HaYeHHH X He MOTyT Je-
JHTbCA Ha p, TaK KaK H3 x—1=0(modp) 1 x+4 1=0(mod p)
caenoBado 6n1 2==0(mod p), 4To NpH p > 2 HEBO3IMOXKHO.

TlosTomy cpaBHente x*= 1(mod p*¥) npa p > 2 MoXeT yjoBJjeT-
BOPATbCA TOTAA H TONbKO Torja, xorga x—1=0(mod p*) uau
x41==0(mod p*), 1. e. npu x= =+ 1 (mod p*). Mul BHIHM, TaKHM
0o6pa3oM, 4TO NMpPH HEYETHHIX p CYUIECTBYIOT ABa KBaJpaTHLIX KOPHA
H3 eJHMHHIBI 10 MOAyJIO p*.

2) BosbMeM Tenepp p=2, k>=3. OG6Go3nauum uepe3 ((u, Uv))
HHEKC 1o Mofymo 2* umHcesn x, yJOBJIETBOPSAIOWMX CPABHEHHIO

x?==1 (mod 2%). (12)

IMockoabky, Kak ObuIO OTMeueHO paHbllie, HHAeKC 1 no Mo-
aymo 2% pasen ((0, 0)), uHmekcupys cpaBHenue (12), noayuaem
corjacHo Teopemam 188" u 190:

2((u, v)=((0, 0))(mod ((2, 2*~%)),

wiad u==0(mod 1), v=0(mod 2*-3), Ina u no momymio 2, u nId
v no Moxyaio 2%-% nmosyyaeM COOTBETCTBEHHO:
u=0(mod 2), u==1(mod2), uv=0(mod 2*-?), v=2%"3(mod 2*-2),
T. €. uYeTblpe 3HAYeHHs HHJEKCa X, a MMEHHO:

(0,00, ((1,0)), ((0,2%~%), ((1,2*-?),
KOTODBIM COOTBETCTBYIOT YeThlpe KJjacca pelieHHil cpaBHenus (12), 3tu
KJIacChl_ H ABJISIOTCS KBaAPATHBIMH KOPHSIMH H3 IHHHIBI 10 MOLY 110 2%,

B cnyuae p=2, k=0 uau 1 HenocpeICTBEHHO HaxXOOUM, HTO
CyllecTBYeT OAHH, a NpH p=2, k=2-—JBa KJjacca pelLieHUH
cpaBHenus (12),

. Teopema 197. ITycmo m=2*pf*. . . pfs, 20 p;> 2— Kkanonuue-
CKoe pasaoscerue moOyas m; mozda 4ucA0 KBaOpammwblx KOpHel u3
eQURUYbL NO 3MOMY MOOYAI0 PABHO:

1) 2° npa k=0 nnu k=1,

2) 2°*! npu k=2,

3) 2°*% npu k=3.

HoxasaTenbcTBO. HaM Halo onpefesuTb YHC/O peIIEHHH
cpaBHeHusi x2=1(modm), KoTopoe 35KBHBAJEHTHO (TeopeMa 156)
cHcTeMe:

x? =1 (mod 2%)
x?=1(mod p?)
R (13)
x?==1(mod p¥), J

CornacHO npeabiayllefi TeopeMe KaxJoe H3 STHX CpaBHeHH,
KpOMe MNepBOro, HMeeT fBa peulleHHs. Ecanm 0603HauuTb 4epes 7
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YHCJIO pelleRHA NepBOro cpaBHeHHA, TO CHcTeMa (13), a caexoma-
TeJbHO, H cpaBHeHHe x?==1(modm) HmeeT mo Teopeme 157 %2°
pewmenns, - ' '

B npeamaymef TeopeMe OhlJIO.onpejesieHo, uTo: 1) npu k=0
HEk=1n=1, 2) npu k=2 n=2; 3) npu £>2 n=22, 1aK yT10
YHCJIO KBaApPaTHbIX KOPHEH H3 €RHHHIK 10 MOAYJIO m B 3THX TpeX
cJyyasX MOJiyuaeTcss COOTBETCTBEHHO paBHEIM 2°, 29+l y 25+2

NpuMmevanne. I[lpa m > 2 KakIOMy KBaADAaTHOMY KODHIO r ¥3 enu-
HHIX O MOAYJIO /M MOXHO CONOCTABHTH OTJNHUHEH OT 7 - KBajpaTHH#l KO-
peHb m—r. .
HeitcteuTensto, ecan ri=1(modm), 10 u (m—r)* =1 (mod m), npuuem
m-—r ;(:7, TaK KaK ecau Obt GHLIO Mm—r =T, TO HMeJH OB M—r ==r (mod m),
2r =0 (mod m). Bmecre ¢ Tem us r2==1(mod m) BupgHo, urto (M, r)=1, Tax
uyro G0 Ot m |2, 4TO NPOTHBOPEYHT YCJIOBHIO m > 2.

[Tpumep. Onpenenurb YHCAO KBAJPATHHIX KOPHEH H3 €AMHHIHI
no moayJsio m=600. o

IMockonbky 600=2%.3.52, 1. e. k=3, s==2, UYHCJAO TakKHux
KopHeH Oyger paBHO 2¢= 16.

PesyspTaT, nosyyeHHHIA B TeopeMe 197, MOXKHO NpPHMEHHTb AJ8
ZoKasatejibCTBA OAHOH TeopeMsl l'aycca, npexacTtaBasioumeil coboit
HenmocpejcTBeHHoe 0606ueHHe TeopeMnl Buiabncona (teopema 153).
3ro o6o6menne Onno npusexeHo I'ayccom B |, Disquisitiones arith-
meticae“ R

Teopema 198, Ilycmo ry, ry, ..., Iy m—npusedennan cucmena
sviternoe no modyaro m. Toada

ATy v Tom=l(modm), (1)

20e l=—1, ecau m npunadsexcum MHONECMBY, COCMOAUEMY
us uucia .4, ecex uucer euda p¥ u 2p*, 20e p— aoboe Heuernroe
npocmoe wucao, k=1, u l=1, ecau m ne npunadsexcum amomy
MHO%NCECTBY. : S
JNokasatenbcTBO. He orpaHnunmBasi K OOULHOCTH, MOXHO
B KayecTBe o S
P=flf2v...v flp(m) e E (15)

paccMaTpHBaTh NPOH3BeleHHe wWHCeJ, 00pa3ylOHNX HpPHBEACHHYIO
CHCTEMY HaHMEHbIIHX HEOTPUIlATEJbHHIX BEYETOB.

Mpu m=1 n m=2 Mbl MoxeM B 1npaBoil yacTH (14) B3aATH
Kak [=—1, Tax u [=1. ' ?

Tycth m > 2. O6beguHuM nonapHo Bce uucja B (15) caenyio-
uiam o6pasoMm. Jlas KamJoro r; peuiaeM cpapHeHHe r;x =1 (mod m),
(r;, m)=1, H HaxXouuM r; TaKoe, YTO rirjEl,(mod m).

1) Ecan r;5%r; cocraBiseM™ mnapy ,nepsoro tuna“ ((r;, r,)).
Bce Takne MHOMHTENH r;, r; B (15) MOXKHO OTOPOCHTD, TaK KaK
NpoH3BeeHHE KaXJbiX NBYX wuHces, oOpasylmux  TaKylo ' -napy,
JaeT BPH JeJEHHH Ha M OCTAaTOK, paBHEH 1.
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)Ecnu r,—r,, T. e ecmn rf _._l(modrn), TO AJf TAaKOro 7
cocTaBisieM napy ,Broporo tuma“ ((r;, m—r;), e COIJIacHO IpH-
MedYaHHI0 K Teopeme 197 (m—r,)z——l(modm) H m-——r; OTJIHYHO
ot r;. Jnas KaxJIoro M3 nNpoH3BefeHHUN IBYX YHCEN r; U mM—Iy,
oépasyroumx napy BTODPOro THNA, HMeeM:

r;(m—r)=—r}=—1(mod m).

Takum obpasoM, P no momyJsio m cpaBHuMO ¢ (— 1)*, rae n —
qHCJO nap BTOPOro THIIA. :

[TockonbKy B napax BTOpOro Tumna oObeJHHEHH NOMApHO pelle-
HHUA cpaBHeHHsd x?=1 (mod m), uucj0 3THX nap OymeT paBHO no-
JIOBHHE YHC/JA KBaJpPaTHBIX KOPHeH M3 SAMHHLb [0 MOAYJIO 1.

Cornacio Teopeme 197 npu m= 4, m= p* u m=2p* umeem

n=7-2= 1, T. e. P=—1(modm). Ecan xe m=2"-p’f‘-. e pRe_.

KAaHOHMYECKOE DA3JIOKEHHE M, TO COMJIACHO TOH Ke TeopeMe:
1
1) mpu £=0 u 1, s=2, uaucio n=?2‘ YETHO,

1
2) npu k=2, s=1, uncno n=—2"+1 YeTHO;

3) npu k=3, s =0, uucao n= 2‘+2 YeTHO.
Takum 06pa30M BO BCeX 3THX Tpex cayyaax
P:—l—l(modm). (16)

Henocpeacrsennast mpoBepka moKasblBaeT, 4To cpaBHeHHe (16)
BepHO Jis m=1 u m==2, COOTBETCTBYIOILUX 3HaUYeHHAM R =0
H | npu s=0, uTo BMecTe C paHee pacCMOTPEHHBLIMH CJYy4asaMu
UCUEpNEBIBAET BCE BO3MOXKHLIE 3HAYEHHUS M.

CpaBuuBasi pesynbTaThi, MNOJydYeHHble B Teopemax 198 u 181,
MOXHO TeopeMy 198 sanucath Takxke B chefylouleit dopme.

Teopema 198°, [Tpoussedenue uucea, 06pasyrouux npueedenryo
cucmemy 6oi4mMO8 ‘N0 MoOYM0 m>2, CPABHUMO N0 3MOMYy MOOY0
¢ — 1 mozda u morvko moz0a, Koz0a no Molyao m cyuecmayrom
nepaoobpasnee Kopru. s ecex ocmaisnolx molyred smo npousse-
Oerue cpasrnumo ¢ + 1.

[IlpuMepn, a) m m=18=2.32 311ec1>Hr,—-1 5.7-11-13-17 =
=(5.11)-(7-13)-(1-17)=1-1 (— 1) =—1 (tmod 18).

6) m=30=2-3.5. 3pecp IIr;=1.7-11-13-17. 19.23.29 =

= (7-13)-(17-23): (1 29)(11 19=1. 1(—-—1)(—1)__1(mod30)

‘4. I'IOKA3ATEJIbeIE CPABHEHH}I

Tadnﬂumaumekcoa- MOKHO npumeﬂmb H JAs peuleHHsT NoKa-
3aTe/IbHBIX -ABYYJ/ICHHLIX CpaBHEHUH BHJa _ ‘ :

a*=b(modm)," - (17
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Ecan no mopymo m cymecTByloT nepBooGpasHbieé KOpHH, TO,
HHJEeKCHpYA cpaBHeHHe (17), nojyuaeM cpaBHeHHe

xind a=ind b (mod ¢ (m)), (18)

npeicrabjsiontee coboit ciaeactBHe cpaBHeHHs (17). Bce sHaue- -
HHA X, YJOBJeTBOpfilollHe cpaBHeHuIO (17), HaxomsATCs CpelH 4YH-
cea X, ylosjeTBopsiomux cpaBHenuio (18). C xpyrofi cTopOHHI,
KakJoe HeOTpHLaTeNbHOe 3HaueHHe X, YAOBJETBOpSiolLilee CpaBHe-
Huio (18), ynoBaerBopsieT Takxke H cpas HeHuo (17).

B cayuae cpaBHeHHS BHAA

a’ * = b&* (mod m), (19)

rae f(x) M g(X)—MHOrouJeHsl ¢ UEALIMH Ko3bGhHIHEHTaMH,
a m-—MOAYJb, AJ KOTOPOro CYLeCTByeT NepBoo6pasHbil KOpeHb,
HHJEeKCHpYA, NoJdy4YaeM CpaBHeHHe BHJA

F (x)=0 (mod @ (m)), (20)
e F(x)=f(x)inda—g(x)indb.

3HaueHHs x, yJIoBJeTBopsioimHe cpaBHeHHio (19), coBmanaroT
CO 3HAaYeHHSAMH X, YAOBJIETBOPSIOLHMH cpaBHeHHIO (20).

r1ABA 21
CPABHEHHSA 2-it CTENIEHHW MO MNPOCTOMY MOIIYJ]IO

1. KBAJAPATHYHDBIE BbIYETbl B HEBBIYETDI

OG6mu#t BUX cpaBHeHHs 2-H CTENEHH NO NPOCTOMY MOAYJIO p

HMeeT BHJ:
CoX? + ¢y x + ¢, =0 (mod p). ; 4]

B kauectBe MoayJs p Mbl OyleM O6paTb HeueTHble NPOCTHIE
sucna. Ilpy p=2 peenusi, ecin OHH €CTb, HAXOAATCH HCHITA-

HHeM KaaccoB O u 1. Mn 6yxeM paccMaTpuBaThb TOJBKO CJyuai
p'{’co, Tak Kak NpH p|c, cpaBHeHHe (1) 3KBUBAJIEHTHO CpaBHEHHIO

1-i crenenn c¢,x+c,=0(mod p).
Teopema 199. [Ipu p>2, p4Lc, cpasnenue (1) sxeusarenmno
HEKOMOpOMY CpasHeruro euda

(x4 ¢)2==a(mod p). (2)

HokasateabctBo. CpaBHenue (1) npu p{ ¢, MOXHO (Teo-
pema 144) cHayaZia NpHBECTH K BHAY

£+ byx -+ by =0 (mod p). ’ (3)
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PaccmoTpHM XBa BO3MOXKHBIX Cayuasi: -
1) Ecnu 2|by, To cpaBHeHHe (3) MOXHO 3anMCaTb B BHJE:

b b
(x+—§‘—) =(—l) —b, (mod p).
2) Eciu 240, TO cpaBHeHHe (3) 3aMeHseM 35KBHBAJIEHTHHIM

CcpaBHeHHeM
%2+ (b, + p) x+ by =0 (mod p),

KOTOpOe, MOCKOJIbKY p HEYeTHO H, cJjejoBatenbHO, 2|b, + p, MOXHO
3anucaTtb B BHJE

(x+b1+P) _(b1+P> —b, (mod p).

Takum o6pa3oM, B 0O0OHX CJY4Yasix Mbl NOJY4YaeM CpaBHEHHE
Buja (2), sKBHBAJIEHTHOE NEPBOHAYAJbHOMY,

Ecnu 0603HauHTh X+ ¢ 4epe3 2, TO BONPOC O CYNIECTBOBAHHH
pelueHHi H HaXOMYeHHH STHX pelleHHH JJIsi JIOO0ro CpaBHEHHs
2-f CTeNeHH CBOJMTCA K HCCJIe[IOBAaHHIO CpaBHeHHA 22=(mod p).

B 370 rnaBe Mbl GyJieM pacCMaTpHBaTh TOJNbLKO TAKHe CPAaBHEHHA,
3anuchiBag HX B BHJe

x?=a (mod p), 4)

npuueM OyJeM CUMTaTb & He npuﬂannemamum HYJIeBOMY KJiaccy,
T. €. TakuM, 4to pfa.

B cayuae, xorja a€0, OueBMAHO, YTO cpaBHeHHe (4) umeert
TOJNBKO ofHO peuieHHe x=1{0 (mod p), Tak xak npu x 3= 0(mod p),
a==0(mod p) Gyzmer Takke x? 3 a(mod p).

CpaBHe}me (4) ABAfeTCAd YACTHBIM cJydyaeM (NpH n=2) cpaBHe-
HHA x"==a(mod p), paccmoTpennoro B 20-i ruase.

HekoTtoprie U3 pe3ysbTaToB HacTOAIIEH [JaBbl SABJASIOTCA YacT-
HBIMH ciayuassMH TeopeM 20-i rjaBel. UYrto6m clenath H3ydeHHe
cpaBHeHHH 2-#i cTeleHH He3aBHCHMEIM OT oOlleH TEOpHH ABYYJ/EH-
HBiX cpaBHeHHH, OyleM HapsAjly CO CCBJIKAMH Ha paHee yCTaHOB-
JieHHEIE pe3y/IbTATHl JaBaTh H HOBBble JOKa3aTeJbCTBA, NPOBOAA HX
CneuManbpHO I/l paccMaTpHBaeMoro cayuasi.

Ilpu pta cpaBHenue (4) MoXeT He HMeTb pemieHHl. Hanpuwmep,
JIETKO NPOBEPHUTH, YTO cpaBHeHHI0 x?==2(mod 5) He yIoBJeTBOpsET
HH OOMH H3 KJaccoB 10 MOAyJo 5.

BmecTe ¢ TeM ecaH npu p{a cpaBHeHHe (4) umeeT peiue-
HHe X,, TO pelieHHeM OyJeT Takxe KJIacC — Xo, OTJHYHBIA OT X,.
JlelicTBHTENbHO, eclU Xp=a(modp), To H (—Xx,)’= a(mod p),
npHYeM NOCKOJAbKY pfa, To pf{x;, a, cllefoBaTeslbHO, A p > 2
6yner 2x, sé.O(modp), Xo # —xy(mod p), T. e. pellleHHs X, H— X,
pa3nHYyHbIEe,

C apyro# croponu, cpaBHeHHe (4) He MOMKeT (Teopema 148)
uMeTh Oosice ABYyX pewmeHHHA. TakuM 06pa3oM, eciM HCK/IOUHTb H3
PaeGMOTpPeHHs, KaK MBl- TO CAeJNaJH, 3HAYEHHA a, KpaTHbe p, TO
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cpaBHeHue (4) 60 uMeer ABa pelieHHs, KGO He HMEET HH OAHOrO
peiwienusi. Ecau mpH HeKOoTOpOM a cpaBHeHHMe (4) MMeeT ABa pelle-
HHS, TO H AIf Joboro b==a(mod p) 310 cpaBHeHHe HMeeT IBa
pelleHHsl, NO3TOMY eCTeCTBEHHO pacCMaTpHBaTh CpaBHeHHe (4) He
AJsi OTAEJBHHX UYHCEJ @, a AJA COOTBETCTBYIOMIMX KJiacCOB.

Onpegenenns 59. 1) Kaacc uucea no modymo p Hasvieaemcs
KAGCCOM K8adpamuqHblX 6bI4emo8 Nno 3momy mMolyao, ecau Ons wucen
a, npuradiexcawux 3momy Kaaccy, cpaeuenue x*=a (mod p) umeem
dsa peulenus.

2) Kaacc uucea no molyaro p HA3b18aeMCS KAACCOM Keadpamuu-
HOLX Hegblemos, ecau OAsl yucea a, NPUHAOIeHAULUX 3MOMY KAacCy,
cpasuenue x*=a(mod p) ne umeem pewenui.

CooTBeTCTBEHHO 3TOMY BCe UHCJA, NpPHHALJEKalHe KJjaccam
KBaJIpaTHYHBIX BBHIYETOB, T. €. BCe YHCJA a, JUIs KOTOpPbIX. CpaBEe-
Hue x?=a(mod p) umeeT nBa peweHus, OyleM Ha3biBaTb KBajpa-
THYHBIMH BLIYETAaMH MO MOJAYJIO p H aHAJOTHYHO BCe YMCIA @, AJIA
KOTOPHIX 3TO CpaBHEHME He HMeeT pelleHHil, — KBaJpaTHYHBIMH He-
BHIYETAMH N0 3TOMY MoAyJsio. Uucaa a, npuHajmiexainue Kaaccy 0,
JJIsT KOTOPHIX CpaBHeHMe (4) HMeeT OfHO pelleHHe, He NPHYHCAAITCS
HH K KBaJpaTHYHbIM BblY€TaM, HM K KBaJpPaTHYHLIM HeBEIUETaM.

Eciaun cpaBuuTh onpenejenns 59 ¢ onpefenenusimu 56 u 56', To
JerKO BHJETh, YTO NMOHATHE KBaJpaTHYHOTO BEIYETa (HEBBHIYETa) IO
MOJYJIO p COBIaJaeT ¢ NOHATHEM BhiueTa (HeBblueTa) 2-H cTeneHH
1O 3TOMY MOIYJIO.

Teopema 200. Heobxodumbim u O0CmamodHbIM YCAOBUEM M0Z0,
4mobot a 6bia0 Kea0pamudHbiM 8bIMEMOM NO NPOCMOMY MOOYMO
p(p>2, pfa), sasasemca cnpasedrUs0Cb CPABHEHUA

p=1 A
a? =1 (modp). 4 -

HokasateabncTBo. 1) OTa TeopeMa siBJasETCS "acTHbIM CJ1y-
uaeM Teopemu 194 npH n=2.

Hanum eme OFHO JOKa3aTeJbCTBO 3TOH 'Te‘opeMbl.

2) Cornacuo Teopeme 150 HeoOXOAHMBIM M -AOCTATOYHHIM YCJO-
BHEM TOro, uTOGH cpaBHeHHe (4) HMeJIO JABa pelleHHs; ABJsAETCS
JEJHMOCTb Ha p BceX KO3((HUIMEHTOB OCTATKA OT :RejleHusi xP~1-—1
Ha x*—aq. Hajizem 310T OCTaTOK. :

IMo teopeme bBe3sy ocraTok oT nejeHus f(z) Ha (z——-a) paBeH

f(a), Tak uro ‘ ‘ ‘
ZT-1=<z—a>g<z>+r; vy O

pe1

rge r=a?® —1, a g(z)—MHOrOWIEH ¢ ue.anH Koaqxp}mﬂemamn.
SaMEHﬂﬂ B (6) z Ha x2?, moJsyuaem: v ,

p=1 ...
o~ —l—(xﬁ—a)g(xz)-{-(a ? —l)
CJIe/OBAaTeNbHO, HEOGXOAMMEIM M JOCTATOUHEIM YCAOBHEM TOIO,
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YTOGH. CpaBHEHHe (4) HMeJIO JBa pelUeHHs, SABJAETCH JEJHMOCTb
p—1
a® —1 Ha p, T. €. BBUIOJHEHHe ycJjoBUs (5).

Teopema 201.. Heobxodumvim © Oocmamounsim ycaocsuem moeo,
wmobbl a.0bia0 Keadpamu4HbiM Heesidemom no npocmomy Modyrw p
(p>2, pta), ssrsemcs

pP-1i

a 5 =-—1(mod p). )
IIOKaSaTeJleTBO. Corsiacio Teopeme ®epMa npH pta
HMeeM: ‘ \
p=1 -1
(a 2 —1)(a 2 +1)=a"1— =0 (mod p). (8)

Ecan a—xBafipaTHUHBIA HEBBIYET IO MOAYJIO P, TO IEpBHIH
MHOXHTENbL He JeJHTCA Ha p H, CJeJOBaTeJbHO (Teopema 1057),
Ha p JEJHUTCA BTOPOH MHOXHTENb, T:. €. BbINOJHEHO YycJoBHe (7).
O6a MHOXHTeNs B (8) He MOTYT OJIHOBDEMEHHO JEJHTBCA HA p, Tak
Kak TOr'Jia HX pasHOCTb 2 TOXKe Jesunach Obl Ha p > 2, UTO HEBO3MOX-~

p-1
Ho. [ToaToMy ecsiu BuinOJIHEHO YycaoBHe (7), Toa 2 Z l(modp), T. e.
corjacHo Teopeme 200 a—KBaJpaTHUHBIH HeBBIYET MO MOAYJIO p.

Teopembr 200 u 201 MOXHO OOBeIAHMHHTL B BHIE CJEAYIOLIETO
KpHUTepHsi, JaHHOTO BrepBble DHJEPOM; 3TOT KPHTepHH NO3BOJsET
CYIHTb, SIBJsieTCs JIM LeJoe YHCJIO a, He Jesiieecss Ha NPOCTOH
MOAYJb p>>2, KBaJpaTHYHBHIM BBLIYCTOM HJK HEBHLIYETOM IO 3TOMY
MOLYJIO. -

Kputepuii diinepa. Yucro a, ne Deasiyeecs Ha npocmoe 4ucao p

(p > 2), asasemcs .xaaapamuqubm BbIMEMOM UAU HEsbiMemom no mo-
p-1

Oyato p & 3asucumocmu om mozo, 6ydem au a®  cpasuumo ¢ +1
uru ¢ —1 no amomy modyao.

ITpumepol. Yncno 2—xkBafpaTHuHbIA HEBHIYET [0 [POCTOMY
mMopyao 11, Tak Kak 2%=32=—1(mod 11).. _

Uncno 3—kBazparnunmii Bruer no wmoxymo 11, Tak Kak
3% =243=1(mod 11).

Teopema 202. ITo atobomy npocmomy modyaio p > 2 4UCA0 KAGCCOB
K8aOpamu4HolX 6bIMeIM08 PABHO HUCAY KAACCO8 KEAOPAMmUYHbLIX Heabl-
4emos.

JokasaTeJabCTBO. YCTAaHOBHM CHauajia, YTO YHCJIO KJACCOB
KBaJIpaTHYHBIX BBIYETOB MO TAKOMY MOAYJIO p PaBHO '1’2'—1.

10 yTBepKJAeHHE SABJSETCA YaCTHBIM cjydyaeM Teopembl 1927
OpH n=2; MbB MOXeM TaKXe JIerko J0Kas3aTb 3TO, NMOJb3YfACh Teo-
pemoii  200.-

HeficrBuTenpHO, corjgacHO Teopeme 200 KJaaccH KBagpaTHYHbLIX
BLIYETOB [0 MOAYJIO p MPEACTABJSAIOT co60fi peweHHss CPaBHEHHS

‘xp.n;l»al(modp),.»_. o .(9)
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H, CelOBATENbHO, YHCIO KBAJAPATHYHHIX BHYETOB PaBHO mHCay
pewenuit storo cpaBHeHus. Hmeem:

W¥l—]= (xp’;—-.l) (xpT—}+‘l) .
p-1

IMockoabKy OCTaTOK oOT jeneHHs xP~'—1 Ha x* —1 pasen
Hymo, To (Teopema 150) cpaBuenue (9) uMeer p pememn‘i T. €.

—1
M0 HNPOCTOMY MOAYJIO p =2 CyIlecTBYeT 32—— KJacCOB KBaApaTHY-

HEIX BHIYETOB. Bcero no Moxyaio p cCyiiecTByer p—1 KJaccos
4YHCeJ, B3aHMHO IPOCTEHIX C MOJLYJeEM, H, TaKHM OOpa3soM, YHCJO

—1 —
KJlacCoB KBaleaTH‘{HbIX HEBLIYETOB pPABHO p—l-—%— —p2 l, T. €.

CTOJIbKO €, CKOJIbKO KJ1aCCOB KBaJpaTHYHHX BHYECTOB.

Teopema 203. Yucaa 12, 28, ..., (;_7_;__—_1)2 obpasyiom cucmemy

npedcmasumenell 6cex KAQCCO8 K6AOPAMUYUHBLX 6bI4e108 NO NPOCHIOMY

Mmodyaro p =>2.
IokazaTedbcTBO. Kamuoe U3 3THX 4HCen npejcraBifer

coboil KBafpaTHUYHbIH BbHIYET IO MOAYJMIO p, TaK KAaK CpaBHeHHe
1
x®2==s%(mod p), rIe 1<s<"’2 , HMeeT aBa TakKHX pelleHuq:

x==- s(mod p). Bce 3TH uHCcNa NONapHO HECPaBHHMEI IO MOXY-
Jaio p. HelcTBHTeNIbHO, €caH B3:AThb JoObe JBa H3 HHX: s§% H {2

(1<t<s<p2—_l), 10
l<st+t<p—1, pfs—t, pts+t,
H, crejoBatenbHo (Teopema 105°):
(s+1) (s—t) £ 0(mod p), s?# {2 (mod p).

Takum o6pasoM, uucsa
p—1\2,
2, (25"
1) npuHajnexaT KJaccaM KBaApPaTHUYHHX BHYETOB,
2) HHMKaKHe JBa H3 HHX He NPHHALJIEXAT OJHOMY H TOMYy Ke
KJaccy,
—1
3) YHCJO STHX 4HCEN %—— PaBHO YHCJY KJIACCOB KBaJPaTHUHBIX

BBIYETOB.

CoraacHo ,IpHHUHNY ALWMKOB® (TeopeMa V) MOXHO YTBepKAaTh,
YTO 3TH 4HCJa 00pasyloT CHCTEMY NpeACTaBHTeNeH 3THX KJACCOB '
IO ONHOMY H3 KaXJOro KJacca.

Mpumep. Hafith knaccw KBafpaTHYHHIX BHIYETOB 110 MOZAYJIO
p=11.

Bepem uncna 12=1, 22=4, 3*=9, 4*=16, 52=8 (mod 17),
62=2(mod 17), T?*= 15(mod 17), 82=13(mod 17).
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KnaccaMn KBajapaTHUHHX BHUYETOB mo Mozyaio 17 sBasiorcs
KJacCHi: ' ’

HMes TaGaHny HHIEKCOB IO MOAYJIQ- p, MOXHO HaiTH KBaipa-
THUHBIE BBIYETHI, OTOOpaB YHCJA, Y KOTOPHIX MHJIEKCHl HYeTHbie
(teopema 1917). :

2. CHMBOJ1 JIE)XAHAPA

[lpn wu3ayuenun cpaBHeHHA 2-# creneHH YXoO6HO MOJb30BaThCH
Tak HasblBaeMbIM cHMBOJIOM Jlexangzpa. BBefeHue 3TOro CHMBOJAa,
Kak OyleT BHAHO M3 JajbHefilero, 3HaYUTEJNBHO YNPOLIAET 3a0HCh
MHOTHX pe3yJbTaTOB H ofJeruyaer BoiuucaeHusi. Cumsoa JlexaHjpa

IAs YyHCaa q 10 INPOCTOMY MOAYJIO p>>2 NPHHATO 3anHCHBATh
a
B BHIE (7) IpUYEM 5TOT CHMBOJ ONpeJefsieTcsi CJeAYIOmUM

o6pasoM.
Onpenenenne 60. [Iycmv p—npocmoe wucao, p>2 u pfa.

Cumeorom Jlexcandpa (%) ob6osnauaemcs +1 uwau —1, cmompsa

no momy, Oylem Au @ KBAOPAMUYHbIM 6bIMEMOM UAL HEBHIMEMOM NO

MOOyato p, m. €.
( a ) - J+1, ecau a—rxsadpamuuneul esmem no modyawo p,
p —1, ecau a—rxsadpamuunsitl Hesvivern no modyro p.

JIpYruMH CJIOBaMH, (-:—) paBHo + 1, eciaH cpaBHeHHe

x?=q(mod p) uMeeT 1Ba pelIeHHSH, H (%) paBHO — 1, ecJad sTo
CpaBHEHHEe He HMeeT pelleHHH.

Mpumepsn. 1) (% =1, Tak Kak cpaBHenHe x?=3(mod 1)
HMeeT ABa pelueHusi: x == 5(mod 11);

2) (»?)—)=-—l, TaK KakK cpaBHeHHe xZ=2(modd) ne wumeer

peuleHn#,
3anumem pak CBOHCTB CHMBoOJA JlexaHuipa, HenocpeXCTBEHHO
BLITEKAIOMMX H3 Ompefie/leHHA W paHee YCTAHOBJIEHHBIX CBOHCTB

KBaJpaTHYHbIX BHIYETOB H HEBHIYETOB. IJOCKOJNIBKY CHMBOM (i)
onpeneneH y Hac TOJbKO MJsi NpPOCTHIX MOAyJed p>2 u pfa, To
sanuch (;‘:—) BO BCexX cJjeiyoiux teopemax 204—212 6yner osua-
YaTh, YTO p U @ YHOBJIECTBOPAIOT 8THM }’CJIOIZPISIM. .

Teopema 204. Ecau b=a(mod p), mo' (7>=(F)'

HJokasateabcTBOo. Ecan (—z—) =1, T. e. a—KBaJApaTHUHHA
BHIUET 10 MOAYJIO p, TO M JioGoe b€ Z Tome GyJer KBaipaTHYHBLIM
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. NN . . N . b ) P .:‘a' . oy
BbIYE€TOM. IO 3TOMY MOAYJIO, H (?)-——_ 1. Ecanu (;): —1, Ton
BeChb KJjacc @ COCTOHT M3 KBaJpaTUYHBIX HEBHIYETOB MO MOZYJIO P, .
T. .. npu b=a (mod p), (%):——l '

Teopema 205. ( - ) =1.

HokasatenscTBO. CpaBHeHHe x?*=aq?(mod p), pfa, uMeer
JBa peuieHud: x==-4 a(mod p).

B uacrHoctH, (l> =1.
Teopema 206 (xpurepuii Ditnepa).
p=1 |
a? ~E(%)(’modp). | (10)
JokasatensncTBo. Ecau (%)s‘l, T. €. ecJH a-—KBajpa-
THUHBIH BBHIYET MO MOAYJAK p, To corjacHo Teopeme 200 umeeMm:

p—1

a7 =1= (%) (mod p). <
Ecan (%)—_———1, T. e. ecqd a—KBaAPAaTHUHBIH HEBHIYET [0
MOAYAI0 p, TO corJjacHo -teopeMe 201 umeem:
p—1
az —z—l:(i) (mod p).

Takam o6pasom, cpasrenue (10) BepHO A1 MOGOrO a, HE Aess-
merocs Ha p. ,
[Tpume phL

1) (13)4—_—36:72951(fnoc113),_'Tax qﬁ) (i)=1.

9) ({_) = 108==(—2)¢ — 16=— 1 (mod 17), Tax ut0 (}2) = —1.

1 + 1, ecau p=1(mod?4),
Teopema 207. (’p ) {_1 ecau p_3(mod4)

HdokasartenbcTBo, Cornacio tTeopeme 206 uMmeeM:
o ‘ et

(54 == (modp).

B JeBodt ¥ npaBofi.yacTAX 3TOT0 CPaBHEHHS CTOAT BEJHUHHEI,
no aGCoMIOTHOR BeqHuMHe : paBHbie 1. [{Be Takue BeJHYHHB MOTYT
OBITE CPABHHMBI MO MOAYJIO.p > 2, -TOJbKO €C/IH OHH PAaBHH, T. e.

‘P

(T)~(_‘l) R ¢ 1)
1 ‘ '
(—l)2 paBio -1 wuaH -1, cmorps. mo ToMy, OyneT JH

p=1(mod4) unu p==3(mod4).
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Tlockoapky cpaeHenne x®=s— 1 (mod p) MOXHO 3anucaTb B BHJE

x?+ 1=0(mod p), TO TeopeMy MOXHO 3anucarth eme B CAexyiomed
opMe.

@ Teopema 207’. Llesvie 3nausnus x, npu rcomopux x24-1 Oeaumcs
HQ npocmoe 4ucA0 p, cywecmeyiom mozda u moaskd mozda, Kozoa
p==1(mod4).

IIpumep. CymecTBYIOT JH B8HauYeHHA X, TakHe, uTobhi x? -+ 1
aeqangock Ha 1277 Ilockoabky p = 127 = 3 (mod 4), Taxux 3HaueHU#H

He CcYyLiecTBYeT.
(al.”a") = (ﬂ) (gﬂ)
p [/ A

Teopema 208.
HoxaszatenbctBo. Cornacro Teopeme 206 nHmeem:

. . p—1 p-1 p-1 a a
(——-lp ") =(ay...4,) ? =a;° ...ap? E(;‘) (;)L')(modp).
(al.l.).an) ¥ TpoH3BeJieHHe (%‘) (%‘) no abCoOMIOTHOH BeJIMYHHE

paBubl 1. Bhie OblJI0O OTMeueHO, YTO JABa TaKWX YHCJa CPaBHHMBI
N0 MOZAYJIO p >>2 TOJNbKO TOTAAa, KOTJa OHH PaBHbl, CJEAOBaTeJbHO,

(=52)-(3) -~ (2)

' b
B uwacTHOCTH, (3-)=(i) (i), H, TakaM o0pa3oM, eciH

p p
($)=(5)- ™ (%) (3)==(5). = (5)
—)=(=), 10 |—=})=1, a ecmn {—)|=—(—), TO | —|=
p A r. p P p - \p
= __(;) = —1, T. e. npoN3BeJilcAHHE ABYX KBaJApPaTHUHbLIX BLIYCTOB

WX JABYX KBaJpaTHYHbIX HEBLIUETOB O MOAYJIO p TNpeACTaBiger
co6oif KBaApaTHUHHH BHIYET 1O 3TOMY MOAYJIO, a NpOH3BeLeHHE
KBAJ\PaTHYHOrO BEIYETA HA HEBBIUET NpeACTaBJseT coGoii KBanpamq-
HBI HEBBIUET.

U3 Teopemun 208 caeayeT Takike, UTO ecnn(%) =1, To M TpH

aS
mobom s =0 nmeeM (-ﬂ—)= 1, 1. e. qw06as cTeneHb KBajpPaTHUHOTO

BblUETa MpPEeACTaBJsieT coGoii KBaApaTHYHBIi BLIYET NO pPacCMAaTpH-
BaeMOMY MOJY/JIO.

IIprmep. 52::2(mod23) Ilonb3ysice Tem, 4T0 2 ABAsieTCH
KBaAPATHYHbIM BHIYETOM M0 MOAYMO' p= 23, HaHTH Bce KJacChl
KBajPaTHYHbIX BLIYETOB MO 3TOMY MOZYJMO.

- Bepsa creénen 2; RAXOAMM NOCAeROBATENLHO TaKue Kuacebl KBaj-

paTHYHBIX BLIYETOB 11O MOLYJIO 23.

5. 7, 8 16, 5-16=9, 2.9=18, 2.18=13, 2.13=3, 3.3=6,
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23 ~1 . . )

Mupt Hain ll=——-—2 KJ1acCOB KBajJpaTHYHHX BbIUETOB, T. €.
BCe TaKHe KJacChl.

Orser. 1, 2, 3, 4, 6, 8, 9, 12, 13, 16, 18.

Cnenyromuii KpuTepHi, ycTaHoBJeHHHH BnepBble 'ayccoM, Aaer
HOBBIH, OTIMUHBIHR OT KPpHTEpHs Diiyiepa, cnocob BHISCHATL, ABJASETCT
JH HeKOTOpOe UYHCJO @ KBaJPAaTHUHBIM BBHIUETOM HJH HEBLYETOM MO
NpOCTOMY MOAYJIIO p. ,

Teopema 209 (xpurtepuii I'aycca). [Haa awbozo a, He deasuye-
eoca na npocmotl modyse p (p > 2), umeem:

()=

20e |—yucao wucea Muocecmea:
—1
a, 2, ..., B, (12)
Y KOMOpoix HauMeHowiull no abcomomuold eeiuduHe ebiiem no npo-
CIMOMY MOOYAI0 P OMPUUAMENeH.
HokasatenbctBo. Kaxpaoe uncio u3 (12) cpaBHEMO C 0HHM
H TOJbKO OJHHM YHCJOM NPHBENEeHHOH CHCTEMbl BBLIYETOB M0 MO-

aymo p:

—1 ’ p—1
_&‘2—‘,---,-‘2, ""ly 1) 2! L :—‘2_7 (13)
TaK 4To KaxJaoMy uHcay sa H3 (12) Mbl comocraBHM uuciao ua (13)

Buga ( — 1)frg, Takoe, uto sa==(— 1)%r (mod p), rae lgrsgﬂg—l
H I, papHo O uau 1, npuyem [, =1 TOoraa H TOJbKO TOTJa, KOrja
HapMeHbIIUA N0 abCoMIOTHOH BeJMYHMHE BBHIYET S MO MOZYJIIO p
oTpHUATENEH.

Ecnu B3aTh JABa TaKHX 4HcCJA: sa H fa (Ss=!), TO COOTBETCT-
BYIOIHE 7, H r, TaKKe OYAYT He paBHHI ApyT apyry. deficTBHTeNbHO,
€CJIH Gbl OblJIO r =14, T.e. sa=(— 1)}r (mod p) u ta=(—1)% r (modp),
TO Mbl HMeJqH Obl sa==+4fa(modp), p|(sFt)a. ITockoabky npu
lgsgfféll, lgtg’%—-—l, s=t, umeeM 0<|stt|<<p—I1,
To p{s-=1{ M, CleloBaTeNbHO, p|a@, YTO NPOTHBOPEUHT YCJOBHSAM
TEOPEeMBI.

p—1

Taxum obpa3oM, npHaaBas s 3HaueHds, paeHee 1,2, ..., =,

GyneM noay4atb B KaueCTBE€ r, TaK¥Ke€ paSHble 3HAYeHUsl H3 yHcsa

-1 =
yucen 1, 2, ..., ’37—- H, TaKBM o0pasoM, ry, 73y ..., Tp-y H
2

—1 ,
1, 2, ..., %—— MOryT OTJAHYAThGSl TOJBKO INOPSAKOM, TaK 4YTO
p—I1

A"-—'-:l'lf’...fﬂ_1=l'2... p)
KN
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ITepeMuoxast cpaBHeHHS:
l.a==(—1)hry (mod p),
2.a=(—1)hr,(mod p),

noJjqiyqaem:
p-1 l,+l,+...+lp_1

Aa® =(—1)  A(mod p).

Coxkpaulaem o6e uacTH cpaBHeHHst Ha A, rge A, Kak NmpoHsBe-
lleHHe 4HCeJ, B3aHMHO NPOCTBIX C p, TaKXe B3aHMHO MPOCTO C p:

p-1 l,+l,+..‘+l£2
=(—1) 2 (mod p).
CornacHo gputepuio Jfijepa (teopema 206) umeem:

p-1

a? = (%) (mod p),

TakK 4To
Ltl+...+lp 4

(%) =(—1) = (mod p). (14)

B aeBoft u npasoii HacTaX cpaBHeHHs (14) BenHuuHH MO alco-
JIOTHOH BeJIHUMHe paBHBI l; U3 CPAaBHHMOCTH HX IO MOAYJIO p BEHI-
TeKaeT WX PaBeHCTBO, T. €.

Lty +lp g

(£)=(=1 ==

rae I—vuucgo uHcen l;, paBHBIX 1, T. e. UHCJIO yHCeNl BO MHOXe-
crBe (12), y KOTophiXx HaHMeHbIUHA N0 aGCcoMOTHON BeJHUMHE BHIYET
10 MOAYJIO P OTPHLATEJEH.
ITpumep. Vmeer an peweHHe cpaBHeHHe x2?==6 (mod 19)?
HaxonuM HauMenbliue 00 abGCONMOTHOH BesMYHHE BHIUETHl WHCEJ
6s(l <<s=<9), nopuepkuBadg Te H3 HHX, Yy KOTOPbIX TakOH BHIYeT
OTpHILaTeJIeH:

5 6-5=—38,

4=
-9=—3 (mod 19).

3
8
3necy [ =6, TaKk 4TO (19)=(—1)“= 1, u, 3HauHT, CpaBHeHHe
==6(mod 19) umeer ABa pelleHHS. /
Teopema 210.
2 +1, ecau p=1(mod8) usu p==7(mod8),
(7)={—1, ecau pz=3(mod8) usu p==>5(mod8).
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HDokasaTeabctBso. CoraacHo Kputepuio 'aycca (Teopema 209)
(%) =(—1)!, rae [—4HCIO YHCEN BO MHOMeECTBe

12,2232 ..,20-p1, (15)

T. e, BO MHOxecTBe 2, .4, 6, ..., p— 1 ueTHbIX 4YMceJ, MEHBIUHX
HJIH paBHBIX p—1, IJIS KOTOPbIX HaHMeHbIIHA no a6CoJNIOTHOM
BeJIMYMHE BHIYET N0 MOLYJIO p OTpHIaTeNieH.

Yucna, nexamue B HHTepBase oTf 1 xo p—1, uMeT orpuna-
TeJIbHBIH HAHMeHBUIHI Mo abCOJMIOTHON BeJIHYHHe BHIUET, €CJAH OHH

6oJbiie, yeMm b Cornacuo TeopeMe 49 YHCIO UYETHBIX IIOJIOXKH-

2
TeAbHBIX YHCEJ, MEHBLIMX HJH PaBHBIX ﬁ, paBHO [7’;-] . Bo wto-
—1
Kecrse (15) Bcero umeercs 82— yHceJ, M, TAaKUM 06pasoM, uHCcels,

Oyzer
r=t_ (2
l=%—— [4] ‘

p=8n+1 [=4n—2n=2n,

p=81+3 I=@{@An+1)—2n=2n41,
p=8n+5 I=(4n+2)—@2n+1)=2n+1,
p=8n+7 l=(4n+3)—@2n+1)=2(n+1).

60JbIIHX YeM g s

Ilpu:

Takum ofpasom, %—):(—l)‘ paBHo | gjs HPOCTHIX HHCEN p

Buga 8n--1 uau 8n-+-7 u paBHO —1 RAA NPOCTHIX YHMCEA P BHAA
8n-+3 u 8n-4-5.
Teopemy 210 MoXHO 3amHcaTh B BHJE

2\, B
) == 8
(-p) (= *, (16)
TaK KaK Jierko HNpOBEpHTH, YTO paé—l 4yeTHO, ecqd p=8n-+1 wuau

8n-+7, M HeueTHO, eClH p= 8n—|—3 uny 8n-4-5. Teopema 210
O3Ha4aeT, YTO NpPOCTble NEJMTENH YHcen Buaa x2—2 MO!‘yT KMETb
T015K0 BMA 8n+ 1 wiu 8n+7.

[MTpumep. CymeCTByeT nu - uenoe tmcno X, Takoe, 470 x?—2
Requrcst Ha 79?7

[Mockoubky 79 = 8- 9+7 TO (7§)=1, H, C/eAoBaTeNbHO, Ta-

Koe HeJioe YHCI0 X cymeCTByeT.
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3, 3AKOH B3AHMHOCTH

ﬂllﬂ JABYX H€YeTHHIX HpOCTbIX yHucea p H g SHa‘leHHﬂ CHMBOJIOB

Jle)KaH,upa (-%—) H (Z) CBA3aHbl 3aMmeyaTeJibHBIM COOTHOILEHHEM,

KOTOpoe OOBYHO Ha3biBAalOT 3aKOHOM B3aMMHOCTH KBaApaTHYHEIX
BBIYeTOB. 3aKOH B3aHMHOCTH OhiJl HaljeH eme JiJepoM, OAHAKO
nepBoe JOKas3aTeJbCTBO Obwio jgaHo Iayccom. DTOT 3aKoH B Coue-
TaHuu ¢ Teopemamu 204, 205, 207, 208, 210, xak Gymer mokasaHo

o ) a
Janabile, faeT yAOGHBIH cnoco6 BHIUHCAATL CHMBOJ JlexaHapa (T)

npH mwobom a. :
3akoH B3aHMHOCTH Ja€T HENOCPELCTBEHHOE H npmom OYeHb

NpoCTOE€ BHIpAXKE€HHE AJs1 NMPOHU3BECIACHHUST CHMBOJIOB Jlemaﬂ,upa ( Z )

H (—%—) , TIe p M g—rnpocThle 4YHcjaa. B TO BpeMs Kax cnocoOul

BBIUMCJIEHHS] KaXJOF0 M3 3THX CHMBOJIOB B -OTIEJbLHOCTH, AaHHHe,
Hanpumep, B Teopemax 206 u 209, Tpebylor npuH OoabwiMx p H ¢
IJMHHBIX BHIYHCJEHHH, MPOHU3BEJEHHE 3THX CHMBOJIOB BRIYHCASAETCHA
COBCEM TNPOCTO. MBI JajuM NpPelBaPHTEJIbHO CJAEAYIOUYIO BCIOMOTra-
TEJLHYIO TEOPEMY.

Teopema 211. ITycmo p u q—Hewemnble npocmule wucaa o

q<<p, mozda
() ()=
2, ..., 2!

20e s —4UCA0 qUcea X, NPUHAOLeRcauux mHuoxcecmsy 1, g
u yaoeﬁemeopﬂmmux Kaxomy-aubo u3 cpaenenuu 6uda qx___r (mod p),
20e — ——— <r<<-3 2

HokasaTtenbcTBo. CorjacHo TeopeMe 209 (—;’7)—- (—1),
rie s’'-—4HCJO YHCeJ X BO MHOMKECTBE -

—1 :
L2_“,%—w». o an

IJ1s1 KOTOPHX HaHMeHbIUMH No a6GCOJIIOTHOH BeJIMYMHE BBHIYET gx 1O
MOAYJIO p OTPHUATeNeH, T. €. uHcay uHcen x B (17), Takux, uro
NPH HEKOTOPOM WEJIOM Y

~L<W—W<Qv_»: (18)

IMockoabKy 0 <<x < —— , Ang Bowoxmux SHaNEHHI y NoaydaeM

HepaBeﬂcma : ; ‘
L (e PN oM () gt
H TaK Kak q Heqeijno, T0'1<y<‘ill :
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3ameHa y COCEJHHM C HHM LeJIbIM YHCJOM H3MeHSeT BeJHUHHY
qx—py Ha op; nas Kaxjgoro x B (17) moxer Obitb camoe GoJib-
lee OJHO Y, NPH KOTOPOM gx—py Jexano Oul B mnpejenax OT

-——pg o 0, 1. e. s’ paBHO umcay nap (Ot, Y)), rie x BeIGpaHO H3

MHOXecTBa 1, 2, ..., 332'—1, a y—wu3 MHoxkecTBa 1,2, ..., -"——'27—1,

yZoBJeTBopsomHX Hepagencrsy (18).

TToMeHsIB MecTaMH p B q (a TaKXKe X H y), noaydaeM (—’;—) = (—1)%",
§"—uHcao map ((x, y)), The X ¥ y— BCEBO3MOXKHBIE HHCJA, B3SThIe
TaK, uto 1 <x<-’1§_—1 , 1 <y<q«§—l H— < py—qx<0.

ITockonbky pfq ¥ npu 1<x<—p—27—1 pfx, TO pyqx, TaK

4TO YCJIOBHE ——2‘7— << py —qx <<0 MOXKHO 3anucaTh B Buje 0 << gx ~—

—py << % . TlpousBenenue

(£) ()=t

rie s=s"+s", paBHO YHCIY BCEBO3MOXKHBHIX map ((X, y)), cocras-

JeHHBIX M3 4yHcea 1, 2, ..., p'2—1 s xul, 2 ..., 4_-5-_ st g,

TaKHX, YTO

14 q
—5 <qx—py<—2—.

Ilpr g <<p pasi KamJAOro LEJOro X MOM¥eT GhiTh camoe Golbllee
OfHO TaKOe Y, TaK HYTO YHCJO STHX Nap PaBHO HHUCJAY YHCEN X

—1
B MHOXecTBe 1, 2, ..., p—2—, TAaKHX, 4TO gx=r (mod p) npu He-

KOTOpPOM 7, YJIOBJETBOPAIOINEM YCJIOBHIO '——‘2’* <r << -g— .

Teopema 212 (3akoH B3aHMHOCTH). [as dsyx aw06lX HewemHblx
npocmbiX 4uces p u q umeem: -

—1, ecau p=4n+3 u g=4n'43,
(-E—) (—q—)r— +1, ecau xoms 00no u3 ducer p uiu q umeem eud
7/\P 4n+1.
Jdoxkasarteasctso. [lycts g<<p. O6o3Hauum depes M MHO-
JKeCTBO 4YHCeJ X, TaKHX, YTO 1<x<—p-;—1— H gx==r (modp) npu

HEKOTOPOM 7, TaKOM, HTO ———g-<r<—‘27-.
CornmacHo teopeme 211 umeem:

() ()
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rge s—uucyao yucen x € M. Kaxpomy uucay x,€ M MoxHO como-

. . . 1 : w“
CTaBHTh YHCJO xo=p—2_|'———xo, TakXKe Bxojsiee B M. IelicTBH-

—1 . —1
TeJIbHO, H3 1<xo<p—2—— clenyer 1<xo<%——, H €CJiH

gx,==r (mod p), f%<r<i, TO

\ 1 —_
9%, «a(’”’ —x, ) =p i+ 152 —r =152 —r (mod p).
O6o3HayuB qT—-p —r duepes r’, 6ygeM umetb ¢x,=r'(mod p),r
rae, MOCKOJbKY ——’2’-<r<%, nojsyuaem ——~’2—’-<r’=5;—p——
—r< L rtax uro x,€M. Hucno x'(,——:ﬂ'—l'——xo OTJIHYHO OT X,
1
38 HCKJIOYEHHEM cJydyas, Korjia xoz%.

O6benunuM uKcga M B napel BHAA ((xo, p+1—xo>>, rje

2
1
X, qéﬂ—;'———xo. Ecau %1 He BXOAHT B M, To Bce uMcia M pa-

300bIOTC HAa TaKHe [apnl, H § 6leET YCTHBIM, 8 €CJIH L):-—l- BXOAHUT

B M, TO B M, KpOME 4YHCeJ, BXOIALIHX B 3TH Maphbl, OCTaHETCHA

ele OAHO 4YHCJIO B—:ll-——! , H S 6y11e‘r HEUYETHBIM.

Pl
4

Hawm ocTaeTcs TOJNBKO BHIACHHTB, BXOIHUT JIH B M HIH Her.

I) Ecan p=4n+1, 10 E——Heuenoe YHCJIO, _p_-i;_ He BXOAHT

B M, T. e. s Gyler 4YeTHO.
2) Eciu p=4n+3 u g=4n"+1, 10

1 —1
qp;l' =p¢l4 +P;F‘IEP+‘7 (mod p).

ITpu g << p uMeeM %< £4i‘1< —’23- p+q HeCpaBHHMO C YHCJIAMH 7,
JeXallUMH MEKLY ———g— H % , TaK 4To p-j'—- He BXOAHT B M,

T. e. §—4eTHO.
3) Ecan p=4n+3, g=4n"+43, 10

pi‘ q+1+q P._._q P (modp)
p+1

[TocKoabKY ——;— < i{—£< % ~——€ M, s HeueTHO.

BBuly TOro u4TO BHIpaXKEHHE (—Z—) (%) CHMMETPHUHO TIO OTHO-
IWEHHIO K p 4 ¢, cayyal p<q CBOMHTCH K yXKe pPacCMOTPEHHOMY.
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RN R } —1 =1 O
Jlerko nposepHuTb, YTO BhIpaxeHne -~ > 'QT HEYETHO, €CJH

p=4n+3 u ¢g=4n"+3, ¥ YeTHo, ecu XOTs Gbl OAHO M3 YHCE] p

HAM g uMeeT BHA 4n -+ 1; MO3TOMY JOKAa3aHHHIH HaMH 3aKOH B32HM-

HOCTH MOXHO JaTh Takxe B CJelyloueidl dopme, :
Teopema 212'.

-1

() ()P
p

(7) KaK BeJMYHMHY, paBHYl0O == 1, MOXHO nepeHecTH B Apyryio
CTOPOHY M 3amucaTb 3TY q)opmyny TaKXe B BHJE

( ) 7 ) (19)

p=1 ¢-1
Ilpumensis dopmyay (19), snak (—1) 2 2 o6bl4HO oOmpeje-
JSIIOT, Kak B TeopeMe 212, cMOTpA 1O TOMY, KAaKOBH OCTATKH OT

JeJieHuss p U ¢ Ha 4,

59
Ilpumep. ( 83>
=20-4+3.
3akoH B3aMMHOCTH BMeCTe C paHee YCTAaHOBJEHHBIMH CBOHCTBaMH
cumBoja Jlexanapa (teopemn 204, 205, 208, 210) nosBonsieT Bbl-
YHCJAATD (%) sl JoOBX @ H p (p4 @ npocroe), T. €. ONpPEAesiTh,
HMeeT HJH HeT pellleHHsl cpaBHeHMe xZ=a (mod p).
Bouncnsas cumsoa Jlexanapa (% » MBI MOXKeM cuuTaTh 0<<a<< p,

TaK Kak ecau Ob YHCJIO @ He JieXajJo B STHX Ipelieax, ero
MOXHO Obl1o Obl 3apaHee 3aMeHHTb (TeopeMa 204) oCTaTkoM OT

JeJleHHs] Ha p.
Ecau a=q%... g% —xaHOHUYECKOE pas3noXKeHwe a, TO (Teo-

pema 208)
()= )
p p \p/)?
npuuyeM, Tak Kak (.%) =1, MOXHO OCTaBUTb W NPHTOM B IEepBOH
CTEeNeHH TOJIBKO Te MHOMHTeNH, Y KOTOPHIX o; Heqemm, ‘3ameﬂsm
HeYeTHhE @; €JMHHILAMH. :
2
Ecan Hekoropoe ¢;=2, TO (?) BLIYHC/ISETCSA N0 TeopeMe 210,

a K MHOXHTEJIsIM BHIA (—;l) , TI€ §—HeueTHOe NpOCToe (g<< p),

npumeHnsiercs dopmynaa (19), csomsmas BbquCJIEHHe_ (-Z—) K BH-

(gg) TaKk Kak 59— 14-443 u 83 =

YHCJIEHHIO (—Z—)z(—"}—), TZe r-—OCTaToOK OT JeNeHHs p Ha ¢, TaK
uro r<<gq. ‘ L
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HenocpencTeenno BUAHO, YTO ITOT mpouece CBOJHT BbiYHC/ICHHE
CHMBOJIa JIexcarmpa(p) K BHIUHCICHHIO JPYrHX CHMBOJIOB Jle-
HaHJPa, B KOTOPHIX @ 3aMeHseTCst MeHbIUHMH uuciamu. [Tpofosikas

o 1 2
3TOT npolecc, Ml ZORJeM B0 CHMMBOJIOB BHJA <I~,—,)=1 " (?) =
P"2—1
=(—1) 8 (p’, p"—HeKoTophie NpoCThle).

Mpumenenue Tteopemnl 207 4acTO CyUleCTBEHHO OOJerdaer Bhl-
YUCJIEHHUS. ,

Mpumepol. 1) Mmeer nu pewienus cpaBuerue x2 =68 (mod 113)?

Moaynn 113—npocroe uncino. Haxomum:

()= ()" ()= (1) = () =(5)=(%)-
- (2) () ()-(8)-(3) =

CpaBHeHHe He HMeeT pelleHHH.
2) Umeer au pemenus cpasuenue x?==310 (mod521)? 521 —

310 2- 5 31 521 521
fpocToe 4HCA0; (521) (521) (5?) <521> < 5 )(31)
—(AN(BY(2\_y
=(5) ()= &)=L
CpaBHeHHe HMeeT [Ba DelleHMs.
3) Umeer nu pewrenust cpaBHenue x2--174=0 (mod619)?

619 . [ —174 —1 29\
—MpocTOe YHCJIO; ( 55 ) <619> (619> (6?5) (6——9)—
_(3\N729\ 619\ /619 1 2 5
= (ais) (aw) =— (%) (%) == () (&) = () (=) =
(29 2\ _
-(2)=(5)-1
CpaBHeHHe MMeeT JBa pelleHMs.
4. HEKOTOPLIE MPUJIO)KEHUS TEOPUH KBAAPATUYHbLIX BLIYETOB
3axoH B3aMMHOCTH TO3BOJSET ONpPeAeJHTb, AN KAKHX MPOCTHIX
monyaeti p(p > 2) nadHoe npoctoe YHCIO ¢ (HAH —q) (¢ + 2) sB-

Jsercd KBaJPATHYHLIM . BbleTOM. J[leficTBUTEeIbHO, MpeiCTaBHM p
B Buje p=4qt-r, rge 1<r<4q (r,4g9)=1; Torxa

1

() == T (5) =0 ()

F-F@F-T @)
T. €. (—Z—) U (;';—‘7) He 3aﬁnéﬁT or t.
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Takum ofpasoM, ¢ fBJAAETCS KBaJpaTHYHLIM BHYETOM JJISt TeX H

r—1 -1
. ——— ) —— r
TONBKO TeX NMPOCTBIX 4HCEJ p, IS KOTOphX (—1) ? 2 (7)-_- 1,

a—@—KBaApaTHYHHA BHYET MpPOCTHIX YHCeJA p, HAd KOTOpPHX
r-1 g+
S I (_f_)=1_
(=1 7
r

=1 gt -1 git,
ITpu maHHOM g BeMHYHHH (—1) 3 2 (—q—) u(—1)?2 2 (7)
3aBHCAT OT r, T. €. OT TOr0, B KakOH H3 mporpeccHf mo MomyJio 4q
JIEXKHT p.
3ameuanue, BuacrHom cayuae, xorga g=1 (mod 4), npen-

CTaBHB p B BHfAe p=gli+7r’, rge 1 <<r'<Cq, 6yieM HMETH —Z—) =

= (L) = (—r—-) . an 3aJlaHHOM ¢ BeJIHYHHA (-—g—') 33aBHCHT TOJIBKO

q q
oT r', T. €. OT TOrO, B KaKOH NMPOrpecCHH IO MOAYMIO ¢ JEXHT p.

2
Ilpn g=2 cumsoa - ) paped +1 mau —1, cMoTps no TOMY,
6yrer su p=1,7 (mod8) unu p=3,5 (mod8) (reopema 210),

a (l;—z)=(—_’—,l) (%) paBHO +1 HauH —1, cMoTpsa mo ToMy, GYJHeT
an p=1,3 (mod8) uaum p=>5,7 (mod8) (reopemn 207 u 210).

TakuM oGpasoM, H B 3THX cJyuasgx 3HaueHHe CHMBoJsa Jlexkangapa
3aBHCHT OT TOTO, B KakOH M3 MpPOTpPeccCHil Mo MOAYyJio 49 JeXHUT p.
Amnajiornusass 3ajaua oOnpejeJieHHsl HeYETHBIX IPOCTBIX MOAY-
Je# p, AAsf KOTOPHIX JaHHOe @ ABJAETCS KBaAPATHUHLIM BHYETOM,
MOXeT ObITb MOCTAaBJACHA M JJisl COCTAaBHHIX @. DTa 3aJa4a MOXeT
6biTh NOCTaBJeHa TakKxke B cjefyiouleil ¢opMe: onpeiesHTb, KakHe
IpOCThie YHCJA p ABJASIOTCA JeNHTeNSIMH YHCeJ BHJAa xZ—a.
MoxHO OrpaHHYHTbCS CJydYaeM, KOTHA BCe MPOCTble MHOMHTEJH

a
pa3JIHYHbl, TaK KaK IPH BBLIYHCJCHHH CHMBOJIA J]e}Kaana (-’—’-) B Ka-

HOHHUYECKOM PpAasJjlIOdK€eHHH a= —+ q‘lh. ..qg« KaxJaoe a; MOXKHO 3aMe-

HHTb OCTATKOM OT JeJleHHst Ha 2.

Bepsi cayualt @ =(2¢,)-G, ... G,, THEe Bce q,—-pasﬂnqaue npo-
CTHIE YHCJA, MBl JJIST KaXJAOTrO H3 3THX MHOXKHTEJEH OrpelesinM
NpOrPeCcCHH MO MOAYJMio 4¢;, B KOTOPHLIX NPOCTHE YHCJA P TaKOBHI,

4TO -%i)=l, H NPOrpecCHH MO 3TOMY K€ MOZYJIO, B KOTOPBIX

NpocThHle YHCJa p TaKOBHI, UTO (-—"L =—1 [B ciyuae, Korja a<<0,

npu i=1 BMecTO (ip‘—) GepeM (T—pﬁ ]
ITocne 3tOTO OCTaeTecs onpepenuTdh OOMEUA BHA TeX NPOCTHX
4HceN p, NPH KOTOPHIX

EE-m- e
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.T. @ HaliTH Te OPOrPeCcCHH MO MOAYMIO
M =441, 4Gs ..., 44,1 =4019;. . .qp,

/I KOTOpPBIX B NpoH3BejeHHH (20) YHC/I0 MHOXKHTeNeH, paBHEIX —1,
‘yerHo. [lpome, oaHako, MpeACTAaBHTb HPOCThie YHCAa P B BHJIG
p=Mt+r{l<sr<M, (r, M)=1) U Ang Kaxporo r onpelesHTh,
SBJSIOTCS JIH NPOCTHiE YHCAA mnporpeccHH M+ r KBaJpaTHUHBIMH
BBIUETaMH HWJH HeBHIYETAMH.

ITpumepr. 1) Jasg Kakux npocThX YHCea p >2 cpaBHEHHe
x*==3 (mod p) HMeeT peleHHS?

IlpencrasnsieM p B Bufie p=12¢-+r, rpe r=1, 5, 7, 11.

3 Lint { 1 npu r=1,11,
(7)=(_1) ? (TB')::]——I npu r=>5,7.

CpaBHeHHe HMeeT pelleHHs IJIsi MPOCTHIX MoayJnied p=1 (mod 12),
p==11 (mod 12) n He uMeeT peiueHHH A5 MoAyJeH p==5 (mod 12),
p=7 (mod 12).

2) OnpenesiuTb, KakHe NpPOCTbie MHOXKHTENH MOTYT OhITh Y YHCEJ
puga x%24+6. 3pecb a=—6, M=24. IlpeacraBnsieM p B BHJIE
p=24t+r, rpe r=1, 5, 7, 11, 13, 17, 19, 23.

3 v sy | (1) mpu p=1, 11, 17, 19 (mod 24),
(772)=<772) <?)={ —<'§') npu p=>5, 7, 13, 23 (mod 24).

[Tonb3ysch pe3ynbTaToM nNpeiblAylied 3ajayd, HaXOIHM, YTO
(—6)_ 1 mpu p=1, b, 7, 11 (mod 24),
2 —1 npn p=13, 17, 19, 23 (mod 24),
T. €., KpoMe 2 H 3, IPOCTHle MHOXHTeJH YHcesa BHIAA X246 HMET
BHA 24f-+r, rae r—oano u3 uyucea 1, 5, 7, 11.

Teopusi KBaJpaTHYHHIX BHIYETOB MOXeT OhITh NpHUMeHeHa AJs
HaXOXJIeHHsl NPOCTHIX Je/JHTeJlel HaTypalbHBIX YHCeJ; HampHMmep,
cjeAymollas TeopeMa NO3BOJSET B ONPeJEJEeHHbIX C/AyyasiX H3 MHO-
XecTBa BCeX IPOCTHIX YHCEJ BbIEJHTh IOAMHOMXECTBO [POCTBIX
yHceJ, KOTOpble 3aBeflOMO He MOryT ObiTh JeJIHTeNsIMH 3afanHoro N.

Teopema 213. ITycme

N =ax?--by?, (21)

ede a, b, x,, Yyo—uyeavie uucra, (axy, by,) =1, 'p—nevemnoui npo-
cmoil Oeaumeav N; moeda

;, 2 |

(&) =n7. (22)

HokasarensctBo. U3 ycnoBuh plaxt+by2, (ax, by,)=1
noayuaem p{a, p4b, p4{y, ax?+ by?==0(modp).
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(ax,)* = — aby; (mod p), T. e.— aby;— KBaapaTHYHHA BRIYET M0
MOLYJII0 p ¥, TaKAM 06pasom,

()1, o ()21

l'lom:syacr; (popmy.noﬁ 11 (teopema 207), no.nylxaeM'

()= ()™

Ycnopue (22) CymiecTBEHHO OrpaHHYMBaeT BO3MOXHBIE TNpOCTHE
Jeautenn uucea N suga (21).
I[Tpume p. PasnoXuTs Ha mpocTHie MHOKHTEAH HHCIOC

10541 = 3-59? +2.72, (23)
p-1

CornlacHo TeopeMe  eCJIH p[10541, . TO <——2—)=(—-1)T=

=1\, (=6\_
=(F) -1
—6
B npuMepe Ha crtpanuue 189 M BHAeaH, 4To (—p—)=1 pu

p=1, 5, 7, 11 (mod 24), Tak uto npocthle Aeautenu p <<} 10541
RnaxonaTcs cpepu uucen: 5, 7, 11, 29, 31, 53, 59, 73, 79, 83, 97, 101.
N3 (23) cpasy Bugano, uto 5, 7, 59 He mesquTenn 3TOro uYHCHAA.

3.59242.72=3.42+98 % 0 (mod 11),
3.59242.72 =398 %0 (mod 29),

3.59%1 2.72=23(—3)*+98 % 0 (mod 31),
3.59?+2.72=3.62+98 3 0 (mod 53),

HenocpencTBeHHBIM JeJleHHEM HaXoluM:
73 4 105641, 791’10541 83[10541 10541~v83 127

YacTHbMH cJyyasMu TeopeMbl ABASIOTCS cnenyroume yTBep)x-
ACHHUA:.

1) Heuethuie TIPOCTHE JEJIHTENH. p YHcea BHja x”—}-y rae
(x, y)=1, uMewT BHX: p=4n+1.

JleficTeutenbio, npu N = x?+y? ycnoere (22) npHHHMaeT BHA:

p-1 _

(—1 2 =L

2) Heuetnre npocThe JenuTesau p uncen Buia x2-4- 2y rie
(x, y)=1, nmetor Bug: p=28n--1, p=8n+3.

Ieiicreurenbno, npu N=x%42y%, 21 x ycnosue (22) npunu-
MaeT BHA: o o

-1 p -1 p—1

(2)==nF, (=17 ==n 7,
YTO MOMXET MMeTb MeCTO TOJbKO TNpH p 8n+l AN p 8n—]—3
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Mpu x=2x,, 2Xy, (%, y)=1, N=2(2%} + y?) nonydaem ToT
e pe3yJIbTar. ‘ ‘ ’ ’

3) HeueTHble mpoCThle JeHTeNH p uHces BHAa 2x2—y? u x?—2y?
npu (x, y)==1 umeroT BUR: p=8n+1, p=8n+T7.

Heicrsutensro, npu N=x?—2y? 24 x ycaosue (22) cBomutcs

—2 22l s
K (—p—) =(—1) 2, —p—) =1, 4TO MOMKET HMEeTb MECTO TOJBKO NPH
p=8n+1 unu p=8n+47.

Mpu x=2x,, N=—2(y2—2x3), 24y, (y, x;) =1 nonyuaem
TOT Ke pe3yJbTar. .

Paccmorpenne uucen BHma 2x*—y?=—(y?—2x?%) cBopuTCH
K pa3o6paHHOMY CJyd4aio. '

Teopema 202 nokasbiBaeT, 4TO cpefu uucesa oT | go p—1 kBajg-
paTHYHble BBIYETHI MO [POCTOMY MOJIYJIO D COCTaBJSIIOT MOJOBHHY
3THX uHces. EcTecTBEHHO IOCTaBHTb BOIPOC, KakK pacnpeieseHbl
KBaJpaTHYHble BbIYETHl H HEBBIYETHl 11O MOAYJI p B HEKOTOPOM
uHTepBasie oT 1 go Q, rre Q <p—1.

U. M. Bunorpazos u Ilofia He3aBucumo Apyr or gpyra B 1918 r.
JOKa3aju CJEAyIOUIYi0 TeopeMy, KOTOPYIO Mbl NMpHBOAMM 6e3 HOKa-
3aTeNbCTBA. ‘

Teopema 214. OGosna4uum depe3 R 4ucao K8aOpamuuHbix 8oi4enios
no npocmomy Modyato p, Haxodauwjuxca cpedu wucer 1, 2, ... ,Q.

Toz0a

R=5Q+0Vplnp,

1

ede 0| <5 .

dra TeopeMma NoxKasbiBaeT, 4TO NpH Q, GOJMBIIOM IO CpaBHEHHIO
¢ Vplnp, npuvepro nosoBuHa Bcex uyucen oT 1 go Q sBAsoTCS
KBaApPATHYHBLIMH BBIYETAMH 10 HPOCTOMY MOJAYJIO p.

Ananoruynasi TeopeMma 6bia ykasaHa V. M. BunorpagosuiM mis
BBIUETOB n-d CTemeHH. . o

Teopema 214°. ITycmo n|p—1, R, —uucao sviuemos n-i cmenenu
no npocmomy modyato p, Haxodswjuxca cpedu uucen 1, 2, ..., Q.
To20a .

R,=—-Q+08Vplnp,
2de |0 <. '

5. CAMBOJI SIKOGH

O6obmenueM cumposia JIeXaHApa SABJASETCH CHMBOJ, BBEIESHHBIR
Axobu. ' ' .

- Onpenenenne 61. Ilycmo nedemnoe m=p,p, ... p, THE p;—
npocmote wucaa, cpedu Komopeix Mozym Geims odunaxossie, (a, m) = 1.
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Cumeos Sxobu (%) onpedeasemcs paseHcmeom

@)=EGE) - ()

2de (%) npu i=1, 2, ..., s—cumsoret Jlexcandpa.

I R
a
Cumson Jlexanjpa (;) AIBJISIETCSl YACTHHIM CJayuYaeM CHMBOJIA
Axobu.
a

Tipu m=p, roe p—npocroe uncio, CHMBOJ S1KoOH (p) SIBJISI-

eTcsl [0 ONpeleJieHHI0 BMeCTe C TeM M CHMBOJoOM Jlexanapa. Takum
o6pasoM, AJisi IPOCTOr0 MOAYJsl m=p cHMBOJ $S1Ko6u paeeH - 1
HWJH — |, B 3aBHCHMOCTH OT TOrO, HMeeT JIM cpaBHeHHe x2 = q (mod-p)

a
pelieHHs HAH HeT. Bumecte ¢ TeM cumBoa $FkoGu (H) MOXKeT pab-

HATbesl 1 W TOria, Korja cpaBHeHHe x%=z=gq(modm) He uMeeT

pelleHHH.
Hanpumep, cpaBHeHne x%2=2 (mod15) He HMeeT pelUeHHH,

2 2 2
a caMBos SAkoGH <ﬁ> = <§> <§> =+ 1.

CaoiicTra cuMBosia §Iko6M aHajOrHYHBI CBOMCTBaM cHMBOJA Jle-
xanipa. B teopemax 215—216, 218—222 Mbl 6yfeM, He oroBapu-
Basi 3TOro KaxJbli pas, OykBoH m 0003HAYaThb MPOH3BOJLHOE He-
yeTHOe YyHucJso, OoJibiee YeM eJHHHIA, H, PaCCMATPHBAsA KaKOH-MHGO

cuMmBodl fAKobu BHAA (%), Bcerja cyHTaTh (@, m)=1. Ilycts
m=p, ... ps THe p;— OPOCTblE YHCJ]A. :
Teopema 215. Ecau a=b (modm), mo cumsoror Sxobu <n31)
H (;nb—) pasHeL.
HokaszarteanctBo. Cornacuo onpefenenuio 61 u reopeme 204,
(&)=G) - G)=G) - G-
HMeeM: | — | ={— =) ={=) .. {=)={=).
m 2 Ps p1 Ps m

Teopema 216.
a?\.
(%)=

Hokasateanctso. CorjacHo onpegsenenuio 61 u Teopeme 205

@)@

Ilpn nokasaTeJbCTBe CJAeAYIOIIHX TEOPeM HaM NOHAZOOMTCH BCHoO-
MoraTejibHasi Teopema. ,

Teopema 217. IIycme ny, n,, ... , n,—nNPOU3BOLbHbIE HedemHbe
‘wucaa, k pasno 1 usu 2, mozda

(nf—1)+(nk— 1)+...+(nf——-Qas (nsny ... n)*—1 (mod 22%). (24)
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HokasareabcrBo. Jna mo6Goro HewetHoro n 2|n—1 u
4|n?—1, tak uto npu k=1 u k=2 Gyner 2%|n*—1. Ipu s=1
cpaBHeHHe (24) BEPHO, TaK KaK JieBasi M mnpaBass YacTH TOTAa

ONHHAKOBHL.

[Tycte cpaBHeHHe (24) BEPHO AJS JIOGHIX § HEUETHHIX WHCEJ 7.
Bo3bmeM s+ | NpOM3BONIBHEIX HEYETHHIX HHCEN My, ..., N5 Mgiq.
TockonbKy cpaBHeHHE (24) COTIACHO NPEANOJIOXKEHHIO CIPaBelJTHBO
IAst Ny, ..., g, TO

(nlle— 1)+---+(n5"1)+(‘n§+1— l)E(n1 ns)k_1+>(nf+1—1)=
=(ny ... BNe) —1—((ny ... n)*—1) (ndr,— 1) (mod 22%),
Mockoabky 2%|(ny ... n)*—1, 2%|nf,—1, 10

(ny ... n)*—1)(nér,— 1) =0 (mod 22*), Tax uro

(nf— )1)—{—. o (ns—=1)+ (& — 1) = (ny...ngng.1)*— 1 (mod 2%%),

- CornacHo npHHUMNY HHAYKUHH (TeopeMma lII) cpaBnenune (24)
npu k==1 u k=2 BepHO JJs IPOHU3BOJIBHEIX HEYETHHEIX YHCEJ

ny, ..., Ny, Kak Obl MHOro HX HH 6blIO.
m-=1

Teopema 218. (—)—(—1) 2,
Jokasatennctso. CoraacHo onpelenennio 61 u dopmyae (11)
pPs=1

()= (2) - ()= 0™

Teopema 217 npu k=1 paer

-———-p‘2_1+...+p’_lsp‘ "'2p“1=m;l (mod 2),

TakK 4YTo ( =(— 1) 3

Teopema 219. (——”Tﬁ) =(%) (:—f) .

HokasateancTBo. CoraacHo onpenenenuio 61 u reopeme 208
(a1 as)=(a1 as) . (al____gi)_—_-.
. m P Ps
() @) (@) (2)-() ).
Teopema 220. (”2! ) ===(--1)%:1

JokasaTeabcTBO. Cor.nacuo onpeaesnenuio 61 u popmyare (16)
HMeeM:

pl-1 pi-1

)-) - G-
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TeopeMa 217 npy -k——2'.uae1'- «

———+ + =t ;"’"“ L - L mod,
TaK“"q’To IR AR
S i e )
f-(2)=(—-1) .

 Mpl060o6IUM 3aK0OH BIAUMHOCTH, PacnpocTpaHHB ero Ha sHade-
‘HUS CHMBOJIA ﬂxoéﬂ CHayvana paccMoTpHM YacTHHIH “Caydya# CHUM-

BOJIa onﬁu - ) , rne q—npocme yncio, Goabuiee 2.

Teopema 221 ll/m /zroéoeo Hexemmnozo npocmoeo “ucaa q u He-
EMHO20 M UMeEeM:
-1 -1

(B =

Jloka3aTeabcTBoO. Mycts m=p, ..! p,, roe p; — mpocTsie
yucaa., CornacHo Onpeie/IeH IO 61 u TeopemaM 208 u 212’

(#)(3)=() - (2) (2= (2) 3) -

)T
pl—1+ +Ps"'1) q-1
=(—1) 1 2

TTockoabky (reopema 217 mpu k=1)

p—l ps—1 __p1...ps—1_m—1
g+ ...t g = 5 = (mod 2),

TO MOJNydaeM:

(3)(3)=0

Teopema 222 (3aKOH B3aUMHOCTH AJs CHMBOJIOB S1k0OGu). ITycme
m H n—KewemHoie wucaq, boiswue 1; mozda
m=1 n-1

() (5) =0 ™

Hokasatennctso. Ilycte n=g, ...q,, rle g;—MnpocTbe
yucaa. CorsacHo Teopeme 219, onpeueneﬂmo 61 u Teopeme 221
noJyuaem;

(8 ()= () ()= () () - (1) 3) -

m—1 qi—1 qi—1
]

‘ __(——l) ’ (-;f-+...+
I'Iocxo.nbxy (reopema 217 npu k=1)

@=1_q ... qp—1__ "
Al il n

3 (mod 2),
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" (1) (F)=tn7 "= .
Bregenue cumBosa SIko6H HaeT BO3MOXKHOCTb BO MHOTHX caydanx
3HAYHTEJLHO YIPOCTHTh BHYHCAeHHe CHMBOJA Jlexanapa. Kak Ouiio

. a
yXKe OTMeueHo, CHMMBOJ JlexaHzpa (-—) .TIPH HEYeTHOM 4 H Npo-

CTOM p COBMNAaJaeT ¢ TAKHM e .CHMBOJOM $IKo6H. Bhuucnenue xe
cuMBosia $Iko6H ynpomaercss 3a. CYeT - TOro, HTO . NMPH COCTABHOM
@< p MOXKHO HENOCPEACTBEHHO NPHMEHSTh 3aKOH B3aHMHOCTH, B TO
BpeMsl Kax, paccmannBaﬂ OIHH TOJBKO CHMBOJlbI JIe)xaana Heo6-
a
XOAMMO MpEACTaBHTh (7) B BHZE nponaBezLeHnﬂ CHMBOJIOB  BHAA
¥

(‘%) , TAe ¢;—TINpocThle MHOXKHTEJNH HHCAA a.

Mpumepw. 1) Hmeer au pemeuﬂn" cpaBHeHne x"‘E506
(mod 1103)? s A

‘ 506
1103—npocToe 'mc.no. Bbl'-lHCJlHeM CPIMBOJI J]e)KaH)xpa (ﬁo‘s)'
paccMaTpHBas - ero Kak. CHMBOJT ﬂxoén - ‘ Lo

() ) (32) = (45) = (80)~(35) -

(5 =) @) =-—E)=— ()=
CpaBhenNe He HMeeT pelieHHil, Vo

2) WUmeer au pemienns cpaBHende x?= 903 (mod 2111)?

2111 —npoctoe uucao. BruncasieM cHMBOJ JIe}Kaana _paccmart-
puBast ero Kak cHMBOJ $SIKOGH:

(59 = (B0) = (3%) ()= (52)
-~ (@) ()=~ () == ()=

CpaBHeHHe HMeeT [Ba pellieHHs.

2
3

Hcmopuneckue xommenmapuu x 21-ii z2aa8e.

: a. ' L o
1. Cumson (7) 6o Ha3BaH cHMBOJIOM JlexXaHzpa B 4ecTb

¢dpaHnysckoro MaTemaTHKa AjpHaHa Jlexauapa (1752—1833). Jle-
XaHAP, TIOMHMO pPsiia HCCJEJOBAHHH B TEOPHH UMCEJ, MJIOXOTBOPHO
pa6oTaJ Haj pPa3BHTHEM - TEODHH' SJIMNTHUECKUX - HHTETPAJIOB.
B 1798 r. Jlexanzp ony6ankoBas .counHenue ,Essai sur la theorie
des nombres®, B’ KOTOpPOM H3J1ararTCs paauooépasnme pe3yJabTaThl
MO TEOPHH WHHCeJ, NOJyuYeHHBIE K TOMY BpeMeHH. B 3Toit kHure
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Jlexxannp Bnepshie M BBeJ CHMBOJ, HA3KIBAEMHI HAMH Tenepb CHM-
BoJioM Jlexannpa.

2. 3aKOH B3aHMHOCTH GBLI OTK PHIT smnupuyecku diinepom (L. E u-
ler, Opusc, analytica 1, St. Peterb., 1783, crp. 84). Jlexaump
B ,,Essai sur la theorie des nombres* NpHBOZHT 3akKOH B3aHMHOCTH
B HECKOJIbKO HHOH (JODMYJIMDOBKEe H JaeT N0Ka3aTedbCTBO, He fIB-
Jsioleecs, OXHAKO, MOJHBIM.

ﬂepBoe TOJIHOE JOKA3aTeNHLCTBO 3aKOHA B3AKMHOCTH OLLIO [aHO
I'ayccom B 1796 r. B Bo3pacTe 19 JeT u onyGJAHKOBAHO HM BMeCTe
¢ JpyruM, BTOPHIM JokasarteabcTsoM B 1801 r. (Disquisitiones
‘arithmeticae). Popmyaupys u 10oKasbiBasg 3TOT 3aKOH, OH He
noJb3yetrcss cuMBosioM Jlexawapa. B nocaenyromue roger [ayce
HamesJ H onyOJHKOBal ellle MmecTb APYTHX J0Ka3aTesbCTB 3TOTO
3aKOHa.

B XIX Beke O6wiio onyGaukoBano cBroiue 50 pabor ¢ pasjuu-
HBIMH JOKa3aTeJIbCTBAMH 3aKOHA B3aHMHOCTH, a K HacTOSALIEMY Bpe-
MeHH 3TO YHCJIO ellle 3HAYHTEJbHO Bo3pocso, KoHeuno, MHorue us
5THX J0Kas3aTeJbCTB OJH3KH MO CBOEH Hiee M OTJIHYAIOTCH TOJILKO
B JeTajsx.

MnTepecHoe JHoxka3saTe/bCTBO 3aKOHA B3aHMHOCTH ObLJIO JaHO
p 1872 r. E. U. 3onorapesniM B ctathe ,Nouvelle demonstration
de la loi de réciprocité de Legendre“. Masectnnl HeKoTopbie 0606-
IIeHHsI 3aKOHAa B3aHMHOCTH Ha CJyyaH BbIYeTOB CTemenei, GOMbIIHX
ueM 2.

3axkoH B3aHMHOCTH /51 OHKBaApaTHYHEIX BbIYeTOB ObIN JOKa3aH
K. $Iko6u B JekUHAX, MPOUYHTAaHHHX HM B 1836—1837 rr,; oxnako
Jaxe IS 3TOro cayuass GOpPMYJHpPOBKA 3aKOHA B3aMMHOCTH 0OJY-
4aeTcsl JNOBOJIBHO CJOXKHOH. 3aKOH B3aHMHOCTH KBaJpaTHUHBIX BBl
yeToB OblJ1 NepeHeceH TaKxke Ha cJydual cpaBHeHHH, paccMaTpHBaeMblX
B IIPOH3BOJBHBIX KBaApaTHYHBIX M0JsAX. MHTepechble pesysbTaThbl
0 3aKOHaX B3aWMHOCTH BecbMa ofulero BHAa OblJM AaHH B psje pa-
6or U. P. llagapesnua.

3. Teopemn 207 u 210 gacTo HasbiBalOT JOMOJHHUTEJbLHBEIMH K 3a-
KOHY B3auMHOCTH. Teopema 207 Oblna u3BecTHa eme Pepma, a Teo-
pema 210 Gbuta gokasaHa BlepBble JilJepoM.

Téopema 214 6bin1a ony6aukosana M. M. Bunorpagosoim B, )Kyp-
HaJe ¢H3HKO-MaTeMaTHUeckoro ofuwecTBa npu IlepMCKOM YHuHBep-
cutere”, 1. 1, 1918 r. /IoKa3aTeJbCTBO GCHOBAHO Ha IpHMEHEHHU
KOHEUHHX TPHroHOMeTpHuYecKux cymm. [lonbsysice aToH Teopemoii,
H. M. BunorpagoB [oKasaJ, YTO HaHMEHbLIHH KBaJpaTHUHLIA He-

1 .

BhIUET MPOCTOrO MOAYJSL p MeHblle uweM p?Ye In?p aas Beex mocra-
TOYHO GOJIBIIMX 3HadeHHHd p.

B 1957 r. Bepaxecc jgokasaj, 4To npH Job6oM &>0 HaHMeHb-
i xsanpaTmmblﬁ HeBHIYeT npocroro Monyast p npencras.uﬂeT co-

6ol BeJHUHHY TMOPAJKA - O(p‘ l;). DTOT- pe3ysbTaT MPeACTaBs-
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er coGoit CYWECTBEHHOE yJYUIIeHHe pe3y/bTaTa H. M. Bunorpa-
“foBa.

BecbMa BeposiTHO, UTO HAa CAMOM JeJie HaMMEHbLIHA KBajparTHu-
HEfi HeBHIMET MO MOAYJIO p MpPH BO3PACTAOWEM p TNpeACTaBJseT
coboii BennunHy nopsaxka O (p') (rumoresa M. M. Bunorpanopa).

4. Cumpoa fIxoGu 6ui1 BBesieH uM B 1837 r. K, SIxo6u (1804—1851)
H3BeCTeH [JIaBHBIM 00pa3oM CBOHMH paboTaMH B pasJiHuHLIX o6Ja-
CTAX MaTeMaTHUeCKOro aHajiu3a (3JJAuNTHUecKHe QYHKUMH, YpaBHe-
HHAl B YaCTHHIX MPOH3BOAHBIX, BapHAUHOHHOE HCUHCJEHHE) H B Mexa-
HHKe. PasBHTas HM TeopHs JJIMNTHYECKHX GYHKIHH NpPHMEHsJacb
HM JJSl TOJIyYeHHs TeOPeTHKO-UHCJIOBBIX pe3yJbTaToB. B Teopuu
yhceJ fIko6u ocTaBms GOJIbILON CJej CBOMMH PaGOTaMH IO TEOPHH
KyGHUHbIX M GHKBaJ[paTHUHLIX BbIYETOB.

FJIABA 22

CPABHEHHA 2-ia CTENNEHH MO COCTABHOMY MOJIYJIIO
1. CPABHEHH A 2-A CTENEHH N0 MOAYJIO p*, TAE p — NNPOCTOE YHCJIO

Paccmorpum (CHauana CpaBHeHH: 2-i cTeneHH MO COCTaBHOMY
Moayaio BHAa p*.
Teopema 223. Cpasnenue

x?==a (mod p*), )

20e p— Hewemnoe npocmoe wucao, k=1, pfa, umeem dsa pewenus
uAu Hu 00HO20, CMOMpPS nO momy, pasen au cumeos Jlesmcandpa

(%) +1 wau —1.
HdoxasateabcTBo. Ecan (i;)=l TO cpaBHeHHe x2==g(mod p)

MMeeT Ba pelleHHs: X, U —X,, TpHYeM BBHAY pfa 6yne'r TaKXKe
p X x,. Ilockoabky Torfia aas f(x)=x2—a umeem pftf’(x,), TO
(reopema 158) u npu mo6oMm 2 =1 cpaBHenne (1) 6Gymer uMeTb ABa

pewenus. Ecan (%) =—1, T0 cpaBHeHHe x®?==a(mod p) He HMeeT

pelueHH#H, a, CJeJoBaTeJbHO, NPH JIO60M k=1 He OyjmeT mojaBHO
HUMeTb pelwleHHA H cpasHeHue (1).

3Hasi pelleHHs CpaBHeHHs x2==a (mod p), MOXHO HafiTH pele-
HHS cpaBHenus (1).mpH moGoM k2= 1.

B cayuae, Korja a €1, PeLICHHAMH CpaBHeHH (1) npu .modom k
6ynyT (Teopema 223) x=== 1 (mod pF).

Ecan xe a € 1, To a1 HaxoxIeHus pewrenudi cpasuenus (1)
MOXXHO NpPHMEHHTb Ccrnocol, H3JoXeHHHH B raase 16 (Teopema 158).
- .-MoXHO TaKike NOJb30BAaTbCA CJAEAYIOUIEH TEOPEMOH, ,
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Teopema 224. Ecru x, yaoexemaopﬂem cpasnenufo no npocmomy
Moaymo p>2

=a(m0dp), “
rae p{a, L
Py=th+Chxt™ at-Chrt~ta + - '
1, k-1 a k -3 s ' (2)
Qi=Cexe™ +C. a+Cixi " a ... (k=1)
mo pt Q,, u peutenufz cpaeHenus - :
x?==a (mod p*®) 3

umerom. 6ud x= P,y,(mod p*), 20e y,~— peluenue CpasHerua
Q,y=1(mod p*).
~. llokaszaTenbcTBO.
PV aQ, = (x,+V a)%, ‘Pk—‘VEQk=(xo—VE)”,
Tak 4TO, MOCKOJBKY p|Xs—a, HMEeM:
Pk—an=(Pk+1/an)(Pk—Van) (x3—a)*=0 (mod p*),
= aQ} (mod p). (4)
Ho yCHOBHIO a:x,, (mod p), TaK 4TO H3 popMya (2) moaydaeM:

Pk__xo(1+ck+ck+ .} (mod p),
Qk— I(Ck—I—Ck-{—Ck—I—...)(modp)
H, CJleJOBaTesbHO, -
; Py+ x,Q, = (2x,)* (mod p). (5
IloxaxeM, uto p4 Q.. Ecam npeanosoxmuts, uro p|Q,,10 H3
cpaBHeHuil (4) u (5) mocaemoBaTesbHO noaydaeM: p|P,, p|(2x,)%,
a OTCIOA2, TOCKOJbKY p>>2, cilepyer p|x, (reopema 1057). Yucio
— pelleHHe CpaBHeHHMs x%=aqa(mod p), T. e. p|Xs—a, OTKyAa mno-
.nyqaeM pla, 4TO NPOTHBOPEUHT YECJOBHIO,
- Taxnm oGpasoM, RokasaHo, 4TO P4 Q, H, €lenoBaTe]bHO, Cy-
mec‘rByeT Y, Takoe, 4T0 Q,y, =1 (mod p*). :
- Ymuoxas o0e wactH cpaBHeHHs (4) Ha Yk, ToslyuaeM:

(Phyp)? =a (mod p*),
T. e, x—-!—P,,yk(mod p*) o6pasyior nBa peienust cpaBHenus (3).
B npeavinyuie#t Teopeme GbIO MOKAa3aHo, YTO CpaBHenue (3) He
MOXET HMeTb JPYrHX pelleHHi.
ITpumep. Pemntb cpaBHenHe x?==3(mod 113).
Cpasrenne x2=3(mod 11) umeeT pewenue x==5(mod 11).
beps x,=5, a=3, Bbuncagem:

P,=5%+43.5.3=170, Q,=3-5'+3="78.
Pewan cpaBrenne 78y =1 (mod 1331) HaXoxuM y,—-529
410 x.._l70 529 =753 (mod 1331) -
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Orne'r x*_j:753(mod 1331) g

Paccmorpum teneps cayuaii p =2, T.e. cpaBHenne x’:-_a(mod 2*)
roe 24a. o

Teopema 225. [lpu 24’a cpaauenue co

a(mod 25 S C(6)
MMeeT: l) npu k=1 odHo peweuue 2) npu k=2, a=1(mod 4)— 182
pewenus; 3) npu k=3, a=1 (mod 8) —uemuipe pewenusn. Bo ecex
OCIManbHbix caydaax cpaeHerue (6) ¢ HevemHoiMu a He umeem pe-
wienuil.

NokaszaTeavcrtso. Ipu k=1 n k=2 y'rBepﬂuerne TE0-
peMBI TIpoBepseTcs HENocpeACTBeRHO.

Ilycrb Teneps k=>=3. O6o3znauum uepes ((u, v)) HHJIEKC ‘TI0 MO-
xyno 2% wucen x, yAOBJeTBOpSHOWHX cpaBHenuio (6), a MHIEKC a
HO 3TOoMY MOAYJ0 0003 HauuM uepes ((c, d)).

Hnpekcupys cpaBHeHHe (6) noJyvyaem:

2 ((u, v))y=((e, d))(mod ({2, Qk'“)))

2u=c(mod 2) n 2v==d (mod 2*-%).
Ecan ¢=1 uan ecam 24’d, TO cpaBHeHHe (6) He HMeeT, peule-
HHH, a ecaH \cf=0\ ¥ 2|d, 10 u=0, I(mod2), v=-,
—g—+ 2*-3 (mod 2%-2) 1. e, uHmekc ((«, v)) MMeeT yeThipe 3HAUEHHS

(0.2 (0. 5+27). (1 £)). (1 22w

OTBETCTBEHHO MOJIyyaeM YeTHIpe pellleHHs CpaEHeHHH (6)-

Taknam obpasom, npu ‘kz=3 cpasHenue (6) HMeET ‘pemeHHs
TOrjJa M TONBLKO Torja, xorza:ind a==((c; d)) r):e ¢=0, 4 d—ver-
Hoe 4YHCJIOo, T. e. d=2r, a==5%"(mod 2k)

Jlerko BHJeTb, yT10 5% = l{(mod 8), B 10 BpeMa ‘KaKk ——5%¥,
52r*1 B2 *1 cpaBHMMEI MO . MOAYJMIO 8 COOTBETCTBEHHO C. YHCJIAMH
7, 5, 3, T. e. cpaBHeHHe (6) HMeeT pe.ne;mn Torna H TOJBKO. 'rorna,
korga a==1(mod8). =~

DTH pelleHHs MOXKHO Ha#fiTH, no.rlbsyﬂCb 'reopemon 159 o 13 8 16
a €caH N0 paccMaTpuBaeMoOMy MoayJ o 2% uMeercs TabaWuma HHIEK-
COB, TO CpaBHEHMe NpOIHEe pelaTh, NOAb3YSCh 3TOH TaGAHUEH.

Ilpumep. Pemute cpasuenune x2-+4 71==0 (mod 128).

Ionpsysich Tabauueil uHAeKcoB no moaymo 64 (ctp. 160), pe-
maeM CHayalla CpaBHeHHe x2+71=0(m0d 64),- 1. e. cpaBHeHue

== b7 (mod 64).

Hugekc 57 no MO}IYJIIO 64— 2% pagen ((0, 10)). Oﬁosﬂaqan HH-
JeKC X 10 3TOMYy MOAyJIO - Yepes  ((u, v)), - noayuaem
2 ((u, v)) ((0, 10)) (mod ((2, 2¢))); 2u == 0(mod 2), QUEIO(mOd 16);
u=0, 1(mod?2), v=5, l3(m 16).

Hnpexc x paBed :0aHOH ‘H3 c.rlenyxomnx nap* 0, 5)),((0, 13))
((1, 5)), ((1, 13)), orkyza ' Haxomum ' ‘pelHeHHs = cpaBHeHHsA
x*+471=0(mod64) B BHEe x=411, =+ 21 (mod64). Hmeem:
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1281212 4-71, no 1284112471, Tak uto cornacuo Teopeme 159

peitenHa cpaBHeHHA x2-4 71 =0(mod 128) MoxHO samHcaTb B-BHE

x =421 (mod 64). _ .
Orser CpaBHeHHe MMeeT YeThipe pelleHHS 0O MopyJio 128,

a HMeHHO Kaacch: 21, 43, 85, 107.

2. CPABHEHHE 2-H CTENEHH N0 NPOH3BOJIbHOMY
COCTABHOMY MOAVIIIO

PaccMotpuM Tenepb cpaBHeHHe x?==a(modm) npH COCTaBHOM
Moayne m.

Teopema 226. ITycms m=2*% ph ... pk, 20e p,, ..., p,— pas-
AUHHbIE HewemHubie npocmele ducaa (@, m)=1.

1) Cpasuenue

x*=a (mod m) %)
umeem pewerus moeda u moavko moada, Kozda a seafemcs Keag-
PAMULHBLM 86I4EMOM NO 6CEM MOOYAIM Dy, ..., Py U, KPOME MO2O,

ecau k=2, 10 a=1(mod4), a ecau k=3, 10 a=1(mod 8).
2) Yucao pewenud cpasnenua (7), ecau pewienus cywecmeyom,
pasno 2° npu k=0 u k=1, 2°*! npu k=2 u 2% npu k=3.
JdokaszarteancrBo. CpaBHenne (7) 3KBHBANEHTHO CHCTeMe:

x? =a (mod 2%
x*==a (mod p) . ®)

x¥*=a (mod p’)
Ecau (—‘i =... =(-;i)=l, TO:
1

1) npu k=01 k=1 SnepBoe cpaBHeHHe B (8) uMMeeT OXHO pe-
IIeHKe, Kax/oe H3 CJEAYIOMHX CPDaBHEHHH HMeeT Mo ABa pelleHHs.
Cucrema (8) u cpaBHeHHe (7) HMeioT 2° pelueHHI;

2) npu k=2, a=1(mod 4) xaxpnoe H3 cpaBHeHHH B (8) HMeeT
no fBa pewenusi. CucreMa (8) u cpasuenue (7) umetor 2°+! peimenui;

3) npu k=3, a=1(mod8) neproe cpaBHEHHE COIJIaCHO TeO-
peme 225 umeer 4=2% pemlenuii H, cniefoBaTeJbHO, CHCTeMa (8)
H cpapHeHHe (7) umeloT mo 2°*2 pewenui.

Bo Bcex ocranbHHX cayuasx, T. €.:

a
1) ecin XoTb OXHH H3 CHMBOJIOB Jlexanapa (;)=—- 1,

2) ecau npu k=2 uMeeM a=3(mod 4),

3) ecau npu =3 umeeM a=3, 5, 7(mod 8),
B CcHcTeMy (8) BXOIHT cpaBHeHHe, He HMMelomee pellleHHH, a cieno-
BaTeJIbHO, He MMeeT pelleHudl u cpaBueHHe (7).

IIpu ueuveTHOM m, Kak Obl10 OTMeueHo paHblue (ctp. 186),
cpaBHeHHe x“‘sa(modn? MOXKET He HMeThb pellieHH#, HeCMOTps Ha

To, 4TO CHMBOJA $IKOGH T‘;—) pasen 1. OfiHAaKO, eCIH STOT CHMBOA.
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paBer” —1, Bompoc o HaJIMYHH "pemenul cpaBueHns (7) pemaercst
OTpHIIaTeJIbHO.
Teopema 227. Ecau m newemnuoe, (@, m)=1, cumeor Hxobu

a . »
(Tn') =—1, mo cpasuenue x*=a(modm) He umeem pewienuil.
HoxasatenabcTBO. [IycTh KaHOHHYECKOE pas3JiOKEHHE Heuer-

HOrO m HuMeeT BHA: m=p* ... pks; Toria

()=G) - G

Ecnu (%) =—1, To cpein MHOXHTeJeH (%) no KpadHe#k Mepe

13
OMH paBeH —1, Tak uyTo nNpH HekoTopoM i(l=Ci=Cs) cpaBHeHHe
x?=aqa (mod p;) He uMeeT pelleHH}H, a CJeNOBATEJbHO, HEe HMeeT
peureHuii H cpaBHeHHe x?==a (mod m).

FTITABA 23
APHOPMETHYECKHE TMPUJIO)KEHWS TEOPUM CPABHEHHA

[Ipn H3NOXKeHHH TEOPHH CpaBHEHHH MEl yXe BCTPedaJHCh C 3a-
JlauaMH, BO3HHMKAaIOIIMMH B paMKax 3JieMeHTapHOH apH(METHKH,
HanpuMep ¢ 3ajiauell OTHICKAHHS1 OCTAaTKOB OT JeJieHHsl. B atoil ryaee
MBI DAacCMOTPDHM ellle HEeKOTOpble JpyrHe BONPOCH 3JieMEHTapHOH
apHpMeTHKH, H3YYEHHE KOTOPHIX YNpOWaeTcss NPHMEHEeHHeM TeOpHH
CpaBHeHHUH.

1. MPH3HAKH NEJIHMOCTH

PaccMOTpHM NpHMeHEeHHe TEOPHH CpaBHEHHH K Bompocy 06 OThi-
CKaHHH NPH3HAKOB AEJIHMOCTH Ha M, TIe m—YHCJI0, B3AHMHO TNpO-
croe ¢ 10.

Teopema 228. [Tycms (m, 10)=1, P_(10)=k u N sanucano
8 cucmeme cuucarenus ¢ ocHosaruem 10. Yucro N Oeaumcs na m
moeda u moavko moeda, Ko20a Ha m OeAUMCA CYMMA Hucelr, Komo-
pole noayuatomes npu pasbueHuu cnpasa Hareso yugpposod sanucu
yucaa N na epanu no k yupp e rasxcdod epanu.

IloxasaTeJle'rBO SamumeM N B cHCTEMe CUYHCJIEHHS C OC-
HosanueM 10%, T. e. B BHJe

N=c, (105 +¢,_, (10051 ... +¢10*Fc,, 0

rae npu Beex i=0, 1, ..., s 0=<<c¢ <<10F—1.
Ecau P, (10)__k TO 10k—1(modm) H TOTAa

N= s+ Cort - ~Fete (mod m).

OctaTkH ot Jenenust Ha m 4Hcen N H ¢+ Couy+ ...+ 6 4¢,
paBHHI; cefioBaTeNbHO, N JeqHTCA HAa m TOTAA M TOJBKO TOrJa,
Korja Ha m JeJATCH CyMMa CoFCo_y+ ...4-¢ 46 Hucmo ¢,
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Kak 810 HenocpencmeHHo 'BHAHO na (1),‘ paBHo oc'ra'rxy o'r aene-
nua N na '10%, 1. e. ¢,—uHCNO, KOTOpOE B AECATHYHOM ..CHCTEME
CYMCJ/ICHHSl HMeeT UH(QPL, OAHHAKOBHE C TIOCHCAHHMH. R umppamx
yHcaa N. e
N—c,y .

O'r6pocms 3TH umppbl B 3anncu N, MBI nonyqnm tmc.no T

OCTATOK OT ne.neﬂmx 3TOTO lmc;xa ua 108 paaen s T €. ¢;— UHCo,
KOTOpOe B JIECATHYHON CHCTEME MMeeT UHOPH TaKHe Xe, KaK B Mpej-
nocjefseil Tpanu H3 k uHcen y uhcaa N, u T. L »

Taxum- oGpasoM, ¢,; ¢, ..., c—tm’c.na', KOTOpBI€ ' TIOJIY4aI0TCs
npH pasﬁneﬂnn cnpaBa HAaJeBO YHC/a N Ha rpalm, 1o k umpp
B KaXJOH TpaHH.

I[Tpumepn. 1) Ilpuswak = penumoctn Ha 9. Py(10)=1,
10 =1 (mod 9). Uucao JeJMTCA Ha 9 TOrza M TOJBKO TOTAa, KOrAa
Ha 9 penutcs cymMma ero- wndp.

2) Ilpusnak peamMocTd Ha 11, Pn(l()) 2, 102=1(mod 11).
Yucno N genntca Ha 11 TOTJa K TOJbKO TOTJA, KOrja Ha 11 ne-
JAHTCS CYMMa. UHCeJ, KOTOpHe mnoayuarcs npH pas6buenuu N Ha
rpaHy no 2 UHPPH B KaXKAOH I'paHH.

I‘locxom;xy k=P, (10) Bcerga sABnfercs peauteneM ¢ (m), TO

<< ¢ (m). Ilpusnax ,ue.numoc'm Ha m, copMynHpOBaHHbIA B TeO-
peue 228, Bcerpa 6ymeT TaKOB, YTO' KOJMYECTBO MHOD B KaxIoH
rpaHd Oyjer He Goablie YeM q>(m) B YaCTHOM cJydyae, NpH OTbl-
CKaHHH HPHSHAKOB AENHMOCTH Ha mpocroe uuciao p(p 4 10), Gyzer
klp—1 nw k<<p—1, 1. e. uucno uudp B KaXmOH rpaun Oyrer
He Gonblle 9eM p— 1. HauMeHee yjnoGen 3Tot NpH3HAX TOTAa, Korja
k wmaxcumaabHo, T. e. k=p—1, HjiH, HHaue TrOBOpSH; ~TOrja,
koraa 10 npeacraBaseT co6oil nepBooGpasHHI xopem; 1o MOy JIo p.
Hanpumep, npu p=7, mockoabky P, (10)— , COOTBETCTBYVIOILH i1
NpPH3HAK JeJAHUMOCTH Ha 7 6yner c.nenyxoumu YHCJIO HEJUTCS HIH
He JeJIHTCA Ha 7, CMOTpsl mO TOMY, JAEMHTCs JIH Ha 7 CyMMa HHce,
TNOJNYYAIOWHXCH NPH ‘pa3bUeHHH UHCAa Ha rpanu, no 6 uudp B xax-
Joli rpaHH.

IIpHMeHATL 3TOT MPU3HAK HMEET CMBICHA TOJMBKO rrorna KOTAa
HCMHITHIBAEMbIE YHCJ2 OYEHb BEJIHKH.
on Bsnononﬂeﬂne K Teopeme 228 paauM npusHak ne.nnmocm Ha

H n

Teopema 229. Iycme N 3sanucawo @ decamunnoi cucmeMe
N Odeaumca na 2% (na 5") mozda u moavko mozda, kozda Ha 27
(coomeemcmeenno Ha 5") Odeaumcs wucno, umerougee me oce yudpel,
amo u nocaedrue n yugp wucaa N. ,

HokasateabctBo. Ilyers N-10"q+r r<10" ECJIH
2"|N, 10 2" [r, u, Hao6opoT, ecan 2" | r, T0 2" ] N, Touno Tak xe
5" | N Torza u TONBKO TOra, korma 5" [r. | .

Ecmn N 3anucaHo B cucreme CUHUC/IeHH ] C ocHOBaHneM 10 1. €.
€CJIH i

N=cl0%4 ... 1}-‘c,,10"+c,,'.,10"'1+ eee ‘—}-"co,
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rae npu Beex. 0<c,<9 T0 r=c,_ l10"‘1-{—...-{—(:,,. T. e r—
gqiiciio, ’ unppr Komporo Taxne e, KaK ‘H 'nocnemme n uuq)p
:mcaa N.
MpuMepn. "1) 7'3571'—625 Aenutcd ma 125 =53, 'Tax' KaK
125]625 '

2) 909 311 736 He mesntca: Ha 16= 2%, Tak kak 164 1736.

‘Ecau m=pf...pj+—KaHOHHYECKOE Da3/OKEHHE UHCAA 1, TO
yncno N nenwutca Ha M TOTAa H TONBKO Toma, Kor,ua N nenurcs
Ha KaxJoe H3 tmcen P, ..., ph.

IlenumocTs Ha uucna p% (i=1, 2 cees ) MOseT GBITb BHIACHeHA
C MOMOIMIbIO COOTBETCTBYIOWIEro NPH3HAKA JeMMOCTH, OCHOBAHHOTO
Ha TeopemMax 228 u 229. :

[Tpumep. Onpepennrs, AequTCs  JH - Ha 3256 YHCJIO0
N=65204779728.

3256 =2%.11.37. Hmeem 231728 Tak 4ro 23| N. Paa6n3aa
N Ha rparm RO ABe HHGPH B KaXAOH, NOJydyaeM:

| __6+52+4+77+97+28(mod11)

tak uyro 11| N. Tak kak 103==1 (mod 37), TO,: paa6uBax- N cnpaea
Ha TpaHH 0O TpH uHppH B Kaxkxoi, mosyuyaem N =65 204 4
+ 7794728 =0(mod 37), Tak uro 37| N u N jenurca Ha 3256.

[lpu HaxoxzeHHH NPU3HAKOB JEJNMMOCTH Ha m Ans gucen N,
3aIHCAHHBIX B JECATHYHONH CHCTeMe CUMCJICHHH, MOKHO M0/1b30BAThCH
caenyouleil TeopeMoit.

Teopema 230. [Tycms (m, 10)=1, 10'=—1(modm) u N 3a-
nUCAno 6 OeCAMUYHOL cucmeme Cc4ucAerus; 4ucao N- deaumces Ha m
mozda u moavko mozda, ko20a HQ m OeAUmCA cymma 63amolX no-
NEePemMerHo CO 3HAKAMU NAIOC U MUHYC 4ucen,  KOMOpbie NOAYYAIOMC
npu pasbuenuu cnpasa Haseso yugpoeoli sanucy ducaa N Ha epanu,
no | yupp 6 Kaxdod zpanu.

HokasarenbcTBo. Ecan 10=—1 (mod m) u

N=c¢, (10°) +4c,_; (10°)*"1+ ... 4-¢, (10°) +-c,,
N == (—1)%, 4 (—1)*"%s_y + . . . —¢, +C, (mod m).

Ocratku or Henenust Ha m y uuced N M cp—c;+ ... +(—1)%,
paBHbI, a ciaefoBaTelbHO, N JeJHTCS Ha m TOTAA, KOrja Ha m Je-
JHTCA CyMMa Co—€; + ... (—1)*c,. 3nech ¢,, ¢,, ..., ¢,—4unCna,
KOTOpBle MOJYYaloTCsl NpPH pa36HeHHH cnpaBa HaneBo uubpoBoit
sanucd 4Mciaa N Ha rpand, no ! uudp B Kamjo#.

" Mpumepsn. 1) 10t=—1(mod 11). Yucao N genutcss uiam He
Jeautcs Ha 11, cmorpst mo Tomy, Jeautcss Ju Ha 11 cymma nudp
uypcjga N, B3ATHIX NONEPEMEHHO CO 3HAKAMH ,IUIIOC® H ,MHHYC“,

2) 103=—1(mod 7). Hucno N aesuTcs HJH He JeJHTCHA Ha 7,
CMOTpPS MO TOMY, ASJHTCA JIH Ha 7 CyMMa B3fITHIX NONEpeMEHHO CO

TO
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SHAKaMH ,[UIIOC* H ,MHHYC" YHCeJ, MOJYyYalOMUXCA NMPH pasdnemm
cnpaBa HajleBO yHcaa N Ha rpasd, no TpH UMGpHl B KaXIOH.
Hanpumep, 61907531 menutes Ha 7, TaK Kak, pasdnaaﬂ crnpasa
HaJeBO 3TO UUCJO Ha I'PaHM, MO TPH uu(bpu B KaXAOH, ¥ CKJNaALBast
noJydalolgecss yucja, B3fAThE MOMEPEMEHHO CO 3HAaKaMH  ,Tjoc*
H |, MHHYCY, noJyyaem: ,
531 —907+61 =—315=0(mod 7).
Ecnan m=p—npocroe uuciao, p4 10, To coraacHo TeopeMam.
£=t : £-1
200 u 201 6yzer nu6o 10 * =1 (mod p), aubo 10 2 =—1 (mod p),
H, TaKuM o0pa3oM, HawuMeHbiee H3 wucead & u [, urypupymomux

B TeopeMax 228 u 230, Oyaer Bceria He OGoJblie ueM —’—'—1 310

3HAUHT, 4TO NpPH3HAK AEJHMOCTH Ha MPOCTOE YHCJIO p (p=,&2, 5),
Taxkol, Kak B Teopeme 228 uau B Teopeme 230, Bcerja MoxHO cdop-
MYJIHPOBAaTh TaK, YTO YHCJO UHGP B KaKAoii rpaHHu 6yleT He Gosblue
. p—1
yeM 5 - }
Crepyiomuii BecbMa oOmuii cnoco6 AJds OTHICKAHHS npnsﬂaxos
JeJIHMOCTH NpeACTaBasieT co6oi oGobmeHHe npueMa, YKa3aHHOro
eme B XVII Beke (ppaHuysckuM MatemaTtHkoM H uiaocodpoM Ilacka-
JgeM (1623—1662).
Cnoco6 ITackaasa. Ilycts N 3anucaHo B CHCTeMe CHHCJe-

HHSl C OCHOBaHHeM g, T. €. MYCTb
N=cg®+tc,_,.&5'+...4+¢c,, rme npu Beex i O0<<¢<<g—I1,
by,=1, by=g*(modm), ..., b,=g’(mod m). 2)
Yucno N nennTcs Ha m TOTAA H TOJAbKO TOrAa, KOrja Ha m

JEJUTCSA YHCJIO
Chy+ ol 1+ oo . FCoby. 3)

JeficTBHTeIBHO, €CJIH clpaBeljIHBBl CpaBHeHHA (2), TO
N=cg’tc,_,8°1+... +‘fo == cbhs+cs_ybs_1+ .. Foby (mod m),

Tak uro N jeJHTCA Ha m B 3aBHCHMOCTH OT TOTO, JAEJHTCH JH Ha
m 4Y4CNO, YKa3dauHoe (opMmygod (3).

TeopeMbl 228 u 230 ABAAIOTCA YACTHHIMH CJYYassMH NpPHMEHEHHS
sToro cmocoba. L[encmmenbuo, TeopemMa 228 npeACTaBJseT coBoti
wacTHeE cayuall crnocoba Ilackans npH, g = 10%*, Ttakom, wuTO
10*=1(mod m); npuuem sgecp n3 g=10*=1 (mod m) caemyer,
y10 Bee b;=1.

Teopema 230—uactHuifi cayvali cnocoba Ilackana npu g=10%,
rie ! Takoe, uto 10°=—1 (mod m), NpHYEM 31eChb

=—1, by=+1, ..., by=(—1)%

Has npumeHenus cnocoba Ilackanst B cHCTeMe cUHC/IEHHA C oc-
HOBaHHeM 10 HYKHO 3HaTb OCTAaTKH OT JAeJleHHs Ha m -cremeHei
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-ocHoBaHHA 10. It ocTaTkM RaroT HaGop uHces b;, YMHOXas Ha Ko-
TOopHie NUdpHI JMI060r0 JaHHOTO YHCAA H COCTaBJAAA cyMMy ¢b.+ ...
oo 01by - cob,, MOXKHO y3HATH, REJHTCS JIM UMCJO Ha m.

Tak, wanpumep, npu m=7 umeeM b,=1, b =10=3,
by=102=2, b,=103=—1, b,=10"=—3, b5=105 —2(mod7).
a Jajblle BCe 3TH 3HaueHHs b; MepPHONHYECKH MOBTOPSIOTCA.

I[Tpumep. ¥YsHare, Aeaurcs JH Ha 7 unciao N ==269 341058.

Haxoaum, uto N=8+45-34+0-24+1(—1)+44(—3)+3(—2) +
+9.146.34+2-2=0(mod 7), Tak yto N jpenaurca Ha 7.

2. TIPOBEPKA APHOMETHYECKHX JEACTBHA

Teopusa cpaBHeHHH HaeT cieAyIOMIHH crocoG MPOBEpKH apubpMe-
THUECKHX JaeHCTBHH.

BriGupaeM HekoTOpHIH MOAYJBL m H 3aMeHsieM OOJbliMe YHCJA
a, b, ¢, ..., HalL KOTOPHIMH HaM HaJ0 NPOH3BOAUTHL ACHCTBHUS (CJO-
KEeHHe, BBIYHTAaHHe, YMHOXEHHE, BO3BEAeHHe B cTeneHb), HeOOJb-
HIHMH YHCJaMH a’, b’ ¢’, ..., CPaBHHMBIMH C HHMH IO MOAYJIIO M.
TlpousBena nenc‘rBHﬂ Hajg a, b, ¢, ..., MBl TOUHO TaKHe xKe Jeli-
CTBHsl mpou3BoauM Hapg a’, b’, ¢’, ... Ecan nefictBua npoussegensl
I'lpaBPIJleO TO pe3yJbTaThl 5THX JefictBHH Haj a, b, ¢, ... ¥ Haj

, b, ¢, ... NOMXKHH OHTbH CPaBHHMBl IO MOAYJIO .

ﬂeHCTBHTeJIbHo, cornacHo teopemaM 83’, 84, 85 ecau

a=a' (modm), b=b'(modm), ...,
TO ‘
a+b+4...=a+b'+...(modm), a-b...=a’'b’... (modm),
a"= b" (mod m).

Ilnst mpoBepKH COOTHOILiEHHS §—=c NpeAcTaBjsieM €ro B BHIe
a=bc. Ilpumenenue 3TOrOo cnocoGa mNpPOBEPKH, KOHEYHO, HMeeT
CMBICJI TOJIbKO TOTJA, KOrja HaXOXJeHHe Takux yucea a’, b, ¢’,...
MOXKeT ObITb OCYIIECTBJEHO JIeTKO KU G6hcTpo. s STOrO  0GBITHO
B KauecTBe MoAyJad m BeGHpaioT m=9 uaH m=11. Kaxjoe uncio,
3anucaHHoe B JeCATHYHOH CHCTeMe CUHCJeHHS, CPABHHMO C CyMMoil
ero nupp mo Mopysio 9, Tak uTO MBI MOXKeM chOPMYJHPOBATH Clle-
AYIOWHH crnoco6 ,POBEPKH ¢ NMOMOLIBIO AECBATKH".

st KaxAoro 4ucJia BHYHCASETCH OCTAaTOK OT feJleHHsi Ha 9 CyMMBL
uudp. Ilpoussoas AeficTBHA Haj 4YHCJAaMH, NPOH3BOAAT TaKHe XKe
JNeHCTBHA Haj STHMH OcTaTKaMH. Pe3yJbTaT paccMaTpHBaeMblX Jefi-
CTBHH Haj 3THMH OCTaTKaMH JOJIKEH OTJHYaTbCs OT CyMMH LH(P
HCKOMOTO pe3yJibTara Ha YHCJO, KpPaTHOe IeBSTH. '

Koneuno, ecau omn6Ka TakoBa, 4TO Pa3HOCTh MeXJy HalAeHHOH
M MCTHHHOH BeJIMUMHAMH KpaTHa 9, TO OHa mpH 3TOM crocoGe mpo-
BEePKH He GyJeT 3aMeueHa.

- Ilo mopynmio m=11 kaxpoe YHCJ]O, 3anHCaHHOe B AeCATHUHOH
cucTeMe CuHcJieHHs, GYAeT cpaBHHMO ¢ CyMMo# nudp, B3ATEIX cnpasa
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HaJAEBO NOREPEMEHHO CU° 3HAKaMA ,,miloé H ,MHHYC": ' [T0STOMY MH
MOXeM ctj)opuynnpoaarb CIIeAYIOIME CnoceG ,,MPOBEPKH C NMOMOIBIO
onMHHAmUATH“. HJAS KaXKAOrO HYHCAA BRUMCJSETCH OCTAaTOK OT Je-
JleRus Ha 11 CyMMBI umpp, B3STHIX MOMEPEMEHHO’ CIpaBa HaAeBo €O
'3HAKAMH ,AAIOC B ,MUHYE". Pe3syabTaT paccMaTpHBaeMbIX JAefCTBU
Haj 3THMH OCTaTKaMM JOJIKEeH OTJAUYAThCH OT CYMMEI B3HATHIX TO-
TIEPEMEHHO CO 3HaKaMH ,MJ0c* M-  MHHYC" cnpaBa  HaACBO -LUDp
HCKOMOTO "pe3yjibTaTa Ha 4ucAo, kpaTtHoe 11. Ecaw omubka- 6yne-r
KpatHa 11, oHa He OyJeT 3aMeueHa HPH 3TOM criocobe.

IIpu CNOXKHBIX BBIYHCJEHHSX HMEET CMBICJA NPOBOAMTH JBe Mpo-
BEpKH: OJHY C IIOMOLIbIO MOAYJs 9, a APYTYIO C noMoLLbio Moayast 11.
B sToM cayuae ownbka He 6yzLeT 3aMeyeHa TOJbKO, €C/IH OHa
KpaTtHa 99, 4TO, KOHeuHO, GLIBA€T QUEeHb PEXKO.

anMepr 1) IlpoBeputh c moMmomibly: MonyJas 9, BepeH JH
pe3ynpTaT yMHOXKeHHs 73 416-8539 =626 899 224.

HaxoauM, yro cymma undp nepsoro mMHomutens 21 = 3 (mod9),
a Broporo 25=7 (mod9). Cymma nndp npouspeleHns -paBHa 48 u
LeHACTBUTENbHO OTJHYaeTcs oT 3.7 =21 Ha uHcyio, KpaTHoe 9.

2) C moMawpio. MOpy s ll _FIPOBEPATD. pesy.IbTar:

(3197)® = 32 675 926 373. ,

CyMMa-tihdp OCHOBaHM |, B3ATHIX nonepemeﬂﬂo €O 3HaKaMH ,,ioc
1 MuHyc”, 7—94-1—3=7 (mod 11). CooTBéTcTByIOIIass CyMMa
JAJs pesyJabTaTa, paBHas —9, orauuaercss or 73=343 na uucio,
KpaTHOe OJMHHAAIATH. :

3) Ilpoeeputs ¢ nomomb}o Mouy.neu 9 u ll BEepHO JH, YTO

5,839 I31 309

T = 85‘847.

Cymma uudp nenumoro 42=6 (mod9), genurens 30 = 3(mod 9)
H uyactHoro 32=5(mod9). Ilpouspezenue 3.5=15 orauuaercs
or 6 Ha wHcj0, KpaTHOe 9. v :

TpoBepsieM C NOMOMIBIO MOAYJs 11. 3HakonepeMeHHass CyMMma
uupp AEAUMOro, JeNUTeNs M YaCTHOIO paBHBI COOTBETCTBEHHO 22,
2 u 14. INpoussenenne 2-14 =28 oTinuaercs oT 22 Ha uHCIO, He
kpaTHoe 11, Tak 4TO pesyJbTaT He BepeH. v

3.-NIUHA TEPUOJA JECSATUYHOH IPOBH

TIpyMeHHM HEKOTOpBiE W3 DACCMOTPEHHHX CBONWCTB CPaBHEHHil
K BOmpocy o6 onpejiesleHHH IJIHHBI IlepHOIa, NOJYHaloWerocs Mpu
obpalleHHH OOBLIKHOBEHHO! IpoGH B jaecaTHuHYylo. HauneM.co cay-
yass apobeil, y KOTOpHIX 3HaMeHaTem> He JEJHTCA HM Ha 2, HH Ha 5.
Teopema 231 Mycme (b, 10)=1, l<<a<b, (a, b)—l mozoa

passoxRcerue 7; 8 GecKonednyo aemmwmyro apoéb 6ydem codepxcams
P, (10) gugrp 6 nepuode.
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JokasarenscTso. ~Tlyers P, (10) =k H, TakHM obpa3om,
S 0"=l(modb) ‘ ’

CorzacHo. TeopeMe 1 10a= bco—{-rl, e 0<r1<b
(rl, b)=(10a, b) =1 (Teopemn 36. 1 42), TaK 4TO, B HACTHOCTH,
r, He -MOXeT  paBHATbCA. HyJMO,: T. e. 1<<r;<<b. Mn. uMeem
M Nape ry, b Te e ycNOBHH, 4TO M AN WapH @, b, Tak 4TO
nojiyyaeM  HELrPAHHYEHHO  MPOJOJIKAEMYIO = HOCAEHOBATENBHOCTD
paBeHCTB: ,

10a =be, i— r;

107, =be, +r, o o "

107,y =bcyy +1p

rAe npd BCeX { BEJMYMHB 7; M. C; TAKOBH, WHTO

l<r <b, 0sse=1%i%1 210 (r, = q)
W npu Beex i uMeeM (r;, b)=1. o

Hens Bce unenst paBeHcTs (4) noecaegosatenbio Ha 106,.10%h, .
10%p, ..., no.nyqaeM

a

"=“+1 +10”+10’b o=

.___ Cr_1

= 10,+ +10"+10"b (5)

U3 coornouennit (5) Haxogum
a- 10”=(0010"'1+0110"’“+ ceetCo) bty

TaK 4to r,==a-10*=a (mod b), ¥ nockoabky 1 <<r, < b, 1 <<a<<b,
TO rp=a.

CosBniajeHue BeJHYMH 7, M @ YOKa3HBaeT, YTO mocje R IHaros
paseHCcTBa (4) MepHOIMYECKH MOBTOPSHOTCH, T. €. Cp,=C, TIPH BCEX
s=0, }, 2, ...

n
ITockoabKy m——*o 0PH yBeJHYeHUHM 71, U3 paseHcTs (D) moay-
yaeM NEepHOJMYECKOE PasyOXKeHHe

=3 +10,+ o

-1
5 10% +...+—1-6F+...

10k+1 10k+=
HJIHA B coxpamenﬂou SaIrHCH

7,- =0,. (€oC1- - -Ch_1)-
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MoxHo yTBepkKaaTh, 9TO HafifieHHBI HAMH - NEPHON MIHHB k —
Haumenbmnﬁ JeficTBHTEIBHO, €CiH .

—b- =0, (coclv. . .cg_l).

TO «
a _C‘_ Cr_1 RS

| 7,——1‘;)+--- I— +10, b.

al0f = (c,10""1 ... +c,_1) b+a=a(modb)
H NOCKOABKY (a, b)= 1, 10 10'=1(modb), Tax uTO HamMeHbiuee
sHauenye [=P,(10)=%

22
IIpumep. Hafitn uncino wudpp B nepHosie pasyoxenus g7 B Gec-

KOHEUHYI0 JeCATHUHYI0 Apobb. @ (91)=72. HcnelTeiBag jenuresu
72, v. e. 1, 2, 3, 4, 6, 8, ..., HaxoguM k= Py (10)=6, Tak uro

ANHHA mepHopa paBHa 6. JleficTBHTENbHO, %%:0, (241758).

. a
Teopema 232. Ecau 7=0, (cc ... Cey), 20e k=P, (10), ¢,
Ciy ovy Choy M Tg=a, Iy, .., Iy_; Onpedesenor pasercrisamu (4),
mo npu ecex i=0, 1, ..., k—1 umeenm:
=0, (¢;...Ch_165-+ -€i_1)-
JokasatenbcTBO. ITOCKOABKY rp=ro=@a, Fp,1==71, ...,
TO paBeHcTBa (4), HayHHaa C i-ro, MOXKHO 3anucarb B BHIe:
lOri=b(7i+ri+1 !
107, =bey+r, ‘ ©)
10r,=bcy¥-r, ’
10r; .y =be;1 + 1

. s »
-

T BCe HEOTPHIATE/IbHHIC HHC/AA € H NOJOXHTENbHLIE 7 MEHblIe
yeM b. Ilockonbky (r;, b)=1 u P, (10)=%, TO corjiacHO mnpead-
Ayliel TeopeMe nepebie X 3HaueHui ¢ B (6), a HMEHHO ¢;, ..., Choq,

P
€ ...y C;.y OOpas’yloT MNEpHOA pasOKEHHA %, T. e,

% =0, (Ci' . .Ck_lco. . 'Ci-l)'
P,(10) | (b) n, caemoparenbHo, P, (10)<<@(b), Tak 4TO H3 Te-
opemnl 231 caemyer, uTo AJS paccMaTpMBaeMHX TaM JApoGed -g-

4KCJIO UH(Qp B mepHoje Bcerja He Gosbiue 4eM ¢ (b). Ecau Boc-
noJIb30BaThCcsl TeopeMoil 162, To MOXHO YTBEpKIATb, YTO YHCJIO
undp B nepuone me npesocxogut L (b). ]
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B -4acTHOCTH, pasjoxeHHe B GeCKOHEUHYI0 AECATHUHYID ApoOh
a
yHcesi BHJAA 7 rie p—npocroe u |l <<a<<p—1, Bcerja HMeer

He Gonbuwe, yeM p— 1 nudp B nepuope, MpHYEM YHCAO STHX NHD
npejcrasjger coboit genutenn p—1.

Ecan 10—nepBoobpasnbifi KOpeHb N0 MOXYJIO p, TO IJHHA fe-
pHona HauGoJibliasg Bo3MOXHag u paBHa p— 1. IlpH Takux 3HaMe-
HaTeNiX B=p—] H YHCIO pasJHYHRIX OCTAaTKOB B (4) paBHO p—1,
T. €. 9TH OCTaTKH 00pa3yioT BCIO NPHBEIEHHYI0 CHCTEMY BbIYETOB
0 MOAYJIO p.

B sToM cnywae coriacHo Teopeme 232 pasioxeHust B Gecko-

1 2 p—1
HeYHBle JecATHYHBIE APOGH NS BCEX YHCeJ R = no-
JYy4aioTcsl IpYyr W3 JApyra HHKJHYECKOH [epecTaHOBKOH, TaK 4TO,
3Has OXHY M3 HMX, JIETKO HafiTH BCe OCTaJlbHHE.
14
IIpuwmep. 3uaq, uTO 15 ~O (052631 578 947 368 421), Ha#TH 3 .

1
ITockoabky umcaO mepp B NMEpHOZE 75 PaBHO 18, To 10 mupex-

CTaBJACT OO0 mepBooGpasumili Kopenb mo Moaymo 19, H pasJo-

14
KEHHE 5 T} noJsay4yaerca H3 pasNOXeHRA 19 HHKJHYECKOH MOoJCTaHOB-

Kofi. HenmocpeIcTBeHHHIM fesieHWeM HaxoiuM fepBbie JBe LHGPHI

4
l—~0 73... TaKk 4ToO

12— 0, (736842 105 263 157 894).

Ecau npu (a, b)=1, (b 10)=1 a He Jgexur B npome)xyTKe
Mexay 1 u b—1,T0 a=bg+a’, rae l <<a’ <b— I, 2=g+% 5

nocje BHJEJEHHS LeJOro 4Hucja ¢ 4ucjao uudp B nmepHoje passio-
XeHHA onpenensercs 3HaueHneM P, (10) mo Teopeme 231.

Ecau B ppoGu -:— b=2%.58.0", rpe (b', 10)=1, 10, 0603HaUAsI

max (o, B)=1I, umeeM:

e a a8 1 A
b 2%.58.h° 10¢.° _lol b

A ' .
Pasjoxenne 57noc.f1e BBIICJICHHA LEJIOH 4YaCTH YHCTO NEepHOIH-

1 o
YeCKoe, a yMHOXCHHE Ha 1ot OCYLUECTBJACTCH MNEPEHOCOM 3aNATOH

Ha | pa3pAjoB BJIEBO, TaK 4TO Pa3/oMKEHHE MONYYaeTcs CMEINaHHO
NepHOAHYECKHM, NpHYeM 4YHCHO UHbp B mnepHome OyaeT paBHO
Py (10). .
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) ... TonABA 20 .
BECKOHE‘-!HHB HEfHBIE POBH o
o l CX&IIHMOCTI: BECKOHE'-IHHX tlEHHBlX ﬂPOBEﬂ ;
BsnB mae 6ecxonequue nocnenonare.nbﬂocm uenux qncé.n
a,, a5, Gy, ...

by, by by ..,

.

HaNMIIEM BbIpaXKeHHe o , . ‘

. , o

G+ —5— (1)
a; +a¢+ -

COEUHSNA, TAKHM -00Pa30M, SMEMEHTHI STHX HBYX MOCJENOBaTeNb-
HOoCcTeHl B yKa3aHHOM NoOpsijKe 3HaKaMH -+ ¥ ——. Mpl He MoXeM
mOKAa YTO . paCEMaTpHBaThb = BelpaxenHe (1) xax pesynpraT pila
ClOXKeHHH H JeNieHHH, MOCKOJbKY B HeM He onpeleseHo, YTO
npubaB/sieTcsi K KaxJOMY g, H Ha YTO jensrcs uucna b,. Boipaxe-
nue (1) mol 6ymeM HasbiBaTb OeCKOHEUHOH HenpephIBHOH APOGbIO.

PaCCManHBaH Boipaxenue (1), oGo3nauum uyepes A, Tak Hagbl-
BaeMylo n-10 MOAXomsulylo Apobb

b
A,=ay+

b,
: +E;v
rie -+ ¥ —— 3HAaKH CJOXKEHWH H JeJeHHsl, Tak 4to A,—HeKo-
TOPOE palHOHalIbHOEe HHCJIO.

Ecnu cymecrByer npefea A, NpH YBENHYeHHH n, T. €. €CJH
limA,=a, rie o—HeKoTopoe nenc'ere.anoe YHCJIO, TO Hempe-
prBHaﬂ ,Ilp06b (1) uasbiBaeTcsl cxofsalledics, a o HasbIBaeTcs Be-
JHYHHOH OecKOHeYHOH HellpepHBHOMH ,zlpoén ). :

Ecnu Bce b,=1 u npu n>=1 Bce a,=1, BhIpaXEHHe (l) Ha-
3biBaeTcs - OGLIKHOBEHHOH GeCKOHeuHOoH HenpeprBHOH APOOBI0  HIH
GeckoneuHOH wemnol  JpoGsbio.

Onpenenenue 62. Beckoneunoli yennoli Opobeio Ha3vienemcs eoipa-
oenue sudd

8y ——— @

2de @,—yeroe HuCAO, @ 6CE QCMAAbNGIE A,—HAMYPAALRLE HUCAG,
m.e a,=1 npu n=1, 2, \
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ByZeM B AanbHefilleM saiHCHBATH BhipameHHE (2)7 B BHAE
| a0+'ual +.Ua,+
Onpene.nenne 63. Hoaxoamqed 6po6wo Q" k Gecroneunoil uen-

nod dpobu (2) Hasvieaemca. KoHeuHAs yenHas 6p06b

g—=ao+ﬂa1+ﬂa2+;..+ﬂan. 3)

Onpepenenne 64. becxonewnan dpobe (2) Ha3bl6aemcs cxoamqeu-
ca, ecau cywjecmsyem npedea ee noaxoaﬂugux dpobed, m. e.
p,
lim =2
TR Qﬂ
Onpenenenne 65. Beauuurnoild Geckoneunol cxodawjelica yenHoy
0pobu (2) naswvigaemncs npeae/t ee noaxoaﬂzqux 6po6eu m. e. 4ucio
a, maxoe, 4mo lim =
Qn

n— o

Ecan senwyuna (2) paBHa «, 6yleM 3amucHBaTbh 3T0 B ‘_Bllflllb.e

o= ao-i-—/al-}-—/az-}-
KoHeunnie H GeCKOHEUHblE LENHBIE npoﬁn 06’be}1HHH]OT 061HM
TNOHATHEM UENHbIX Apobefi, MOHWMas T1OA STHM  BHIPAXEHHs BHIA

ao+—‘ja1+—/a2+ cres

rie NoCNeJOBAaTeNbHOCTb UEJbIX UHCed @y, &, =1, a,==1... MoXeT
6bITb KOHeYHOH HJAH CGecKoHe4YHOH, NMpUdeM B cJydyae KOHEYHOMH mo-
cJleJ0BaTebHOCTH NoclefHUH 4jleH a,> 1.

CpoiicTBa nmogxofsmiux Apobedl, HX UHCAUTeNeH ¥ 3HaMeHaTeJe,
chopMysinpoBaHHbie B Teopemax 59—68, cnpaBemsiuBe U Ans Gec-
KOHEYHBIX 1eNnHBIX Apobei. Ileﬁcmmenbﬂo Kak Obl BeJMKO HH

P, P

6n0 n, MoAXoAsiue Apo6u % 6—* s emes Q" K OecxoHeyHOH 1 pobH
o :

(2) ABNAlOTCA BMECTe C TeM. HOAXOAAIUMH npoﬁﬂMH K KOHEYHOH

HelHOoH Ipo6H ao—}-ﬂal-i--uaz—}- —Ua + a,.y, Tak Yro YyT-

BePXJICHHS TeopeM 59—68  BepHbI ILJIH Bcex n.
Jlns panbHelimero HauGosee CyImeCTBEHHI c.ne)lyxoume CBOJCTBA,
Teopema 59°. Ecau a,, ay, a,, ...—aremenmol yenroi dpobu (2),
mo nocaedosamessrocms yucea P, u Q,, onpedesennas pexyppenm-
HbIMU YCAOBUAMU: -

Pn=Pn—1an+Pn—2 }
=2 4
Qn= Qn—l a,+ Qn;z rpurn ( )
U HAYAADHOLIMU YCAOBUAMU:
Py=a,, Q,=1, Pl———aoal—}-l Q,=a,, (5)

obradaem fmem ceolCMEOM, MO NHpu 6cex n omuowenu Q—" pasro
n-i nodxo0sued 0pobu (3). n

211



Onpenenenne 66. Yucrumeramu u snamenameramu nodxodauux
OpoGed (3) k Geckoneunod yenrnod Opobu (2) HA3LIEAIOMCA BEAULUHLE
P,uQ, onpeae/zennue ymoau;mu (4) u (5).

Teopema 60’. Ipu n=1, -

PnQn—l'_' "_IQ"=(__1)"-1_ (6)

Teopema 61'. Hucaumesv u snamenamess moboll nodxodawed
Opobu K Geckoneunod yennoidl Opobu (2)—a3aUMKO npocmote 4UCAQ.
Teopema 62°. [Tpu ecex n=1

-—

1.
Qu~ Quosl” Qulu-1”

Teopema 63'. Hpu yseauuenuu womepa n 3snamenameau Q, Oec-
Kosednotl yennot Opobu, HAUUHAA ¢ =1, MOHOMOKHO, HEOZPAHUYEHHO
soapacmarom,

Hdoxasateabctpo. [leficTBHTENILHO, NOCKOJMbKY B GeckoHey-
HO# nenHo#t npo6H a,==1 npu Bcex n=1, To cornacHo crenal-
HOMY Bblle 3aMEYaHHIO pe3yJbTaT TeopeMnl 63 pacmpocTpaHsercs
Ha J060e MHOXKECTBO 3HAYeHHH 7, TaK 4TO

1=0,=0Q;<Q:<

Hocxo.nbxy Bce Q,—uensle uncaa, TO Npu n>1 kKaxugoe Q,
KpafiHe#l Mepe Ha ejHHUIY Gonbme npepsiaynero, T. e. Q, — oo.

ABanoruyHo JokasblBaeTCsi caefyiolmias Teopema (CM. NpHMeua-
HHe Ha cTp. 65).

Teopema 63", Hpu yseauderuu n uucaumeau P, nosoxcumenvrod
Geckoneunol yennold Opobu MOHOMOKHO, Heoepauutteuuo eoapacmarom,

Teopema 68'. Modyau paccmoanuti mexdy coceDHumu nodxoos-
wumu OpobAMU MOHOMONHO YMeHBUUGIOMCA C YeeAuderuem Homepa U
CIMpPeMAMCa K HYM0.

HokazarteascTBo. B Teopeme 68 Geiio jpokasaHo, 4TO

Ppyy P, P, Py,
Qn+l Qn Qn Qn..'l
H TaK Kaxk COIJIacHO mpeiwiaymeir Teopeme 63’ Q,—> o0, TO
Pn+1 Pn —_— 1 O
Quts Qul” Quar@a

Teopema 233. [Jodxodawue Opobu ¢ 4emHOIMU U HeHEMHOIMU
HoMepamu obpasywom cucmemy KOHY0B8 6A0XCeHHbIX Opyz 6 Opyea
UHMEPEaoe.

JoxasatenbcTBo. B TteopeMe 65 Onllo yCTaHOBJEHO, YTO
YeTHbIC MOAXOZAUIHE APOGH OGPa3yIOT BO3pacTaioUlyl0 MOCJeAOBa-
TENbHOCTh, a HEUETHhiE NOAXOAsINHe JApoGH — yOHIBAILYIO HoOCe-
ROBATE/ILHOCTb, H NPH STOM Jio6as ueTHas ,upoéb MeHblle J060#
HeueTHOH JpoGH.
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~ Tak xkak Bce 310 BEpHO AAs MOGOro YHC/IA HOAXONAIIHX Apo-:
6ed, TO
Py P,
T < ,<Q <...< 5<Q <01
JlokaxkeM, 4TO paccMaTpHBaeMhie HaMH UeNHbe APOOH ¢ aJe-
MeHTaMH g, =1 (n=1, 2, ...) BCerfa cxomsaTcs H, CJeJOBATENAbHO,
HMEIOT ONpefie/IeHHYIO BeJIHUHHY.
Teopema 234. Jlwbas Geckoneunas yennas 0pobb cxodumcs.
HokasatenbcTBo. [lycth HAM naHa NPoOH3BOJbHAA UEMHAs
Ipobb:
a+Ya, +Yay+ ...,
rie BCe g,—ueJble yucaa ¥ a,=1 npu Beex n=1, 2, 3, ...
B npenbmymen TeopeMe OblJIO IOKa3aHO, YTO MOAXOAAlLHE XPOOH
C YETHHIMH H HeUYeTHHIMH HOMEpPaMH SBJISIOTCS JIeBbIMH H NpPaBLIMH
KOHIIAMH CHCTEMH BJIOXEHHBHIX APYr B Apyra uHTepsanos. Coraacho
TeopeMe 68’ umeem:
Pu_ Putr
Qn Qn+1
TAK 4TO IJIHHB HHTEpBAaJIOB:

(G 8): (&%)
Q' QA Q" Q) 7T
CTpEMSATCS K HYJIO NpH YBEJHYEHHH M. '

CorJlacHO H3BeCTHOH TeopeMeé MaTeMaTHYeCKoro aHanusa (Teo-
pema XVIII) neBhie u mpaBhie KOHUB TaKOA CHCTEMBI BJIOXKeHHBIX
Apyr B Apyra HHTEPBAJIOB, NJHHbI KOTOPHIX CTPEMSITCA K HYJIO,

HMeloT OOIMEH Mpefies1, NMpeAcTaBasiomuii co6ofi HekoTOpoe AEHCT-
BHTEJIbHOE YHCJO @, TaKoe, 4TO '

—0,

lim P& —q.
. R—> > Qk
3ameuanue. M3 npuBemeHHOro JOKasaTeJbCTBA HeMocpe-

CTBEHHO BHJHO, YTO BeJHYMHA GeCKOHeuHOH UenHof Apo6u GoJiblue
Jao6oii ueTHoll moxxoxsmlesl ApoOH H MeHbiue JO60H HeueTHOH NOM-
xonsmedl apobH, TaK YTO

Po Pl

Q<Q<..<a< <Q<Ql 0. (M)
Jlns cryuas, korja uenHas ApoGb KOHeuHast, HepapeHCTBa (7) TaKxke
BEPHEI, OJHAKO o COBNajaeT ¢ MNOcJefHel noaxoagieit Apobbio (cM.
npuMeyaHue K TeopeMe 68).

Onpexenenne 67. Hycmb a=a,+ —Ua1 +ﬂa, 4 ... noanbimu
YACMHBLIMU 8 pa3i0dceHuu o OyOem HO36I6AMb GEAUMUHBL Oy, Oy,
Og, +.., ONPedesentible PABEHCMBAMU: ;

a.—_a0+ﬂa’l+ e +ﬂa,+1/a,+, npH s =0,
a=a, 0Opu s= —1,
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- Teopema 235. [Tycms o =a,+: a,-j—ﬂa, vy gLy —NOAHOE
uaétiioe @ pasaboceniu o, moeaa :

Poser+Po 1
a—Qsas+l+ Qs-1 Wi e (8)
n g
Pg_y—aQ,_
Ugpy = saés-gs 1- Lo (9)

2de Py, Qg Pyly, Qouy—Huciument u snamenamenrs s u (s—1)d
nodxodaweit Opobu K o.
LokasaTeabcTBo. CpaBHUBAK BHIPAKEHHS

P
0 »-Qﬁ—:—-a-{—ﬂal—i—...—}—ﬂa—l— 8541

o= ao—i—ﬂal-l—...—l—-ua—i— [

P . .
HeMOCPeACTBEHHO BHAHM, 4TO €CJH B %o =1 samenuts ag,, uepes
s+
o,,y, TO NosyduM o. CorsacHo Teopeme 59’
Pesr__ Psser+Ps_a - (10)
Q+1 Qs +Qsn’
rae P;, Q, P,_;, Q.. He 32BHCSIT OT BeJIHUHHH Q,,,.
3amenss B (10) a,,, uepes a,,,, MONyyuM, KaK 3TO TOJbLKO
4To GBUIO OTMEUEHO, &, T. €.
Pgagey+Pys_y
QsOsry+Qsn ’

oL ==

OTKyJa caexnyetr H (9).
3ameyanue. Popmyasl (8) w (9) BepHw H npH s=0 H
= —1, ecmu npudaTe P_y=1, Q_;=0, P_,=0, Q_,=1.
HeiicTBuTeILHO,

a.,a1+l _ Poay+41 _La+0
o=t g = — G ¥ *=saT
B nmanbHefimem, paCCManKBaﬂ pequuuHn P, Q,, npu s= —1
B s= —2, GyZeM BCerja CUHTATh:

P_y=1, Q_;=0, P_,=0, Q_,=1.

2. PA3JIOKEHHE AEACTBUTEJLHBIX YHCEJ B HENMHLIE JPOBH
Paccmorpum Tenmepb passioxkeHde ZeHCTBHTENLHBIX HHCEN B Liefl-
Hble Apo6H.

Onpenenenne 68. Pasroscenuem Jeticmsumensiozo 4uUCAd o 6 yen-
HYyrw Opoby nasvisaemcs npedcmasienue o 8 eude

o=@, —l—-‘ja1 +-Ua + ...,

2de a,, a,, Q,...—KOHEUHAR uau OECKOHedHas nociedosamensHocmb
yeavlx wucea, maxkas, «mo npu R=1 ace ay=1, a 6 caywae Kouey-
HO20 pAa3A0ICeHUA nocaelnull sremenm a, > 1.
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" “Teopema 236. [ycms pasioscenue o. 8 yennywo Jpobo umeem cua

a=ao+ﬂa1+ya,+ cee
Beedem 0603nauenue

''=a +-'ja_,+1—|-...
Tozoa:
1 a-ao—l—ﬂal-f- .+Ya a,_ 1+ 0y, M. €. & =0, npedcmasrfem
coboil s-e NOAHOE 4ACMHOe 8 Pa3A0KeHUU «;
2) a,=Ila,] npu scex s.
IlokasatenbcrBo. 1) Has KOHeUHOH LlenHoi ApoGH 5TO
COOTHOLIEHHEe OueBHAHO. PaccMOTpuM cayualh GeCKOHEUHOH HeEnHOM
IpobH. Ecau npenen NOAXONAMHEX npoGeu K GecKOHEuHOH mHenHoH

Ipo6u a, - a“l—l— .. paBeH &, TO a,>l H COrJIaCHO M3BECTHLIM
TeopeMaM O MpeJeJsie CyMMbl H YacTHOrO. :

lim (a0+Ja +. +Ja + .v+1+ e +Ja&+z)~'

t—>w

==ao+ﬂa1+... —|——Ua,_1+ﬂ ltiT(a +—1]a_,+1+ R aH,)

S

T. €., IeHCTBHTeNBHO, o= ap+Ya,+ ... +¥a,_ +Y as,

) Ecan uennas ,upodb KOHeUHasi u.a,—ee TOCAeAHHH a.nemeﬂ'r,
To a,=0,=[a,].
Ec.rm a, He ABJSETCS NOCJECHHHM 3JEMEHTOM, TO

as+1_as+1‘”‘as+1+ as+2+ >1 0<—<1
H, KaK TOJBKO 4TO OBLIO ,uoxaaano B nepBon qacm
as=as+m, TaK 4to a,=|al.
IIpumepwn. 1) Halitu Bennunny uenHoil XpoGu:
a=14Y4 41 Vg

rae BCce ARanbHeiflllHe 3JeMEHTH paBHH HocJegosatenbhHo 1 H 4.
Cornacio teopeme 236 umeeM:
541

Vg Uy e ok —4a—1=0,
a = 1+ 4+ Q= l+4a+1 da 41"’ 0% —4a 1_0’
a:l—i'glf—z,te., nockonrky @ >0, “=1—+—2Q'

2) Haiiti BeJHuHHY LenHo#t apoGu:
a=2Yo Vo Vg Vg Vg L Yp Wy
rfie Bce JaJbHelluHe 3JIEMEHTH IOCJEAOBATENbHO NPHHHMAIOT 3Ha-

yenusn 2, 2, 2, 1.
Comacno 'reopemaM 236 H 235 HMeeM:

a=2 +JJ2+J2+JI+JJ a, a _ PgatPy

Q3a+ Q,°
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CocraBasiem tabauny 3Hauenufi P, u Q, npu n=0, 1, 2’,>3:

2 2 2 1
P, p) 5 12 17
Qn 1 2 5 7
_ 1a4-12 2 _
TaK 49TO 0= Tats 7042 —12¢—12=0, u nockoseky a >0, TO

_6+2/30
=77

Teopema 237. Jlaa arboeo Oeucrneume/zbuoao wycaa cywecmsyem
pasaoxcenue 6 yenuyo dpabo.

IoxasarenbcTBo. [TycTh HaM [aHO NPOW3BOJIbHOE JeHcCT-
BUTEJIbHOE uHCjo @. B Teopeme 57 Onulio jokasano, YTO €CsH o-—
paumMoHaJIbHOE UHCJO, TO CYINECTBYeT KOHeuHasd HenHas JApobb,
paBHasa a.

Paccmotpum Tenepn cayuaii, KOrfa o— HppallHOHAJBHOE UHCJIO.

OGo3naunM uepes g, LeJYIO 4acTh G, a4 uepe3 «; — BeJHUHHY,

06paTHyI0 APOGHOH 4YacTH @, T. €. BO3bMEM O;=-—, TaK 4TO
—%0

1
0= -
ay+ z;
ITockosbKY @ HppPalHOHANBHO, dy =0 H @, TaKXKe HPPalHOHa/b-
HOEe YHCJIo, npHYeM @, >> 1.

Mu BupuMm, TakuM o6pasoM, 4TO AAA J06Oro HppallHOHAJIbHOIO
UHCJIAa ¢ MOXHO HafiTh uesoe uHcia0o a,={a] ¥ mppanHonanbHoe

1
UMCNIO @y, TaKHe, 4TO @&=day+-. Haxopn Takum ke obGpasoM
1

A oy yHena ap={o,] u a,>1, ana a, 9Hcaa a,=loy] 1 o> 1
H T, A., NONYYUM:

a=ao+ElI ao=[a]
=0+ =[]
r - (1D
o, =a;+ aul_ a, = lo,]

rge npu sz=1 Bce HppamHOHaJNbHHE YHCIA Oy =1 H, TaKum oﬁpa-
30M, IPH BCeX TAKHX § uHcaa a,=[a]= 1.
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Yucna a,, a,, a;, ... 06pasyioT GECKOHEUHYIO TNOCHEA0BATENb-
HOCTb NEJIBIX YHCeJ M, MOCKOABbKY NpH sz==1 a,=>1, MH MOXeM,
B35iB 3TH YMCJa B KadecTBe 3JEMEHTOB, COCTaBHThH OeCKOHEUHYIO
LeNnHylo Apobb a, +.1/a1 +‘Ua2+ <., KOTOpAasfg COrJIaCHO TEOpEME
234 cxogmmuTes. : : :

JlokaxeM, 4TO BeJIHUMHA 39TOM UenHo# ApoGH paBHa HalleMy
HCXonHOMY uHcay o. JlefdcTButenbHo, H3 papeHcTe (11) moaywaem

a=ao+ﬂa1+ +ﬂa,+-”as+1.

TaK YTO COrJacHO TeopeMe 235 umeem:
) Pwosii+Ps_y

. &= Qs5+1+ Qs
]a-——&’= Psase1+Ps_y _ Ps|_
Qs Qsas+L+Qs-l Qs

1 1 1
S a6 G T

p
[MockonbKy (TeopeMa 63°, crp. 212) Q,— oo, BesIMUHHA [a—b—‘s— l
NpH yBeJAMYEHHH § CTAHOBMTCS MeHblle Jio00ro Hamepej 3aJaHHOIO
. P '
NOJIOXHTEJLHOrO Yucha, T. €. limzf=a.

s> xS

Mu Bugum, TakuM 06pa3oM, uTO IJd 3aZaHHOTO HpPDAIHOHAJb-
HOro YucJja ¢ HMEETCS aJrOpPHTM, MO3BOJISIOMHH CTPOHTH LEMHYIO
Apobb, paBHYIO o, JlerKO NpPOBepPHTb, UTO JJS1 DPAlHOHANbHBIX &
ajgroput™ (11) coBnagaeT ¢ aJropHuTMOM, JAaHHHIM MpPH ROKasaTelb-
cTBe TeopeMnl 57, mpuueM [pH DalHOHAJbHOM & Bce &, TaKKe
- palluoOHaJIbHEl H NPOIRCC 3aKaHYUBAeTCH, KAK TOJNBKO G, CTAHOBUTCH
LEJIBIM YKCJIOM.

Mpumep. Pasnoxuth B nenHywo Apobb a=1i2—@.
Haxozuwm: :
_Nh+vY3s]_ _ 1 _14+VF

2
TMockonbKRy @, =0, OyaeM HMeTb a,=[oy]=[a]=a,=1, Tak
YTO Qy=a4y H T. A.
B nocsaegoBaTesqbHBIX paBeHcTBax (11) Oymer a=a,=0a,=...,
Qy=0,=0,=...=1, T. e

1+2V‘57=1+ﬂ1+ﬂ1+... (12)

I[Tpurmep. Haiity nepBuie 4eThipe S/eMEHTa Pa3/IOKEHHs B lien-
HyI0 Apo6b uuciaa w=3,14159265...
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Haxonam a,=[n]=3; “1“’0'14159255 - [ax]—
: I 0,14159265.... o+ .
®s = gi—a, — 0,00885145,. 0 2= o] = 15;

1 0,00885145.. el
Oy = o = p.o0882000. » 98 =[%]=1.

Takum o6pasom,
n=3+ﬂ7+ﬂ15+ﬂ1+..
HOns uncna m 6LiA BHUMCAEH DA SNEMEHTOB uenHoi«i ApoGH.
Pasnoxenne n B nennyio apoGb HMeeT TakOH BHA:
n= 3+ﬂ7+—/15+—’1+ﬂ292+—/1+ﬂ1+—/1+—’2+—/1+
+J3+1/1+1/14+J2+—/1+ ; (13)
[Tpumep. Haiitu nepBLie WIECTh 3]IeMEHTOB. B pasnoixemm

¥/ 2 B nenmyio Kpo6s.
Pemenne. a=j/ 2—enuncrennuii neHC'l‘BHTeJleblPl KOpeHb

ypaBHenHst x®—2=0; l<<a<<2, TaKk uToO &= l—|—— NOACTaBJASA

0y

1
3HaueHMe o B ypaBHeHHe, NOJYYaEM (1—}»;—) —2=0, nau nocnae
1
ynpoumenuit a—3a?—3a;—1=0. HenocpeacTBeHHbIMH . HCHBITA-
1 T T
HHAMH HaxoguM 3<<a,<4, Tax uTO a,=3—|—a—. Pasnoxus' neByio
2

4aCTbh YypaBHEHHd AJd a, IO CXeMe I‘opnepa 10 CTeneHAM al—3,
HaxXoauM:

L4285 10=0
e, o a
OTKYyAa
1003 —6a2 — 60, — 1 =0.
U3 sToro ypaBHeHMs] HaXOUM Telepb, UTO 1<<@,<<2, TaK uYTO
1
a,=1 +o TakuM e 006pa3oM HaxOIUM AN Gy yPaBHeHHe
3
3ag—12a§-—24a3——10=0,
OTKYJa NOny4aeM:
, 5<<a,<<6, a9=5—|-(—ll:.
YpaBHenue ns o, 6yJNeT HMeTb BUI:
55a3~81a2—33a4—3 0,
OTKYJa HAaXORHM, UTC
l<a,<2, a.=1+i.
Qs
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YpaBueHRe 18 a; MMeeT BHA: ' o .
\ 62a3+30a’—84a5.._55 0

OTKyIla HaXxOAHUM, YTO l<a5<2
Takum obpasom,

Yo=14+Y344) +J5+ﬂ1 +-/1+...

B Tteopeme 237 6bL10 NOKa3aHO, uTO JJs JI060r0 AeHCTBHTEJNb-
HOTO 4HCJa CyLIeCTBYeT N0 KpaifiHeli Mepe OXHO pa3jioxeHHe B
nenHywo jApobs. BosHHkaeT Bompoc, MOryT JH Aaf JaHHOro jpeicr-
BHTEJIbHOTO YHCJIA O CYLIECTBOBATDH, PAas/IHUHBIE PA3JIOKEHHs B Lel-
HYIO Apo0b, T. €. MOXET JIH /I HEeKOTOPOro a. CyllecTBoBaTb pas-
JIOXEHHE

a=da,+Ya,+Ya, +... ,

rae a,, a;=1, a,==1...—neavle 4yuesa, OTIHUHBLIE OT TeX, KOTO-
pbie ObIJIE TOJIyYeHbl C MOMOMIBIO aJrOPHTMA, [IPHMEHEHHOr0 MpH
IOoKasaTeJibcTBe TeopeMbl 237.

OkasbiBaeTcs, pasJioxkeHHe JIOGOr0 JeHCTBHUTENLHOTO UHCJA B
HenHyw Apo6b obBjanaeT CBOHCTBOM eJHHCTBEHHOCTH,:a' HMEHHO:: JBe
pasJHuHbBle KOHeuHble HJH GeCKOHeuHble MOCJEA0BATEbLHOCTH LeblX
qHCeJ

a, o, =1,a,=1 ... u4qa,ad,=1,a,=1...

"06pasyioT ABe pas3JHuHbLe MO BeJHYMHE ILenHbe npoéu, T. €. €CJIH
XO0Ts OBl AJISl OAHOTO { @;74;, TO ;

ay+Ya,+Ya,+...5ay +a; +Ya'y+...

Ilpu aToM, KaK H paHblle, B CJyuae KOHEUHBIX LEMHHX Rpobed
COXpaHsieTCsl yCJIOBHe, 4TO fIOCJIeJHHH 3JieMeHT GoJiblle eIHHHILBL.

Teopema 238. diaa amobozo Oeticmsumensbrozo 4UcAq o cyujecm-
eyem o0Ha u moavbKo OOHa yenwas Opobb, pasHas a.

HokasateabcTso. CylecrBoBaHHe LenHoH Jpo6u, pas-
HOil a, Onlio ycraHoBleHo B Teopeme 237. Ham Hajo nokasats
eJMHCTBEHHOCTb TaKoH uenHod ApoOH. Ilyerbs

a=a0+ﬂa1+ﬂa2+... =a.,—l—1/al +ﬂa, +...
TIe a; U g,—leJble YucJa, NpUdYeM TpH =1 BCe @; M a, noJo-
XHTeJbHbI. DyzeM cuMTaTh, UTO H3 3THX JBYX HeNHBIX Apobefl mo
KpaliHe#i Mepe oxHa GecKOHeuHasi, Tak Kak cjyuail paBeHCTBa JBYX
KOHEUHBIX [eNHbX JApobel yXe ObJ pacCMOTpeH B TeopeMme 58.
IpexmonoxuM, uTO 3TH JBe [enHbe: ApobH OTIHYAIOTCA XOTH

66 OFHMM 3JIeMEHTOM, H 0003HAauHM uepe3 k mMepBbil MO MOPSAKY
HOMep, TaKOH, UTO a,7=a,, T. €. NPEeINOJNOKHM, YTO

Qy=a,, 8,=0), ... , Gy =0,_, 70, .
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OGosunauum a, =g, 'uak+1+ caey a;z ‘—‘a; + ”.G;z-u + ...
W3 papencrea (reéopema 236,)

a=a,+Yaq,+...+Ya,_ +Ya,=
=ao +Ya, +...+ Yo, + Ve,
' moJlyyaeM Oy =da,, HO TOTJA COrJlacHO TeopeMme 236, HMeeM:

a,=[a,] = [ap) =ay,
4TO NPOTHBOPEYHT YCJOBHIO Q7.

[Ipeanonoxente, UTO AeHCTBUTENbHOE UMCIO G HMeeT ABa pase
AUYHBIX Pa3JIONEHHS, MPHBEJO HAC K NPOTHBOPEUHIO, H, TaKHM
06pa3oM, pas/iokeHHe B LEMHYIO HPO6b MOXET OhiTh TOJABKO OAHO.

Npumeuanue. Eauncreennocts pasnoxenns yxe He GyZeT UMETb MECTa,

ecnu OTKAa3aTbC OT YCJIOBHA @,==1 npd s==1 uau BooGme Gparb Henpepus-
Hele apo6H Buaa (l).

Hanpumep, na (12) noayyaem pasnoxenue

H—z—v—}=2+ﬂl+ﬂl+ Wig...;

HO, KaK JIlerko mpoBepHTb, Al STOrO XKe 4YHCIA HMeeM JApYroe pasJioeHHe B
HenpepLBHYI0 Apobb:

3+V8_, Y _a Vg,
g—=3+4 34 4g 43t ..

Teopema 238 nokasmiBaet, 4To Ji0Goe pasyoxeHHe AeHCTBHTE b=
HOTO 4YHCJa B LenHylo JApo6b, MOJYyuYeHHOE KakHUM-JHGO IpYruM
METOJIOM, OTJIMYHBIM OT TOTO, KOTOpHIE GHJI NMpPHMeHeH NpPH JO0Kas3a-
TesqbCTBe TeopeMbl 237, JacT HaM TY Xe LenHyio ApobOb, KaK H B
pPaCCMOTPEHHOM TaM aJIrOpHTMe.

Pasnaras fgeficTBHTeJibHble UHCJIa B uUenHbie APoGH, Mbl A
KaxJoro palHOoHAJLHOTO YHCJa HMeEM eJHHCTBEHHOe paaJsioKeHHe,
npexcrapisiomee co6offi KOHeuHyio LenHyio Apobb, a s KamkIoro
HPpALNOHAJBHOTO YHCJIa—eJHHCTBEHHOE pasJIoKeHHe, INpelCTaB-
asiomee coGolt GeckoHeuHylo uenHyl ApoOb. B 3TOM oTHOWeHHH
pa3JioxXeHHs AeACTBHTENbHBIX YHCeJ B LeNHBIe Ipo6H XapaKTepu-
3YIOT NPHPOAY NEeHCTBHTEJNBHBLIX YHCEJ Jyylle, YeM pas/OMeHHs B
CHCTeMaTHuecKue Apo6H.

PasnoxkeHns panuoHaJbHBIX YHCeJ B CHCTEMaTHYECKYIO Apobb,
HanpuMep B JECATHUHYIO, MOTYT OhITh KOHEUHBIMH W GeCKOHEUHLIMH,
NpHYEM XapakTep TAKHX pasJOXKeHHUH CYIEeCTBEHHO 3aBHCHT OT
OCHOBaHHSA CHCTEMBI CUMCJIEHHS.

[TockonbKy MeXAy AeHCTBHTENbHBIMH YHCJaMH H LeNHBIMH Jpo-
65iMH YCTaHOBJAEHO B3aHMHO ORHO3HAYHOE COOTBETCTBHE, Mbl GyjeM
B jajbHefiwieM, B CJyuae, Koria

a=ao+ﬂa‘l+ya”+.-- »
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’ ~ P _ .
noxxoasiue Apobu QJ X 3T0f uenHofi Apobu HA3HIBATD TaKMkKe
s

A1 KPaTKOCTH NOAXOAANIHMH llp06ﬂMH K 4YHCAy a.

3. PA3JIOXXEHHUE YHCJIA ¢ B HENHYIO APOBDb

B KkayecTBe mpuMepa pacCMOTPHM Pas/OXKeHHe B LETHYIO ApoGb
YHCJaa e.

Teopema 239.
tHl o Vo4 V104 ... +Ydn+2)+..

€

ﬂoxasaTeanTBo. Onpegenum f,(x) (n=0, 1, 2, ...),
KaK CyMMy psja:

_n! (n41) (n42)! - (49! as
O =gmtnesn* Ta@ra St = Zs!(2ﬂ+2s)l )

ATOT psAf CXOAMTCA. MPH JOGHIX 3HAYEHHSAX X; OAHAKO Mbl OyAeM
paccMaTpMBaTh TOJIBKO 3HaueHHs x, Jsexauue B uutepsane (0; 1).
Jlerko mpoeepHuTh, 4TO UMEET MECTO TOMKLECTBO

fa(2)—(4n+2) [ 4y (x) = 45%], 5 (%). (14)
HeficTBuTeIbHO, KO3DGHLUHEHT MNpPH x** B neBofi uacTm pasen-
ctea (14) pasen

(n4&)N (n4-k4-1)1
R em ) e i

_ (ntR) (1 ond1 - 2(nk)
TR 2n+ 2R —2n+2k+l) TE=DI2n 2%+’
a B npapsofl yactd paBeHcTBa (14) oH paBeH

4(n+k41) 2 (n- k)1
=D+ r—DI(2n-F2k+ 1) °*

tak uto (14) BepHo.

,n ('_
OGosnaunm ~2T yepes a,. B 4HaCTHOCTH, NOCKOJIbKY
fn‘+1<—2‘)

2
fox) =145+ 35+ ... =5 (" +e %),
1 sy 1 -
) =g (5 +3r+ ) =g @ —e™),
TO
1y, -+ _a
__f°(_§')__e’ +e ? e+l
G=—T\ =1 _Te=1"
-[1('2—) e? ry

221



Pls TOX HeCTBEHHOr 0 paaencraa (14) npu x--% HOlellaeM

a, -.-(4n+2)+——— | | ~(15)
Hocxonbxy +1’ NOJNOMKHKTEABLHO, paBeHCTBO (15) noxasﬂnaeT

uTO ApH BCeX n @,>>4n-+2>1, —1——<1 T.e. 4n+2=[a,] u no-
cJiefoBaTeJIbHOCTh coomomemm (15) npu n=0, 1, 2...

ap = 2"}_5—;
1
Gy == ~6+a; a
1
(12-—10+a;

--------

naet pas.nox(eﬂue oy B uermyro Apo6h:

e, ~2+J6+l/10+ +ﬂ(4n+2)+ e
Teopema 240, ; |
e=2+ Y14 YVo Vg ¥y y Vg Uy Yy Vg ., (17)

m.e. sneMeHmovl a, pasioxenus e § yénkyo Opobb umem 6ud:
—'2 asn"_a3n+1_1 u (13"_1-—211. '
HokasatedabcTBo. OGosHaupm HOI[XO}IHHLHC npoﬁn K IIpaBoii
Pll
gactn (17) wepes g @ ‘moaxofsmue aApobm K (16) wepes
n .

R
[ (n=0, 1, 2, ...). Joxaxewm, uro0
n
R, P‘ln+1+Q3n+l
S P3n+1—Q3n+l

[IpuauMas Bo BHHMaHHe 3HauYeHHE 3/eMEHTOB HEHHOI/I Jpo6n
(17), nmMeem:

P3n+1=Pan+P3n—1r P8n=P3n—l+P3n-2’
Pypoy=2nPy, 3+ Py,_sp,
P3n—‘z=P8n-—3+Pan-—4’ Pan;s=Pan—4+Psn—5’
OTKy,ZIa HaXOoJAHuM: . ,
Pons1=2Pg, -+ Py, g=(4n+1)Py,_3+2Py, _;=
=(4n +2) PSn—2+P3n—3 Py, _ 4—‘(4’1 +2) P8n—2+P3n—5
AHaJIOTHYHOE COOTHOLIEHHE HMEeM H JJIS. Qs,, 41+ TAK . UTO
. Pgpsr=(4n+2) Py, 5+ Py, 5 } : (18) '
Q3n+1"‘(4n+2) Q.m—2 +an 5 o
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Emcam mymﬂeﬁ no n, uto o R
R ——(Pan+l+Q8n+l) (19)

' Us (16) u (17) Henocpencmeuno BHYHCSEM R,=2, R1—13
Py=3, P¢=19, Qy=1, Q=7, TaK 4YTO COOTHOMmEHHE (19) BepHO

npH n= 0un=l.
[pexnonoxuM, 4To COOTHOMEHHE (19) BepHO ,zum BceX R ¢ Ho-
MepaMH, MEHbIHHMMH 4eM n, rie n>>2, T. e., B YaCTHOCTH,

R -l—f(PSn !+Q3n—2) n-z 2 (PSn—6+Q8n—5);
TOTAa, HCMOJb3ys paBeHcrBa (18), momyuaem: '

Ry=(4n+2) R,y +Ry_y =5 {(4142) (Piyoy + Qunoe) +
+ Py 5+ Qns} = '21‘(Psn +1 + an+1)~

CorJlacHo NPHHIHKNY [OJHOK Ma'remamqecmu pm,uymmu paBeH-
ctBo (19) BepHO mnA Beex 1.
CoBeplleHHO AHAJOrHYHO JOKA3bIBACTCH, 4TO

1
Sn = —2-(P3n+1_Q3n+1)'

PaccuaTpuBas Temeph fpenes OTHOWEHHs Bequyud R, # S,, Hax0"
RHUM: )

lim B_slﬂ 41
n—>o Qﬂn+l =lim P3n+l+an+1 =limR‘—"=e+l ,
lim ﬁ'_ﬂ_l Pons1—Qant1. S, e—1
n>o Qgni1

T. €. lim Pspay =e.

n—»x X3n+t+l1

[Mockonbky uenHas Apo6b B mpaBofl wactu (17) cxenuTtes, Mhl
6yleM HMMeTb Takxe, uto BooOme lim<f=e, a 3TO poKka3biBaer

n—>wo

Teopemy.

Hcemopuueckue xommenmapun Kk 5-ii 1 24-is zaasam

1) Ipouecc nochefoBaTelbHOTO 06pa3oBaHUs GeCKOHEYHLIX He-
NPepHBHBIX JPoGel, MOJYYAIUKXCS MPH Pa3/OKEHHH HEKOTOPHIX
JeHCTBHUTEJIBHBIX YHCeJ YacTHOro BHJAA, OMNHCaH B aireGpe Bom-
Gensn, Buuegmwed B 1572 r.; oaHako BoMGennw, onuceiBas npouecc,
He ynorpeﬁ.nﬂer o6o3naueHn#t BHaa (1). OGo3HaueHHs Buaa (1) pas
HelnpepHBHBIX JApoGeli Brmepeble BeTpevatorcs y Karaappu B 1613 r.,
TOJbLKO BMECTO 3HaKa , +* oH nuca’x ,et“.
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Koneunnie nennsie apoGu supa- (1) 5-#t raasm paccuaq-pﬂaa.nncr,
HeMellKMM MarteMaTHKoM llIBentepom (1685—1636). IlIBentep npH-
MeHAJ TaGJMIK THIA TeX, KOTOpble NAaHW Yy HAac Ha cTpaHuue 65.

Ilnpokoe npHMeHeHHe LenHbe JAPOOH NOJYUHJH HauHHag C
paboT u3BecTHOro (GH3UKa, acTPOHOMa H MaTeMaTHKa X pHCTHaHa
Fofirenca (1629—1695). Tiofirenc .paccMaTpuBas UenHbe Apobu B
CBfI3H C 3afauell nogbopa 3yGuaThiX KoOJIeC, Y KOTOPHIX OTHOIUeHHE
unHcJa 3y6uoB GhlI0 BO3MOXKHO OJIMKe K HEKOTOPOMY 3afaHHOMY
yucay. Yueno 3y6uOB B TaKHX KoOJecax HeJb3ds Obuio GpaTh CJHII-
KOM GOJIBIUHM, TaK YTO NPHXOAHJOCH OTBICKHEAThb JiBA CpaBHH-
TEJBbHO HeGOJBIIHX HATypaJbHBIX YHCJAZ, OTHOILEHHE KOTODPBIX GHIIO
6MM3KO K 3ajaHHOMY uHcay, PemeHue 3amau Takoro popna, ecre-
CTBEHHO, MPHBOJUT K PACCMOTPEHHIO LEMHBLIX ApoGeill H NOAXOASIMMHX
K HUM. [lopBop Takux 3yGuaThix KoJjec Obl1 HyxeH TiofireHcy B
CBSI3H C €ro HaMeDeHHMH TMOCTPOHTb MOJEJb, HMHTHPYIOLLYIO
JIBHJKeHHE NJaHeT B COJIHEWHOH cHcTeMe.

2) TeopHus uenHbiXx jApoGefi Obija cHCTEMaTHYECKH paapaGOTaHa
DfirepoM, a 3areM JIarpaerM.

k
e’ —
3) Pasznoxenue

e—"—+l
HoM k Obiio Hafijieno JDiisepom B 1737 r. PasjoxkeHHe B 1enRylo
Apo6b uHcaa e (TeopeMa 240) Takike HpHHALJIEKUT DiJepy.

B LenHyio 1po6b MpH MoGoM HaTypadb-

FJIABA 25

NPUBJHXEHUE REACTBUTEJbLHBIX YHUCEJN
PALHHOHAJILHBIMH JAPOBSAMHU

1. MPHBJH)XEHHE JEACTBHUTEJbLHbIX YHCEJ HO}IXOIU"HHMH
IOPOB AMH

PauuonanbHble 4HC/a, Kak H3BeCTHO, 06pa3yioT CYETHOE MHO-
JeCTBO, B TO BpeMs KaK MHOXEeCTBO HPpPalHOHAJbHBLIX YHCEN He-
c4eTHO. B 3TOM cMEic/ie MOXHO CKasaTb, YTO OCHOBHYIO Maccy Bcex
JeHCTBHTEJbHLIX YHCeJ COCTaBJAAIOT HPpauHOHa/AbHBle uHcaa. Ilpu-
MEHEeHHe HPDALHOHAJbHBIX YHCEJ B MpPAaKTHKe OOHIYHO oOCyIlecT-
BASIETCA 3aMEHOH JaHHOTO HpPALHOHAJBLHOIO YHCJAa HEKOTOPHIM
panHoHaJbHBIM YHCJIOM, MaJIO OTJHYAIMUMeA B Ipefiejiax TpeGyeMoil
TOYHOCTH OT 3TOTO HppanHoHaJbHOrO uHcjaa. IIpu 3ToM o6hiuHO
CTapaloTcst BHOpaTh PAlHOHANBHOE UHCJIO BOSMOXKHO MPOCTHIM, T. €.
B BHJle NeCATHYHOH APOGH ¢ HeGOJBIIHM YHCJIOM 3HAKOB IOCJE 32-
OATOA HMJH B BHJAC OOGLIKHOBEHHOH JPOGH €O CPaBHHTEJBHO HeGOJb-
UMM 3HaMeHaTeJleM. [IJI TPOMO3IKHX pPalHOHAJIbHBIX YHCEJN, T.'€.
qHcesl ¢ OGOJBIIMMH 3HaAMEHaTeJISIMH, TaKXe HHOrJAa BO3HHKAIOT
3ajlayH, CBf3aHHBHIE C HEOOXOAHMOCTBIO OTHICKAHHS XOpPOIIMX pa-
LHOHANbHHX NPHONHIKEHHA, MOHHMAfA NOJ STHM OTHICKAaHHe palHo-
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HaJIbHBIX YHCEJl CO CPaBHHTEJNbHO HeGOJBIIHMH 3HAMEHAaTeJsIMH,
MaJI0 OTJIHYAIOLIMMHCS OT JaHHBIX 4HCeJ.

Hennbie apo6u jaior oueHb YJAOOHEIA ammapar Ais peuleHHst
sajad Takoro pofa. C moMoumplo HENHBIX ApoGell yAaeTcst 3aMeHSITb
JeBCTBHTE/IbHEIE YHCJIA PAIHOHANBHEIMH JAPOGAMH Tak, 4ro omHGKa
OT Takofi 3aMeHEl MaJa [0 CpPABHEHHMI0 CO 3HAMEHATEeJIIMH STHX
pamHOHaJbHEIX HHCEJ.

Teopema 241. [as awboix 08yx coceOHux nodxodauwjux Opobeti

P P "
" Q"“ K OeticmBumeAnbHOMY HUCAY O, UMeem MECIMO HEPABEHCMBO
n g+l
P,,l 1
o—=" =< 1
l Qn o QnQn+1 ! ( )
P
u ecau as=="t!  mo
. Qn+1 P 1
0—8 | <
[ Qn < Qn Qn+1
P
HogasateabctBo. Ecan a;éa—"—ﬂ , ToAaxoAsuiHe  ApoGH
n+l
P P
o o Q"*‘ , U3 KOTOPBIX OfHA YyeTHasi, a APYyrasl HeyeTHas, JeXaT
n n+l1

no pasHbie CTOPOHBI OT ¢ (3aMeuaHHe K TeopeMe 234), H mO3TOMY
pacctosinue OT o Ao Jmoboff H3 HHX MEHblEe AJUHB HHTEpBana,
06pa30BaHHOTO 3THMH JABYMsl MOAXOASIIHUMH ApOOSMH, T. €.

a_&‘ P“"'l_&‘ — —1_
Qn N QuQu+1
P P 1
Ecian a==2 | 10 ,a———" =
¢ Qn+1 : Qn Qn Qn+1

Teopema 242. Jlan aoboii nodxodsuer dpobu %‘ K Oedcmsu-
n
MEABHOMY 4UCAY G CNpABeOAUBO HepPUBEHCMBO:
P, 1

2 <a—2. (2)

la_

Pﬂ
JokasateabcTtBo. Ecan a=-2, TO HepaBeHcTBo (2) oue-

n
suano. Ilycts a#%—: , T. €. CyulecTByeT noaxojsumas Apo6b %""—:‘1 .
IMpn n>0 Q,<Q,,1 H COrNacHO mpejpayuieli TeopeMe HMeeM:
SN

Qn Qn+1 Q: '

OtaenbHo paceMorpuM caydait n=0. Ecan

a=ao+ﬂal—|—ya2'+..., ‘

P
Q — =2
o

TO

— P |_v Y =L
]a Qo‘— a,+ a,+...<l—Q:.

8 A. A, Byxurra6 ' 225



Teopema 243. Ecau o5 % , Mo

P, 1
le—32|> oo 3 @)

HokasareabcTtso. PaccMoTpuMm crauana cayyai, Korjga s o
P .
cyumecTsyer noaxoxsmas Apo6e %+, Hepasencrsa (7) 24-it rnasul

Qn+2 P P

P
NOKa3nlBaOT, 4TO NPH a;éQ"“ nojxopsauiue ApobH Q" H Q":: Ha-
n n

XOMATCA N0 OOHY H TY e CTOPOHY OT @, H TOrJa, MOJb3YACH elle
reopemoit 64, nosaydaem:

_ﬁ e_rzﬂ Pn 'Pn+an'—P Qn+z’
=g > g2 —gt|= T 0l
Cnts qn+s — I
Q (Qn+1an+2+Qn) Qn(Qn+lan+2+Qnan+ﬂ) Qn(Qn+1+Qn).
Ipu oa=£"—::-3 6ymer a,,,>1, TaK 4TO
n+ta
la_ﬂtl= Pn+l____g,= " @n+a
Qn Qn+i Qn Qn(Qn+1an+n+Qn)
Gn+a 1

> % @unrs T Quned) - Qn(@rr1 ¥ Q)
+1

Ecau xe £t — NOCJIeAHAA noaxoAfAuas Apobk, T. €. o ="Lnt1 , TO ~
Qu+1 Qu+1

Pol 1 1
Qn QnQn-{-l Qn(Qn+l+Qn) ’
Teopemsl 241 u 243 palOT OUEHKH NpPHOJHKeHHS JIOGOro neii-
CTBHTEJIBHOTO YHC/A2 MOAXOAALEH Apo6bio %‘. Tak kak npu Bcex
n .

|a—

n umeeM Q,<<Q,,;, TO MOXHO HaMNHCaThb TaKKe

P,,I
2Q..Q..+1 <| Ul < Tlorr’
o 1
U, TaKkuM 06pa3om, 0o  C TOUHOCTHIO JO MHOKHTNIS, 3aKJIOHeH-
n n

HOTO MeXAy —é—'u 1, onpegenser MOPAAOK NPHOJHIKEHHS O MOAXO-

Jauelt apo6pio ¢ HOMEpPOM 7.
TeopeMa 242 . noka3biBaeT, YTO [pH 9TOM, BO BCAKOM CJy4ae,

obecneyHBaeTCsl TOYHOCTb NPHOJUKEHHS -
n

Mol BuguM, uTO, BOOOLIE rOBOP#, NOAXOZAUIHe ApOGH HAOT JAYY-
niHe npuGaumeHHsa K JeHCTBHTENBHBIM YHCJAAM, YeM KOHEYHBIe Aecd-
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THUHBIE APOGH, noayakotrecs B npouecce pas/IOXeHHs STOro uscna
No CTeNneHsM y5. " IleHCTBHTENbHO, €CAH €, Cy,... — ACCATHUHbIE
SHAKH YHCJa & nocsie 3ansaTofl H ¢, =[a], T. e.

o= co+ 102+...,

TO, B35IB B KauyecCTse HpHﬁJIH)KEHHOI‘O 3HaYeHHs o YHCJO0

Cot oo e i =1

6yjaeM HMeTh:

A ¢ ¢ 9 9 1
]a—To—n =ittt <ggmtigmte =Ee
OGo3nayns 10" uepes B, uMeeMm:
A 1
I“"F’<T'

Iecatuunasa xpobb ¢, +- 10+ coo g —-—g— BblpaxaeT JeHCTBH-

TeJIbHOE YHCJIO & C TOYHOCTBIO JIO BeJIHYHHBI, OOpaTHOH 3HaMeHaTeNio,
B TO BpeMsl KaK COrJacHO Teopeme 242 npHOJHKeHHe NOAXOIAIIHMH
Apo6sMH 00eCleuHBaeT TOUHOCTb JO BEJHYHHBI, OOpaTHOH KBajpaTty
aHaMmeHaTeJ .

Hano npu sToM HMeTb B BHAY, 4TO mpH GOJbLIHX 3HAUEHHAX a,
Q,,1 MoOXeT OnTb HamHoro GoJbme, 4yem Q,, H Torja cOrIacHo
teopeMe 241 TOYHOCTb NPHOJHXKEHHS NOAXOAAIHMH JApOGAMH Gyner
elie Jyumed.

Jnsa Toro utoObl HalTH panHOHaAbHOe NPHOAMKEHHE XRefiCTBH-
TEJIbHOFO YHCJa ¢ C TOYHOCTBIO A0 €, MOXKHO nojo6paTh MOAXOLf-

imyto 1pobn % C TAKHM Houepom n,4yrobu Q, Q +1 OBLII0 6osbile —é— , |
Torja GyleM HMMETb: o

1
Ia_—@; QnQn+l<8

Tlpumep. Haiitu nonxopsmyio apo6s x uucay 24’5, otan-
Yauyloca OT 3TOH MPpPaLHOHAJbHOCTH MeHbllle YeM Ha (,00001.

Haxomum, uro 2+VB=44V4 Vg4 Vg4 .

Tlocnen0BaTeNbHOCT SHAMeHATENe!:

Qo=1, Q;=4, Q;=17, Q;=72, Q,=305, Q,=1292,
Tak 4TO )

=

‘P 1292
Q4Q5 > 100000, o=

oTuyaercst or 24 V5 Menbwe uem Ha 0,00001.
8* 1 |



[TpuMep. HaiiTu nepperie YeThipe NoAXoAfIHe APOOH K YHCIY =,
OLUEHHTb NOPANOK MpPUGJHKEeHHS STHMH JAPOGSMH H HaHTH MOAXOAS-

myio Apo6b, MPHOMMKAIOMYIO T C TOYHOCTBIO AO s -

Mone3yscy paeencTBoM (13) 24-& raaee, coctaBiasieM TaGJHIly
yycJuteseil 1 3HaMeHaTeNeH NOAXOARIIMX ApobGel K 7.

3 7 15 1 292
P, 3 22 333 355 | 103993
Qx 1 7 106 113 33 102
P, P, 22 P, 333 P, 35

=3,

2= G=T u T o n
HepapenctBo (1) gmaer:
22 1 1 333
’”_7|<7-106<’7'66' ' 106’<105 13 << 0,0001,

353

I "—m[ <1333 102 33 11333100 < 00000003

22
PannoHanbHoe npn6.rm)xenne K 7t B BHIE - , AalOll€e CPABHHUTE/Ib-

HO GJIM3KOe K 7t 3HayeHHe, OblJIO H3BECTHO eme Apxumeny. Oco6enno
yIOGHBHIM pAalHOHAJbHEIM NPHOJNHKEHHEM K 5t SABJSAETCA YHCJIO

355
TER Jamlnee npH CpaBHHTEJbBHO HeBOoJIBIIOM 3HAMeHaTeJe BBICOKYIO

TOYHOCTb. 3TO CBA3aHO C TeM, YTO B pAas3JIOKeHHH T HYHCIO a,
CpaBHHUTeNbHO GoJbluoe (@, =292), H nosTOoMy mocJe 3HAMeHaTeJs
113 caenyiomuil 3HaMenaTeab HamHoro Oonbiue, yeM 113.
JlokaxeM, uTo Kaxkaasa cjeylomas noaxosmas aApobs Bceraa 6Jm-
3Ke K pacCMaTPHBaeMOMY JiefiCTBHTEIbLHOMY YHCJy &, YeM IIpeAkayInas.
Teopema 244. Qaa mobuix Osyx coceOnux nodxodaujux 0pobeil

P
==Ly f-'l K aeucmeume/tbuomy HUCAY O UMeeM:
-1

n-1
| 2=
HdoxasateanrctBOo. Kak u B Teopeme 237, npu a#%ﬁh
noJyyaem: ’

“)

oL —

___5»_1 PonyrtPy 1 Pyl __ 1

« Qnan+1+Qn 1 Qn!__ (Qnan+1+Qu-—l) Qn ' (5)

,a___ Pn_l — Pnan+1+Pn_ _ Pu_l = Cp+1 (6)
Qn-1 Qntus1+ Qs Qu-1 (Qu@r+1+Qrn-1) Qnor ’
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HO €, >1 B Q,=Q,.;, TaK 9TO MOAYJIb PasHOCTH B (5) menbue,
yeM B (6). ITlpn a—a— HepaBeHCTBO (4) OueBHJIHO.

B crenyomedt TeopeMe Mbl NOKa)eM, UTO pauHOHaJbHAst Apon,
B HEKOTOPOM CMBICJIE€ JIOCTATOYHO XOPOILIO annpOoKCHMHpYioWas AeH-
CTBHTEJIbHOE YHCJIO, JAOMKHA 00A3aTeJIbHO COBHAJaTh ¢ OXHOM H3
€ro NOJAXOASIIHX.

Teopema 245. Ecau 048 yeawx a u b (>0, (a, b)=1) ewnox-
HAEMCa Hepagencmso

i
<3

o—-
==

mo %-—odua u3 nodxodswux dpobed K o.

JokasaTteabcTBoO. I'chn:a;é—:- (npu a=—g- yTBEpXKAeHHE

a
TeOpeMBI TPHBHAMBHO). PaccMOTpuM pasjioxeHHe - B LENHYIO 1pobb:

P
%=a0+yal+ LY -I-‘ua‘,= QS N

s

P .
0603Hauasi yepes - MOAXOAsALIUE APOGH K 3TOMY pasJoKeHHIO, BO3b-

Q;
MeM YHCJO : 0
__Ps—l_(l S~1
0= aQs—P;s (7)
Torna
Qs_1|_ | Ps-1—0Qs.1 , Qs_1 1 — 1
o+ |=| 2528+ QZI ’ >2,
Qs
OTKyJa moJiyuaeM, 4TO :
. o> 2_Qs—1 = l.
Qs
Ilyets 0=a,,, -l-—’/a,“-l- .+« — PasJIoXkeHHe ® B LeNnHYio Apolb.
ITockonbky @ >1, 1o @,,; =1, u Torma
gt Yoy + ... +Ya,+ 2yt ... =P

npejcTaBJsieT coGofi HEKOTOPYIO LenHyo Apobb, BeJHUHHY KOTOPOIl
Mbl 0603HauHJIN uepes f.
Coraacuo ¢opmyde (8) 24-i riaBn HMeeM:

B Fs0tPes \

Qs+ Qsmy’
M, MOICTaBJsAs CIOJA BRIPAKEHHE © M3 (7), nocae- npocrux npeo6-
pa3oBaHHA no.nyqaeM p=a, TaKk uro nemHas ApoGb a,- a1+

oo -I--Uas, paBHas F , €CTb MOAXOAsfAumas Apobb K .
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2. AOPHBJIM)KEHHE JAEWCTBHTEJIbHBIX YHCEJ PALHOHAJIbHBIMH
APOBSAMH C 3AJAHHBIM OTPAHHUYEHHEM ANA 3HAMEHATEJIEA

B Teopemax 241 — 244 craBuJcs Bonpoc 0 nopsake npuOIHKeHNs
NeHCTBHTENBHBIX 9HCeJ INOAXOAAIMMH ApobamMu. B  craenyromux
TeopemMax pacCMOTPUM HEKOTOPbIe CPABHHTEJIbHO NPOCTHIE Pe3YIbTATHI,
NOKa3blBaIoOllHe, K&K OOCTOMT JeJO C NMPHOJHKEeHHEeM JeHCTBHTEJb-
HBIX YHCeJ paluOHAJbHLIMH YHCJIAaMH, He npejpellasi 3apaHee, 4TO
BTH palHOHaJbHBIE YHcJa OYyRYT NOLXOXSUIMMH Apobamu. Bwmecte
C TeM B JOKa3aTeJbCTBAX 3THX TeOpPEM MBI 4acTO GyReM MOJIb30BAThCS
yXKe H3BEeCTHHIMH HaM TeOpeMaMH O [emHbBIX JApoOsaX, TakK Kak
HCIOJb30BAHHE MX OOBIYHO JaeT HauGoJiee MpOCThbie NYTH AJA
MCCJeOBaHHS PAalHOHAJBHBIX NPHOJIHKEHHH.

[Tyctp @ —npousBoJsbHOE AeHCTBHTeJbHOe uHci0. Kak OblIo OT-
Me4eHO paHbilie, YyxKe K3 TEOPHH Jlecu'mqm,xx Ipobei c.rxezlye'r cyie-

1
CTBOBaHHe PallHOHAJbHOTO YHCJ/A b , TAKOrO0, qroloc T ’<3- [To-
CTaBHM BOINPOC o BO3MOXHOCTH TaKHX NPHOJHKeHHH o pailHOHAJb-

HBIMH YHCJAMH OPH- KOTOPBIX TOYHOCTb NPHUOJIHKeHHA Oynet

F ’
o 1 o - o
OleHeHa He BeJHYHHOH ’b—, a BEJHYHHOH, B T pa3 MeHblIeH, T. €.
BOMNIPOC O HAXOXJACHHH pallHOHAJbHBIX YHCeJ] b , TaKHX, 4YTO

a I
rae v—awoe 3apaHee 3aJaHHOE NOJIOMKHTE/IbHOE YHKCHAO. -
Hanpumep, MOXHO HOCTaBHTb 3a/lauy HaXOXKIEHHS TAKOTO patmo-
HAJIDHOTO NPHOHXKEHHUS K o, YTOOB TOUHOCTb NPHOAHKEHHH Ohlia
B 1000 mau B 1000000 pa3 ayuwmei, ueM BeauuuHa, o6paTHas 3Ha-
MeHaTes0. 310 COOTBEeTCTBYeT BHIGOpy T=:1000 mau t==1 000 000.
OxkasbiBaercs, '{TO Kak Obl BeJIMKO HH GbLTIO T, MOXKHO HafTH pamnuo-

HaNbHYIO ApOGb 5 » NPHOTHKAIOWYIO & ¢ TOUHOCTDHIO KO 7= 1 , puyeM,

H 3TO ABJSIETCA CaMHM.HHTGPECHblM, Ilp(}éb T MBI MOXEM BHGpaTb

TaK, 4To b<r.
Teopema 246 (Jupuxne). Haa a0boeo Oelicmsumenrbtozo wucaa
U npousseavHezo T >>1 moxcno Hadmu - payuonaisuyro 3pobo

makyro, 4mo
|a

P
HoxasatenbctBo. OGo3Hauum, Kak o0biuHO, 4epes Q"
N n

(n=0,1, 2, ...) noaxoasuue npoGu pasnomenuﬁ @ B IEIHYIO
Ipobb. Hocnenosarenbmc'rb

Qo -1<Q1<Qz

o
iy
b’

b<r.
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MoxeT ObITh KOHeuHOH HJH GeCKOHewHO#, HO, BO BCIKOM cayudae,

TIOCKONbKY Qy=1, a T>1, MOXHO HaliTH HauGONbLIIKA HOMEp 1,
TakoH, 4To Q,=<T.

a . ' e )
B xauecrse apoGu 3 » YHAOBJETBOPSIOMEH YCIOBHAM TEOPEMHI,

P : o
MOXHO BHOpaTh Q—: » T. €. OJIOXHTb a=P,, b= Q,. [leficTBATebHO,

pPaccMOTpHM IBa BO3MOXHHIX CAyHas.

1) Q, He ABjseTca nocjeAHHM 3HameHareneM (310 OyneT AJst
JI060T0  HpPPaLMOHANLHOrO ¢, HO MOXeT OHiTh H B CJyyae palHo-
HaJIBHOTO @), T. €. cymecTByeT Q,,,, TaKOe, uTO

Qn =T Qn+1'

Torma npu a=P,, b=Q, cornacHo reopeme 241 umeewm:

1 1

al_ ____~P_n 1 __——-1—‘ _ »
lag_b_l—’a Qn éQnQn-u< Qv b nb=Q,<t (6>0).

2) Q,—3HaMeHaTesb noCAexHeH noxxoAfAmed APoGH passoxe-
P
HHA @, T. €. a=Q—:. Torma npu a=P,, b=Q, uMeem:
P
o) — =2
=22

. a _
Mpumep. Hailitu pannonanbHoe npubnuxeHne 7 K V'5 ¢ tou-

—0< -, b=Q,<t.

1
HOCTbIO JHO 10005

' . Coraacno TeopeMe 246 Takyio Ipo6b MOWHO HafiTH Cpean ApoGei
CcO 3HaMeHaTeasAMH, MeHbwMMH 4eM. 1000.. Pasgarag V5 B HeNnHYIo
Apobb, noJgyuaeM :
VE=24 V4 f Vg dgy Vg tlgy
HaXoZuM nOAXOAsmIKe Apo6u: ‘

2 | 4 4 4 4 4
P, 2 | 9 38 161 682
Qn 1| 4 17 72 305 1292

HaunGonbmuM 3namedareneM, MeHbmum 4eM 1000, spasercs

682 |, & 682 1
Q,=305. HckoMast apo0b paBHa z=; ,’_V§~3—(E!<m.

O6061muM TeopeMy 246 npy Heabix T==1 Ha cayyal HeCKOAbKHX
ReACTBHTENILHLIX YHCEd.
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Teopema 247. ITycme @, @4, ..., a,—Oedcmeumencuole “ucaa;
T-—uyeaoe ducao (v==1). Cyujecmsytom payuoxnarbrsie KuUcia a—b‘-.
-‘-’;—, cees fbl, makue, 4mo

o-gl< ot <

JHoxa3zaTeabcTBO. B. eIHHHYHOM n-MepHOM KyGe Gepem
1" 41 Touek ¢ KOOpAHHATaMH:

({kan}, {kas}, ..., {ka,}),
rne k=0, 1, 2, ..., 7", a {ka;} — apoGHas uacTb ko;.

PasjenuM KaXZIyi0 M3 CTOPOH 3TOr0 Ky6a Ha T paBHHIX yacTei
Toykamu 0, -l; v 3 —1 H COOTBETCTBEHHO 3TOMY Becbh KYy0 Ha
1" OAMHAKOBHIX 4acTefl, Tak, 4TO B Npefenax KaxJAo#t yactH jaiobas
KOOPJAHHATA YBEJNHYHBAeTCs MEHblIE 4YeM Ha-i—. ITockonbKy uHCHO

touex ({ka,}, {ka}, ..., {ka,}) Gombuie, uem umcao wactedt, To no
KpaiiHell Mepe JBe TOYKH:

o < b<<t".

"oy

“ ey

({b'a}, {bag}, ..., (') v ('}, (b5}, ..., {b'a,}),

e 0<<b' <1, 0<<b"<<1", nonajalor B OXHY H TY € 4acTb, H
TOr@ COOTBETCTBYIOUIHE€ KOOPAMHATH 3THX TOYeK OTJIHUAIOTCS APYT

OT ApYra MeHsblile, YeM Ha —l~
{b'ag} =ba,—a,, {b'a}=ba,—a,

rae a; ¥ a;(s=0, 1, ..., n)—uesble ync/ia, TaKk YTO, HaNpHMep,
npu b’ < b" noaydaem mas scex s=0, 1, 2, ..., m:

(" —b")ay—(a] a)]< , WIH

rie a,=a,—a,, b=b"——b'<r”‘——uenble Yucia.

Mprumeuwanue. [pobu 4 y eeay gbl' , CYUIeCTBOBAHHE KOTOPHX Mul
JOKAa3biBaeM B sTOM" TéopeMe, MOTyT OKa3aTbCsi COKPATHMBIMH.

IIpuMep. Haittu aBe Apo6H c ORHHM H TEM XKe 3HaMeHaTeJseM b,
npubAHKAIOMHe COOTBETCTBEHHO € H 7t C TOYHOCTBIO JO 41b

Pewenne. B stom npumepe n=2, t=4. CoraacHo Teopeme
3HaMeHaTenb b HCKOMEIX ApoGefi MoxeT OnTh BHIGpaH <<4?=16.
BepeM ToukH ¢ KoopauHaramu ({ke}, {kn}),k=0,1, ..., 16. Haxoaum
nse Ttouku ({2e}, {2x}) u {9}, {9::}), y KOTOpHx KOOpAHHATH
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. 1
OTJIHYAIOTCA MeHbllle, YeM Ha - . Ilosaras b=9-—2=7 H noabHpas
COOTBETCTBYIOHIHE THCJIHTEJNH, MOJNYYaeM:

1 22 1

19
le"7|<ﬁ’

3., MPUBJIH)XEHHE AEACTBUTEJbHbIX YHCEJ BEECKOHEYHOH
MOCJHEAOBATEJILHOCTbIO PALHOHAJBHBIX YHCEJ

Teopema 242 nokasbiBaeT, yTo0 IJis JI06OT0 HEHCTBUTEJBHOTO
YKMCJIa o CYLIecTByeT GeCKOHEYHOe MHOXKeCTBO PalHOHAJbHLIX YHCeJ
a a 1 a
3 » TaKHX, uTo la-—F|<7}§, NpHYEM B KayeCTBe - MOXHO B3ATH
Jobylo noxxousunyio apobb K o. ’

MoOXHO /M B 3TOM HepaBeHCTBe 3aMeHHMThb NOCTOSIHHYIO 1, cTos-
Y0 B YHCJIHTeJe, Apyroil Gojiee MaJieHbKOH BeJIHUMHOH ¢<C | Tak,

a c
utoObl MoJIyyaloilleecsi MOCJe STOr0 HepaBEeHCTBO ]a-—; <

OCyILeCTBASAIOCH NpH JwoboM a s GeCKOHEYHOrO MHOXeCTBa pa-

IHOHaJMbHBIX ApoGeit?
OxasbiBaeTcs, 3T0 MOXHO CheslaTh, M TaKoe HepaBeHCcTBO Oyjer
1 1
HMeTb MECTO NpPH ¢:= e =0,4472..., npuyYeM NOCTOSIHHAA Vs

3JeCh Hauaydluas, A MEHbLIHX 3HayeHHu# ¢ CYIZECTBYIOT 3HAYCHUA
- a c
o, IIPH KOTOPbLIX HepaBeHCTBO l (04 -5 ) < " OCVYILNECTBJIACTCA YKe

o Q@
TOJBKO JAJid KOHEYHOIo 4HucCJa 11p06e14 e

Teopema 248. (I'ypsun). HQaa arobozo deticmeumenrsrozo 4ucaa
a  cyuecmeyem GECKOHEHHOE MHONCECHBO  PayuoHaibHoux 3pobeli
a
30 Mmakux, 4mo
o a
b
HoxkxasatenabcTBo. Pasjsoxkum o B menHyio apoGb. Mbl Z0-
P
KaXeM, U4TO U3 Tpex JIOObIX COCeJHUX MNOAXOAMILHX apobel -Q—" no
n

<ﬁ$. 9)

o a
KpailHell Mepe OHA MOXET CJIYXHTb B KaueCTBe - B HEPaBEeHCTBe 9).
Jloka3aTesiLCTBO STOIO YTBEPKAeHUS OyieM BECTH OT NPOTHBHOTO.
ITpeanoioxXuM, YTO AJS KaKHX-JHOO Tpex COCeNHMX MOAXOAAULHX
apoGeil BBIMOJHSIOTCA HepaBeHCTBa: |

Panfy ! Py L
|~ = Ve o5l = V3a: o
|d___Pn+l I ( )

Qn+1 V5Qz,,
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P P,
6"_.!. u =t paCﬂQJIOPKBHH o pasusic cmpomﬂ OT & 'H TIG3TOMY TIPpH
n=1

4eTHOM 1 M3 (10) c.nenyeT :
Pn—l l
R <t T R

a NpyH HEYETHOM:
Pn_s 1 P, 1
= e SRS AT — e,
Quor V'5Q3_, Qe V5Q2

T2aK 4YTO 1 B TOM H B JpPYyroM cJjayuya€e HMeEEM!:

1 1 1 P n-l
et )<
Vs (Q,’;_l Q,’;) :

Qn Qns I_ QnQn 1

HJIH, YMHOXas Ha Q,’; H nepeHocsl BCe YJEHH B OIHY CTOPOHY,

Qn- 1) VS(Qn-1> <0,

T. €
( Qs _E)’<L 9 1+VE
Qn—-l 2 4 Qn l 2
UJH, NOCKOJBKY Q, M Q,_,—1ejbe uHCcaa,
Q _1+V5
Q—"’:;<—'2—' (11)

Pn Pn+l ,
Tlocxoabuy i o TaxaKe PacnoJOXeHH 10 pasHbie CTo-
n +
pOHbl or a, u3 (10) anasornuHo nosydaeMm:

_‘Zz:_1<l+_2‘£§, (12)

Ilonbsysce eme Tem, uro a,,, =1, u3 (11) u (12) nonyuaem:
1+ V5§ Qn+1 Qun+st Q1 __
2

Q,. Qu ,
_ 1 2 1+ V5
—au+1+—Q—->1+ — == .
n 1 5 2 ,
(Qn—l) +V

TIpexnonoxenye, uTO BLIONHEHH Bce TPH HepaBeHcTBa (10),
OpHBEJIO HAaC K NPOTHBOPEYHIO, NO3TOMY N0 Kpaikued Mepe pis

P N
OJHOH M3 Tpex NoaXoAsAmMUX ApoGeii gn , %1, ﬁ, B3ATOH B
- n .

KauecTBe - b , MO/IKHO BHLINOJHSTbCA HepabeHcTBo (9). Ilpumasas n

pasjiduHble 3HaYeHH#A, MNoOJyYuM OeCKOHeUHOe MHOXKecTBO apofbei,
YJOBJIETBOPSIOWHX HepaBeHCTBY (9).
IepefiieM Tenepb K JOKa3aTeJbCTBY TOr0, YTO NOCTOsIHHas

71_5’ ¢durypupyomas B teopeme I'ypBuna, Hamayyas.
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Teapema 249. - ITpu  mobom  noaoocumenswom A <<-—=

_ V‘
_ 1+ V5
=3

cyuiecmayem moabKo KOHeHHoe YUCA0 PayUuoOrRaAbrbix yucen

, MaKux, 4mo

s R

|a—%|<—,}. a3)

I[ox aszateabcTBO. [IpeAnosokuM, UYTO mpH a=%s—‘ ,
7; HepaBeHCTBO (13) ‘ymoBieTBOpsiercss st  GeCKOHedHOTro
MHOXEeCTBAa PalHOHAJNBHHIX YHCE 2. Torma ais KaxIo# TaKoil

B
ILPOGH BRIMMOJMHATCH HEPABCHCTBA

X a %
e—m<HF<e+ i,

OTKyz[a, MNOACTAaBAAA 3HAUEeHHE O, HOJIy‘[a'eM'
¥5, A 43
5 b7 <a—z <l 5 b+ 5
a B0O3BOIA B KBaIlpaT, HOleqaeM.
e 2 _—
Y —VBA<a—ab—br <2+ VA

Hockonsky 0 <<V 5A<1, 10 npH HOCTaTOuHO Gobiitom b Gy-
IeM HMeTh:

—l<<a*—ab—b2<1

L VE
M, CJeJOBaTeJbHO, LeJoe YHCIO a*—ab—b2=0, —Z—=—i2‘£§ ,
YTO NpPH UEJMX @ M b He MOXeT MMeTb Mecra. IlomyueHHoe mpo-

THBOpEUMe MOKa3blBaeT, YTo HepaseHCTBO (13) MOXeT MMeTs MecTo

a
TOALKO I/ KOHEWHOrO YHC/IA PAIHOHAMBHBIX WHCEN - .
3amMeuanne. M3 Teopemn 249 caenyer, 4to mnpH 3ameHe A
JOCTATOYHO MaJIbiM MOJOXKHUTEJIbHHM € MOXHO AOGUTBCA TOrO, HTO

c
He paBEHCTBO ta——;’—|<b—, He OyJeT OCymiecTBAATBCA yXKe HH IJs

o - 1+¥5 -
OJHO#t panMoHANbLHOH ApOOH % , TAK uYTO TIpH oa=—-+§‘-/i BCerja
IJs1 BCeX LeJibIX a U b 6yler MMeTh MeCTO HepaBeHCTBO
v al__c
=—5|=%-
CymeCTBeHHble 06061eHusT TeopeMbl 248 6Guyiv JaHE B pa6o1'ax
A. A. Mapkosa. MapkoB Moxasaj, YT0 €CJH M3 MHOMXKECTBA Heict-
1+V'5
2 $
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Aag+- B

T. €. YHCJa BHJAA rne AD—BC=+1, A, B, C, D—

Ca +D°’
neJjne, TO ANA OCTAaBIIHXCA JEHCTBHTEJNbHHLIX WHCENM & HepaBeHCTBO
|a (14)
OCYLIECTBJSAETCS TNpH c—7= Insi OeCKOHEWHOTO MHOXKeCTBa pa-
a
UHOHAJbHBIX YHCEN - . 1o 3HayeHHe ¢ Hauayyulee, YTO JIErKO NMpo-
BEpHUTb, pAaccMATpUBasi PallHOHAJbHEE NPHGIHKEHHA K al——Vi
Hckaouns nociie 3TOro eme Bce YHCJA, IKBHBaJEHTHbe o, =} 2,
A0-1+B

T. €. 9YHCJA BHIA 7o Ca,+D° rne AD—BC=+1, A, B, C, D—

leJble, MOJyyaeM MHOXECTBO NeHCTBHTENbHBIX &, B KOTOPOM Hepa-
BeHCTBO (14) ymoBnmeTBOpsieTCA lIJIﬂ 6eCK0Hequro MHOXecCTBa pa-
V , H T. .. B csBoux wuccieno-

BaHHsAX MapkoB cBfi3bIBaeT BONPOC O HOpSIAKE MNpPUGIHKEHHSA HAei-
CTBUTEJIbHBLIX YHCEJ palHOHAJbLHBLIMH JPOOSMH C H3yYeHHEM COOT-
BETCTBYIOIIHX KBafpaTHUHHX (popM.

IIMOHAJMbHBIX UHCEJ YIKE NPH € ===

Hcmopuuecrkne wommenmapuun rk 25-&t zsnase

1. Kuraiickuii acrporom L3y Uyn-wxku (V Bek Haiue#t 3phi)
nokasan, 4To 7 3akJioueHo Mexnmy 3,1415926 u 3,1415927. Om

'yKasaJs B KaueCTBe PallHOHAJBLHOTO NPHOJIHKEHHSA K 7 BeJTHUHHY 155
B EBpone panuoHalbHHEe NDHOJHKEHHS T B BHJIE 1—3% " i’—‘:’—g’

BrepBhie YKasaun AjpuanoM Mernycom (1571—1635).

Anrsumdicknit MateMaTHk Banauc (1616—1703) Bbiuncana 35
MepBHIX 3JEMEHTOB DAa3JIOXEHHS & B MLenHylo ApoGb. O6muit Bup
SJIEMEHTOB Pas3JIOXKEeHHS 5 B LENHYI0 IpoGb HEH3BECTEH.

2. Teopembl 248 u 249 Obiiu ony6aukoBaubl I'ypeuuem B 1891 r.
Tor dakT, uTo H3 TpeX COCENHHX MOAXOAAMMX Apobell Mo KpaifHeii
Mepe oaHa HaeT npubGiaHxenuwe BHAa (9), 6w JokasaH Bopenaem
B 1903 r.

3. Annpeit Annpeenu Mapkos (1856—1922) sanuMasics BecbMa
pasHOOOpasHEIMH BONPOCAMH MaTeMaTHKH, HO Oco0eHHO G6oJiblloe
3HaueHHE HMeIOT ero paboThl 110 TEOPHH YHCEJ H 10 TEOPHH BEPO-
sTHocTed. Hccaenosanust A, A. MapkoBa no TeOpHH KBaapaTHUHBIX
(opM ABJSIOTCA OCHOBHBLIMH JUIsl BCETO MOCJERYIOMEro PasBHTHS
sTOf 00JlacTH TeOPHH yYHces. Baxueifiuine pesysaptatet A. A. Map-
KOBa, MOJIyUeHHHE HM B STOM HanpaBJ€HHH, H3J0XKEHH HM B Ma-
rHCTepCKoﬁ aucceprauud O OuHapHBIX KBaApaTHUHbLIX (opMax
NOJIOXKHUTENbHOTO ONpelesuTens.
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Hayunasa nesrenpHocrs A. A. Mapkropa nporexkaja B [lerep-
OyprcKkoM YHHBepPCHTETe, NoCJe OKOH4aHHs Kotoporo MapxkoB pato-
Taq>B HeM ¢ 1880 r. fo xoHua cBoel KHU3HH, H B AKafleMHH HayK,
u3bpaBuielt ero akageMukoM B 1890 r.

Fr'TABA 26
HAHWJMYYIIHE NPHBAH)KEHHA

1. OTBICKAHHUE HAMJAYYIIUX NMPUBJU)XEHHA C MOMOUILIO
WEMHBIX APOBEN

INoaxoasuue Apo6u B onmpejesleHHOM CMbiCJe SIBJSIOTCA HaHJy4-
IUAMHM NPHOJIHKEHHAMH K JEeHCTBHTEJIbHbIM YHCJIaM.

Koneuno, oyeBHAHO, YTO, HOCKOJbKY MHOXECTBO PallHOHAJbHHIX
YHCeJ BCIOAY NJIOTHO, He CYIIECTBYeT pPalHOHaJbHOH ApoOH, KOTO-
pas Oba Obl OjHXKe K JaHHOMY HPPauHOHAJbHOMY YHCIY, YeM
Jiobasa apyras ApoOb.

l'oBopa o HamnyumeMm npHGJHKEHHH, Mbl [OHHMaeM NOJA 3THM
HauJyyiee npHOJHIKeHHe 1O CPaBHEHHIO He CO BCEMH JAPYTHMH pa-
LHOHAJbHBIMH YHCJIaMH, @ TOJIBKO IO CPABHEHHIO C PallHOHAJIbHBIMH
YHCJIAMH, Y KOTOPHIX 3HaMeHaTe/b MeHblle, yeM y JAaHHOH apolw,
HJIH paBeH eMy.

Onpenenenne 69. Payuonaavnas 0pobe % HA36I6AEMCA  HAUAYH-

wum npubauncenuem K 0elicmsumersHOMy HUCAY O, eCAU He Cyuyecnt-

syem Hu 00HOL payuoxaseHol dpobu €O 3HaMeHamenem <<b,

Kkomopaa Oviaa 6ot Gause K o, 4em

°‘]°<~:|x

TakuM 06pasoM, cOrJaacHo STOMY OINpeJesieHHIo —; fIBACTCH
HaHJY4YIIHM npuGJHKeHHEM K @, ecJH Ajasa Joboi JApyroit paumo-
HaJbHOH Jpobu %, TaKoH, 4TO

X a
o=l <|e—%].
6yneM uMeTb y>>b.
FeomerpHUecKH 3TO O3HA4aeT, YTO €CJIH B3ATb HAa YHCJAOBOH NHps-

a . a
Mot TOYKY & H HHTE€pBaJ C KOHUAMH B TOYKaXx a———b—- , OL—f——b- ,

TO BCe palMOHaJIbHbie ApOGM, JeXamue B STOM HHTEpBaJie, HMEIT
3HaMeHaTeJsH, GoJblue uyeM b.

. a
Takum ofpasom, ecnu F — Hanayulee npHOJHKEHHe K o, TO

pauMoHaJbHbIE APoOH co 3HaMeHaTedsaMH =b JeXAT BHE 3TOro
HHTEpBaJia MJIH COBMAajaloT ¢ OAHHM H3 €ro KOHLOB.

237



[Ipumepn. 1) 5 ABIAETCA HAWIYYIIHM NPHOJMKEHHEM K

YHCJY e, TaK KaK CpefH PpallHOHAJILHEIX JApobelf CO 3HAMeHaTeJeM
1 B 2 HeT HM oJHOro uHcJaa, Koropoe GOm0 Gbl O6aHXKe K e, 4eM
5 a

5. T. € 6JauXKe X e, 4yeM 5 » MOryT 6LITh TONBKO APOGH 5o The
b>2. . ;
2) 1—79 He sABJIseTCA HauayywuMm npubamxennem x V' 2. Ieiicr-
BuTeabHO, V2 =141..., u JIEFKO TNPOBEPHTH, yTo Apobb —;— co
1

10 Y 0
SHaMeHaTeJeM, MEHBIUHM, YeM Y -, Gauxe k V' 2, uem - =

=1,428...

PaccMoTpuM Bonpoc 06 OTBICKAHMM HaMJAYUIIHX NPHGIHKEHHH
K JeHCTBHUTENbHBIM YHCJAaM H, B YacCTHOCTH, JIOKaKeM, YTO BCE NOJ-
Xoasmue Apo6H, BauHHas ¢ nepBofi, He TOJNBKO JalOT XOpoluue
npuOJMKeHHst K JAeACTBHTEJbHHIM UYHCJaM, HO BCErJa SBJSIOTCA
HaUJNYULIHMH NpHONHKEHH IMH.

Teopema 250. Ecau unmepsaa (—Z—; 5—) obpasosan deyma pa-

HUOHAMbHUMU Opobanu, maxumu, wmo bc—ad=1, mo:

1) mobas payuonasrsnan Opobo, sexcauas 6 SMOM UHMepBase,
umeem 3namenameav, Goavuuii yem b u d;

2) 0as 2106020 OeticmBUMEAbHO20 YUCAA O, NPUHAOAEHCAULE20 SMOMY

o ~ e o 0 c
uHmepsary, no KpdaidHed mepe o0Ha us 6p06eur—b— uw 5, @ umen-
HO GAUNCQLAR K O, A6ASEMEA HAUAYSULUM NPUBALUNCEHLEM.

. : X .
Joxasateancrtso. 1) [Tyers pannonansHas Apo6b y TaKo-

Ba, 4YTO %<§<—Z~ H bc—ad=1, torja, mecKoALKY a, b, x, y—

ueavie - b>0, y>0, u3a bx—ay>0 nonyvaem bx—ay=1, a,
cJieIOBaTeJLHO,

x a bx—ay_ 1
b W Ty M
C Jpyro# CTOPOHB, NOCKOJBKY —;— JIEXHAT MEMAY % H % ,
x a ¢ a be—ad 1
VP S dT T b b (2)

Tax 4To, cpaBHMBas (1) u (2), monyuaem %;<bld’ T. €. y>d.

CoBeplIeHHO aHAJOrHYHO, paccMatTpuBas BMecTO bx—ay Bhipa-
HeHHe cy—dX H BMECTO %———:— pasHocTb %——%, JOKa3niBaeM, 4To
y>b.
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2).-Ilycrs %<a<—% , bc—ad=1. Ecau %- GIHXKe K a, uYeM

c a
7 » TO 5 — Haunydllee npubauKeHHE K O.

ﬂeﬁcramenbﬂo, Jaobaa panHoHaabHas APo6b % , Jexamas GJH~

a [
Xe K o, 4eM JOMXKHA HNPHHANJIEKATh HHTEpBANy (T' 7‘—) H,

b ’
CJIel0BaTeJIBHO, COTJIACHO MEpBOl uyacCTH TeopeMbl IJsf Hee Oyler
y>b. Takum obpasoM, mobasi npoGb, KOoTopas OJHKe K &, YeM

o . a
UMeeT 3HAMeHaTesb, OOJpINMHE uyeM b, T. e. ——HauJyuyliee

2
b b

npHGJIHKEHHE K O.

c
Ecan rl 6auXe K @, ueM TO AaHaJOrHYHO HoJydaeMm, 4YTO

a
b’

c c
?——Haunquee HPHGJIH)KCHHC K o, a eCiIH H ri JiexXat Ha pasB-

a
3 s
HOM pAacCTOSIHHH OT @, TO o0e 3TH APOOH SIBJSAIOTCS HAHJIYYIIMMH
NPUOTHKEHUSIMH.

Mpumeuganue. Boobuwe rosops, xak 5T0 Gyler BHAHO U3 cieayiomed
a_ ¢
B d

WHMH TPUGIUIKEHHAMH X O H TOTAA, KOrla pacCTORHUA OT O 10 KOHUOB HHTEP-
BaJa He paBHEL ‘ :

TeopeMbl, 06a KOHIlA MHTEpBa/a ) MOrYT OWTh ONHOBPEMEHHO HAHJYU-

‘Teopema 251. ITpu s=1 mobasa nodxodaujan Opobb %" K Oed-
CMBUMEABHOMY, “UCAY O SABARLIMCA HAUAYLUIUM NDUOIUICEHULM.

Hokasarteabncrso. [lpu a#:% @ 3aKJIIOYEHO B HHTepBaJe,
3
Ps g Pozr , npHueM (Teopema 60')
Qs Qs_l .
PQs.,—P;_,Q;=1, mmu P,_,Q,—P,Q, ;=1 (B 3aBUCHMOCTH OT
YETHOCTH HJIH HEYeTHOCTH S).
CorsnacHo npefmsiayuieit Teopeme OnuxKafiias K & H3 JBYX ApO-

. P P o P

6eil Q—’ U Q‘-‘ , 4 TaKOBO# ABJseTCs Q—‘ (Teopema 244), sBasercs
< $§~1 )

HAUJYYLITHM npnﬁ.nuxenuem.

Tlpu s=0 Qy=1 wn 6—=P0=[a],- KaK JIerko BHJAETh, He BCer-

Bkl a1 +1

KOHHAaMH KOTOPOTO ABJISAIOTCA

na ABJACTCA HAHIYYINHM npné.nmxeﬂnem TaK KakK

MoXeT OBITH OJHXKE K o, 4eM ~Q!
0

IIpumep. Hpobs %%—g , HalinenHas Hamu (cTp. 228) B KauecTBe

XOpOoILero NpuOJMXKeHHs K YHCAY I, SIBJSETCS COLJIACHO IOCJ]EN-
Hell TeopeMe HaWJy4YmIMM NPHOJHIKEHHEM, T. €. HH OfHa Apo6b CO

sgaMeHareseM =< 113 He MoXeT GHTh OJuiKe K 7, UEM —13?—:5;

239



2. MHO)XECTBO BCEX HAHJYYHIIHX TPHBJIH)XEHHA
K 3AJAHHOMY JEACTBUTEJbLHOMY YHCIY

EcrecTBeHHO BO3HHKaeT 3ajadya ompejeJieHHS BCeX HaHJYYIUHX
npHOJIHIKEHUH K 8aJaHHOMY HeHCTBHTEJNbHOMY UYHCJAY O.

ITpexxZie Bcero 3aMeTHM, 4YTO BCe HaHJyYilHe MpHOJHKCHHA K o
Jexat B cerMente ([a]; [a]+1).

a
HeficTBHTENLHO, €CJH palHOHAJbLHOE YHCJIO - JEeXKHT BHE 3TOro
b

cerMeHTa, TO MO KpailHell Mepe OJWH H3 KOHLOB CerMeéHTa, a HMEHHO
6imxkafiluufl K &, UMeeT 3HaMeHaTesJb 1<Cb H pacnosoxken OJiHKe

a a
K o, 4YeM gk T. €. b He sBJAAETCA HAHJAYUYIIHM HpHﬁJIH}KeHHeM.

Jlerko ykasaThb aJrOPHTM, J2IOMHH NOCJAeJOBaTeJIbHOE MOCTpoe-
HHe BCeX HauMYUIIMX NpHOJHKeHHH co 3HaMeHareasMu 1, 2, 3, ...
Cuavana u3 ABYyX uHcea [a] U [a]4 1 OGepeM TO, KoTOpOe OJHiKe
K ¢; 3TO YHCJIO OGyReT HAMJYYIIMM NpHOGIHKEeHHeM CO 3HaAMeHare-
snem 1. BepeM 3areM B 3TOM HHTepBaJe NOCJEAOBATENbHO BCe palHO-
HaJIbHBIE YHCJA €O 3HaMeHaTeasiMH 2, 3, 4, ..., mpoBepsis Kax-
Inift pas, He CYIECTBYeT JH pPallHOHAJLHOI'O YHCJAA C MEHbLIHM
UM TAKHM JKe 3HaMeHareJieM, Koropoe Obito Obl OnHKe K o, ueM
a
)
pPalHOHAJNLHONO YHCJA CO 3HaMeHaTeJeM =< b, Kortopoe Obljio Ob

a
6JH¥Ke K o, TO 5 fBJSETCS HAHJIYYLIUM npubnuxeHueM. Koneuno,

NpH STOM JJsl CPaBHEHHs M3 BCeX YHCeJN C MEeHbIIHMH 4YeM 7 3Ha-
MeHaTeJIsIMH JOCTaTOYHO B3ATb OjMkadimee K o. OueBHAHO, UTO B
cJyyae HPpAallHOHAJIbHOrO G MOXeT ObiTh caMoe 60Jiblilee ONHO HAUIYU-
mee npHOJMHKEHHe CO 3HAMeHaTeJeM #7, a B cJdydae, Korja o
pauHoHasbHO, He OoJgplle ABYX. TakHM 06pa3oM, 5TOT aJTOPHTM
N03BOJIsIeT BBACJSATb H3 MHOXKECTBA pallHOHAJbHBIX YHCEJ BCe Hau-
Jyulllie NPHOJHIKEHHS K C.

a
Jlasi pauHOHAJIBHOrO 4YHC/a C6=? YHCJIO HAHJAYUYIIHX HpHGJIH-

eHUH KOHeUHO, TaK KaK Bce panHoOHaJ/IbHBE 4YHCJIA HHTepBaJa

a a
([7]; [-b—] +1) €O 3HaAMeHaTeJsiMH, OOJILIIMMH 4YeM b, JaJblue OT

, UeM caMO YHCJO

HCCJIEyeMOe YHCJIO. Ecan ansi umcia He HamJoCb HH OJHOrIO

| ®

a

b _
[Tpumep. Hafitu Bce Haunyumive npHOJHKEHHS K 3/3 co

3SHaMeHaTeJIsIMH, MeHbWIHMH ueM 15.

Pemenne. 1</ 3<2, /3 =1,44224..,
| — Hauayuliee npubauKeHHe cO SHameHaTteseM |; —g—'—ﬂaunyq- -

mee npuOJHIKeHHE €O 3HaMeHarteJeM 2. B paccmaTpuBaeMoM HHTep-
pasie (1; 2) Bce Apo6u co 3HameHarTensMH 3 W 4 Jaabuwe or /3,

3 .
YeM 7, a M3 JpoGedl co sHaMeHarelqeM 5 OTOHpaeM HauJyuillee MpH-
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6axeHue %, KOoTOopoe 6.nmxe K / 3, ueM 5. Jpobu co 3Hame-

7
HaTeJeM 6 Janblie OT / 3, ueM =. Has ;;p06e14 CO BHaMeHare-

5
10

Jem 7 oTOHpaeM Haufyullee npubiuKenwe --. Hamnyumrux npu-

6mixeHHA cO 3HaMeHaTesleM 8 Her, a cpefld Apobefi co 3HaMeHa-
13

TeJeM 9 HaxXOIuM Hauaydulee npubiiKenue 5. Bce npo6u co sna-

MeHateasmu 10, 11, 12, 13, 14 u 15 panabme or {‘/?T, yeM %3

3 7
Taxnm 06pasoM, HCKOMble HaHJydlIHe NPUOMmKeHus: 1,5, & ,
10 13
7 [ g .

CJIeJIYIOHJ.aﬂ TeopeMa NO3BOJACT 3HAUHTEJNbHO YMEHLIUUTH UHUCJIO
HCIbIThIBa€MbiX 4HHCEJI.

Teopema 252. ITycmo gl; (k=0,1,2,...)—nodx0daujue dpodu &

OeticmaumeroHomy qucay o= a,- Y a; - Y Qy...; mozda awboe Ha-
uayutuee npubiusterue K o HAxXo0umca cpedu 4uces 6uda:
ka‘]‘ Pk_l (3)
Qur+Qsn’ :
20e npu k=1, 2, ... seauuuna x npuHumaem 3HAYeHUA makKue,

yumo 0<<x<<a,,,, a npu k=0 supascenue (3) Oepem co 3Haye-
Huanu P_;=1, Q_,=0, 0<x<a,.

a
Hokasateabctso. [lpeanonoxkuM, 410 - — HeKOTOpOR

HauJgyyiee NpuOJHXKEeHHe K ¢, OTJIHUHOe OT BceXx uHces (3), B

Pp_1

YaCTHOCTH OTJHYHOE H OT BCE€X YHCeJ HOCKOJIbe, Kak

ObLJI0O OTMEUeHO BHIille, BCE HAWJYYIlIHe npﬂé.nmxeﬂuﬂ K a Jexart
B cermente ([a]; [a]+1) u Py=[a], Q,=1, :
P, Po+1
—_— ——-é.—_—.—_.
o< b Qo

PaCCMOTp HM HOCJIE}IO BaTEJILHOCTD

PO
Qo<Qa<Q <-.- <QJ<Q1 *
KOTOpaﬂ B YaCTHOCTH, ﬂpﬂ an.HOHaJIbHOM a-——s KOHEeYHa.

s
1) Ecau %<?<Q_i’ TO % JEKHT MEXAY ABYMSA KaKHMH-
[}

aubo coceAHMMH uYucaaMH B (4).

P
OTMeTHM NIpH 3TOM, 9TO B CJAyYae pallHOHAJBHOTO a=6~‘— BeJIH-
$

P o
Q’“‘ . HeficrBuTeNBHO, ecaH
§~1

a P
YHHA - HE MOXKET JIeaTh MexAy Q—s u
L
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Py Py . :
6bl —;1 JIeXKaJIo Me)xnyai H Q": , TO corjacHo TeopeMe 250 GOm0
L) §=
s

6u b > Q,; BMeCTe C TeM, HOCKOJley a——Z—‘-:O,npom. -g— 6iKe
s L .

K o, YeM HauJyuilee NpUOAUKEHHE — b , Tak uto Q,>b.
Takum o6pa3oM, B mocJiefoBaTeNILHOCTH (4) HalifyTcsi JABe MOX-
P P a
xogsmue ApoOH <E=! u % MeXAY KOTOPHIMH JIEKHT 7

Qe Qe
Jlerko npoBepuTh, YTO UHCJIA:
Pyp_y PpAPp_y 2Pp4Pp_, ap+1Pp4Pp_y — Ppiy (5)

Qr_r’ Qe+ Qei1’ 2Qp+Qur’ """ 5410 +Qrr Qs

— 1u60 MOHOTOHHO BO3pacTaloT, JuO0 MOHOTOHHO YOLIBAIOT, T. €.
JieaT [0 OJHY H Ty e CTOPOHY OT o.
[lefCTBHUTE/IBHO, PA3HOCTb MeXAY [BYMA COCeJHHMH UY/leHaMHU:

((+1)Pe+Pp s  tPp+Ppy

" ~~B MMOCJeJOBATCJIbHOCTH 5 aBHad,
U1 Qr+Qes Qe+ Qps A ©) P

KaK JierKO BBbIYHCJ/IHUTD.

(t+ 1) PytPry  tPp+Ppy_ (—1)F-t (6)
(t+1)Qe+Qroy Qe+ Qa1 ((E+1) Qr+Qrr) (1Qr+ Qr-1)’
HMeeT NPHU Beex ! ONMH H TOT XKe 3HAK.
Iyctb —; JIEXKUT MeXKIY ABYMsl TAKWUMH 4YJieHaMH: %%))_fzi_j-%k_"‘
k-1
tPy+4-Pp_, . (+1)Pp+Pp_y  tPy4 Py,
IG L0, + TOTAR OLHA H3 BEMIMMHH (5 oqyp (6=, 00,
6nmke K @, ueM HauJyyllee NPHOJHKeHHe —Z— , T. €. OAHH H3 3Ha-
menateseil: ({+1)Qp+ Qp_y, {Qr+ Qp-y Oonbwe uem b. Bmecte
C TeM COTJIaCHO TeopeMe 250 m3 (6) cnenyer, uTO b 6om>me ob6oux
ITHX 3Hamena-re.nen

P, . :

2y Ecau - Q Lo < é" L 10 —Z— JIEWHUT MeXKAY ABYMS YUCJIAMHU

MOHOTOHHO y6u5a10m.ei‘l KOHEYHO# mocJieJ0BaTe/IbHOCTH:
Po+1 " 2Py4+1 3Py+-1 @Potl_a+1_ Py e

Qo * 20, 7 3Qy ' "7V 4,Q (51 Q.

1 1) P
T. €. MeXJAy HEKOTOPbIMH YHCJIaMH tP°t+ (t+t)_|_l°+l u3 (7).
J.pobp (t—'{'t%_l—)llﬂ GnHKe K o, YeM Haujyullee MPUOIHMKEHHe — T
a, crejoBaTeNbHO, f-+1>>b; BMecTe ¢ TeM, NMOCKOJBKY PasHOCTb
fPotl (F4D Pyl 1 TO coryacHo Toit ke TeopeMme 250

f L1 fe+n’
uMeeM b >t 1.

a
[Ipennonoxenue, 4ro + OT/IMYHO OT BCRX YHCeN (5), B oboux

BO3MOXKHBIX CJyyasX NMPHBEJNO Hac K MPOTHBOPEYHIO, T. €. TeopeMa
JOKasaHa.
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NNpumeyanne, Cpepu wumcen (3) MoryT GHTb B uicia, HE SBAAOMHECH
HaUAYYIIHMH NPHOAHKEHHAMH.

-IIpumep. HaliTH Bce maumayumne npHONHMKEHHS K YHCHY 2:

n=31415... =34+Y7 4+ Y154 ...,
CO 3HaMeHaTeJIIMH, MEHbIIUMH WJIU PaBHEIMH 75.
[Tonxomsimue Apo6H K YHCAY 7 UMEIOT BHA:
3 22 333
T 77706
Hpo6u Buja (5) co 3HaMeHaTeNsMH << 75 HMEIOT BUJ;
4 7 10 13 16 19 22 3 25 47 69 91
T*2°3> 456771 815 38’329
113 135 137 179 201 223
36 43’ B0 57’ 64° 71°
OcraBnsieM U3 HHX Te, KOTopbie OJIHXKe X 71, YeM ApyTHe ApoGu
H3 3TOH IOCJen0BaTeJIbHOCTH C MeHBIIHMH 3HaMeHaTeNsAMH, ¥ NoO-
JyyaeM, TakuM o0pa3oM, MCKOMBble HauJydiine npubiamxKeHus:

318 16 19 22 179 201 223
145675764 71°

; FJTABA 27
ﬂOCJlEIlOBATEJleOCTM $OAPEA
1. ®APEEBbI JPOBH

IMpubnuxeHnns AeACTBHTEJbHBIX YHCEJ PalHOHAABHBLIMH H3yua-
JIACh. HAMH B0 CHX MOP TIJaBHBIM 06pasoM c IOMOIIBIO amrnaparta
UenHbpxX Apobeil. STH NpPHOAMKEHHS HCCAEAYIOTCSA TaKIKe C MOMOIIbIO
TaK HasbiBaeMbiX nocjieaoBarenbHocTeil Papesi, uMelomux Gonbloe
3HaueHHe M NPH PacCMOTPEHHH MHOTMX JPYTHX BOIIPOCOB TEOPHH
upcest.

Onpeneaenne 70. [locredosamenvrocmoro Dapes @, Haswsarom
MHONCECEBO HECOKPAMUMBIX DAYUOHAALHOIX HUCeA- —:— €0 3raMmename-
sem b<<n, npunadrexaujux cezmenmy [0; 1] u pacnosroncernoix
8 nopAadKke ux eo3pacmaUus. ’

dapeennl NOCAEAOBATENbHOCTH HAa3BaHBl [0 WMEHH aHTJIHMCKOroO
yuenoro JHx. Papes, ony6ankopasumero B 1816 r. HeKoTophe
CBOficTBa 3THX MOCJefoBaTeJIbHOCTEH.

I[Mpumepn. Ilocnenoparenbnocty Papes npu n=1, 2, 3, 6
HMEIOT BHA!

0 1 0 1 1 0 1 1 2 1
®]={T: T}’ (Ds={’]_" —2'; T}’ q)a“:{’l"’ '§’ '§" -3-’ T};

o-{% L 1 121 °3:2 3 4 51
¢=\T'6'5°3° 38" 283 4B 6" 1f"
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HOpobu, sxoasmue B D,, uacto HasHpaiorT (papeeBhiMH JPo6sMu
nopaxaka n. Haunem c¢ TeopemmH, xamomeil ajAropHT™M NOCTPOEHHS
g kaxpod apo6u B D,, crepyomedt 3a Hefl.

Teopema 2353. ITycme %—ECD,,, Yo—Yesoe 4ucao, maxoe, 4mo

n“b<yoén u ayOE——l (mOd b), x0=a_yg_:~—‘; moeoa yo AgARem-
0

ca 8 @, dpoboro, Henocpedcmeenno caedyrouell sa i;—.

3ameuanne. Llenoe uHucnO y,, YyROBIETBOpSIONICE YCIOBHAM
n—b<y,<<n u ay,=-—1(mod b), cymecTsyer, Taxk Kax (a, b)=1,
H Hu3 b mnocienoBaTeJbHBIX 4YHCes, JeXalmlUX Mexay n—b H n,
BKJIIOUass 17, ONHO YJIOBJIETBOPSET CPaBHeHHIO ay,=— l (modb).

ay°+1 c.nenyeT bxy—ay,=1,

HokasateabctBo. H3 xy=
(%o, Yoy=1, M TOCKOMBbKY y,<<n, To 22 2 ed,; _%+b_‘y_> a
Mycrs —z—-—-npo6b us @, HenocpencmeHHo cnenylomaﬂ 3a -g— .

4
Ecan —Z—<7<g‘;—, To, Tak Kak a, b, ¢, d, x5 y,—leasle

(e—%)+

uHcsa, UMeeM: x d—cy, =1, cb——ad lui %
€ __a x.,cl-—-cy0 cb—ad b+y0
+ ( d b ) + > dy0 +db “dby,

C npyroii CTOpOHbl,

OTKyJa clepyer

by, 1
by, ty,0 OTYe<d

[
Iockonbky -a-etl),, H, cJelloBaTeJbHO, d=In, mnoaydaem
b+y,=n, Yyo=<n-—>b, UTO NPOTHBOPEUHT YCJIOBHIO TEOPEMEI.
a X
IIpeanonoxerue, 4TO MeXAy <+ H y" B @, JexuT ellle OAHA

apo6b, NpHBENIO HAC K npomBopeqmo, T. €. yl——d.nuxaﬁmaﬁ B,
(1}
c Xo
Japobb, caepywooutas 3a b i rimine H, MOCKOJbLKY o06e STH ApoGH
/]

HEeCOKPATHMBle, C==X,, d=y,.
IMpumep. Hafitu B @,y Apobb, caexymiomylo 3a —;—
Pemaem cpapnenne 3y=—1(mod7); Haxomum y=2(mod7),

Yo=9, X =2 97'“—4. Hckoman npobb T
Teopema 254. Ecau —;’— u —;-——aee cocednue Opob6u 8 ®©, u

a 4
3 < Mo sepbi credyloujue coomnouLenus;:
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1) b4+d>n,

2) bc—ad=1,

3) HaHGOMBLIKH OBIIHi Jdeautedn (b, d)--l

Hokasateanctpo. CornacHo mpeAbfyllefl TeopeMe €= x,,
d=y,, e n—b<<y,<n, ay,=—1(modb), x,= i"j—'—l, OTKYZa:

1) b+d=b+y,>n,

2) bc—ad =bxy—ay,=1,

3) BhiTekaer u3 2).

Teopema 255. Ecau i‘—< % < %—mpu nocaedosamesbHbIe
Oopo6u 8 ®,, mo x =a+c

¥y b+d’
atc a c
Apobo ~— 4 Haseisaiom meduanmod 4 u .
HokaszarteabctBo, CoriacHo Teopeme 254, mmeeM:
bx—ay=1,
—dx+cy=1,
OTKYHAa, pellasi OTHOCHTEJBHO X H Y, MOJydaeM:
r— a+tc __b+d _x___a—i-a
Tbo—ad> YT bc—ad’ YT b+d

Teopema 256. Jlwbas Opoby us ®,,, co 3namenamerem n—+ 1
sesicum  mexcly Oeyma CocedHumu 8 (D Opobamu u asanemcs ux
meduarnmoil.

HoxkasateabctBo. B @,,, He MOXKeT GHITb ABYX COCEIHHX
npoGefi co 3HaMeHaTeNeM n-+1, Tak Kak 3TO NPOTHBOPEYHJO GObl
teopeMe 254,. Jliobas apo6p 3 @,,, coO sHaMeHaTeseM, PaBHHIM
n+1, nexut Mexay AByMsa apo6samu us @, u, obpazys BMecre
¢ uuMu B @,,, TpH mocieloBaTesibHBE JPOGH, sBJseTcs (Teo-
pema 255) ux MeauaHTOH.

Dra TeopeMa JAaeT YHOOHBIH cIocol MOJydeHUS IIOCJEeLOBATEJb-
Hocty @, ,,, €cqH HaM H3BeCTHa NocjefoBaTeJbHOCTL D,.

Ecan ‘Z‘ H %—nBe cocepuune apobu B @, TO
(@a+c)b—a(b+d)y=bc—ad=1, (a+c, b+d)=1,
atc a+tc¢

T. €. MeAHaHTa p-——HecoKparnmas IApobb "memnn TOrza

H TOJbKO Torja, korja b+d=n-1. Jlo6aBieHue TakHX MeXHaHT
Kk @, naer nHam MHoxectBo D, ..
IlpuMep. 3uas @y (cM. npHmep Ha cTp. 243), Haittu @,.
Haxoaum B @, cocennue ApoO6H, y KOTOPHX CyMMa 3HaMeHaTe-

i 1 1 1 2 1 1

Jeft paBHa 7; aro OyAyT: %"?"T"T’»‘;'E"?;‘z‘“%;%
3.5 1

H4'6 l-
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Berasasia B @y Mexxay 3THMH JpOGSIMH HX MEeIMaHTHl, MOJyuYaeM:
o.=Jf0 1 1 1 1 2 1°2 3 1 4 8 2 5
7= 1:’7‘, Ffﬂsy Ty 7:'37!"3—1 "7_) 71 '77‘9 3'\1 —3—v _7"1

3 4 5 6 1
456" T I("

2. MPUBJH)KEHHUE AEACTBHUTEJIbHBIX UHCEJI ®APEEBLIMH JPOB AMH

[MocnenopatenbuocTn @Papesi NO3BOJAIT HAXOAUTH XOPOLIHE
pallHOHaJbHBle MPHOJHKEHHS K JeHCTBUTEJNbHBIM YHCJaM, obecreyu-
BalollHe TOYHOCTb A0 BeJIHUHHBI, OOpaTHOH KBaJpaTy 3HaMmeHaTe/s.

Teopema 257. [Iycms 0<<a<<1. Ha dsyx cocednux Opobed
e ®,, mewcdy xomopsimu sesxcum o, no Kpadued mepe o00Ha Apobo

~ omauiaemca no a6coxuomuou BCAUHUHE OmM O MeHblule, 4HeEM HA

'a]._n\a-

HokasarteasctBo. Ilycms —g—<a<%, rne%ln %—mse
cocefinue ,z1p06u B @, :

Eciu & fga< g_':_'; , TO, TaK KaK CcorJacHo TeopeMe 254,
bc—ad=1, nonyqaeM

a4c a _ bc—ad
5 ‘b(b+d)<i:7'

a+-c
b+ az”

Tpumeuanne. Ecau o xexur sre uurtepBana (0; 1), To MM Momem
npuueunu Hamy TEOpEMY K {a}. a 3areM B HaHJEHHOM HepaBeHCTBe

Anasnoruuto, ecau d<0&< d y TO moJiyyaem ‘oc—-—l<

{oa}— <m OpuGaBATL K YMEHLIIAEMOMY W BHYHPAEMOMY B JeBOH wacTu
tesoe tmcno [o]=0— {a}.

PaccMorpenne nocaenoBatenbrocTell: Papes no3poJaser AaTh HPO-
CTble JIOKa3aTe/bCTBA MHOTHX TEODEM O DAUHOHAIBLHBIX NPHGAMKe-
HHMSAX HeHCTBHTEJbHHIX uMCei. B BHge npuMepa NMpHBeIeM J0Ka3a-
TeNLCTBO TeopeMbl 246 25-f rsiasel TipH uesom 7. OueBHAHO, YTO
OpH 3TOM JOCTaTOYHO paccMoTperb cayuad, korja O=Sa << 1, Tak
KaK NPH IPYTHX . MOXHO BMecTO @ 6paTb {a}, H 3aTeM B 3aK/io-
UHTEJbHOM HEPABEHCTBE MOCTYNAaTh TaK Ke, KaK B MpPeABIAYILeM.
clyuae (M. pUMeyaHue K Teopeme 257).

HokasatenbcTBo Teopemn 246. Ilycte t==1 nenoe,

o (0<oc< 1) ne}Km Mex(,uy JBYMSA coce,[mmwu B D, J1pobamMu »:«

n?, TaK YTO — gagd Ecan — gagZIZ, T0, TaK Kak
COrJIacHO Teopeme 254 bc—ad=1 ¥u b—l—d>1’ nonyuaem:

{1 a at+c al . bc—ad 1

]“*b— <ltxd 7 |Tbtord <k TR b<T
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Cnyuai & o dgag 7 PACCMaTPHBaeTcs aHaJOTHYHO.

®apeeBnl ApOOH MOXKHO TPUMEHATb TaKXKe IS HaXOXKAECHHA
HAaUAYYIHUX NpHONHIKEHHH.

Teopema 258. Ecau o aexcum mencdy Oeyma coceOnumu e @,
dpobamu, mo no Kpaiineli mepe 00Ha u3 Hux npedcmaeasiem coboil
Hauaywuiee npubauscerue K o,

a c a c

HoxasateasctBo. Ilyers 5 <a<yg,  H F—CocelHHe
apobun B @,; Toraa bc—ad=1 u cornacio TeopeMe 250 mo kpaii-

o .. a c
Hed Mepe oOJAHA H3 JApobeii: 5 ¥ 7 €CTb Haumyuuwee npubanxe-
HHEe K Q.

Teopema 259. Ecau a sexcum mexcly Odeyma cocednumu 6 @,

a c . .
opobamu 5 U g, mo cpedu Hecokpamumeix Opobeld co 3HameHa-
meaem n—+1 Hauayswum npubsusceruem K o  Moxem 6Gbimb

moasko - 3pobo Z—'_I'_'—;. Ima Opobv seasemca Hauiydwum npudau-

ocenuem mozda u moavko moeda, Koeda b+d=n—+1 u paccmos-
Hue om smoil Opobu 0o o He OGoavue paccmoanuil om % u % .
HoxasaTeabcTBo. B @,,, MoxkeT OHTb TONBKO OAHA APOGHL
CO 3HaMeHaTejeM n+ 1, nexamasi B HHTepBaJse (—ba—; —3—) , @ HMEHHO
.C
Ipo6b % npu b+d=n-+1 (Teopema 256).

HoctaTtouHocTb ycaoBust, [Ipu b+d=n-+1, kpome :_-:;,

B HHTepBaJe (7; —d—) HeT Apyrux apolell co 3HaMeHaTeasIMH

=< n+ 1 (Teopema 256), n ecan paccTosiHHE JO & OT ;—:;_:_'—2 He 6oublle,

a c
ueM OT 3 H 7, TO OHO TeM 6oJsiee He GoJibille, UeM PacCTOSTHHE O
@ OT BCeX ApoGeil, pacnoJiOXXeHHEIX BHE STOTO HHTEpBana.
a-r+¢
Heo6xonuMocTs ycnoBHa oueBHaHA. Ecan -b_':fd , Tme

b+d=n-+ 1 —Haunyuwee npubiamKeHHe K @, TO ‘% BOJIKHO

a 14
6LiTh He jaJjbille OT &, ueM ApobH AR
0 1

Ecan HcXoxs U3 MHTEpBaJsia (T; T) NoCJe10BaTeIbHO CTPOUTD
MeJMaHTH, 0T6Hpas HHTepBaJhl, 3aKJjioyaiomue B cebe o (0<<a<<l),
TO COrJIaCHO NOCJejHeil TeoOpeMe MOXHO HalTH BCe HaWJAyduiue
npubauKeHHda. Mbl HMeeM NDH 3TOM B BHAY, 4YTO NPH YBeJHYEHHH
HoMepa n HoBele (hapeeBn Apo6H mosBasiorcs (TeopeMa 256) TOABKO
B KayecTBe MeAMaHT IBYX cocefnmx Jpoleii. Ecan o He npuHaje-
KUT HHTepBaJIy (0; 1), To BMECTO @ paccMaTpHBaeM o _{a}
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[pumep. Halitu Bce Hauayummue npuOamxeHus K- Inl0=
= 2,30258... co sHameHarteasmu n << 30.

BosbMeM &’ ={In 10} =0,30258. .., 0 < a’ < —;- . O6a xomnila % ,
) .
5 B HX MeJHaHTa —,} €CTb Haunyymue npuGauxeHus B @
0<a’<%— . Menuanra :— He ABJAETCA HaHJIydYnINM NPHOIHIKEHHEM,

TaK Kak OHa jajbiue OT &', YeM %; -;—< a’<% . Cnepyromas me-
JHaHTa = 6Jm>xe K a, qu% H —;—, T. e, fBJSETCH HaHlev‘{LLIHM
npu6.rm>xeﬂneM; —7—<oc <Tl. Me,zmama g OnHxe K a’, ueM —?—
7 %, T. €. TaKkKe Haujyuilee npuﬁ.nmxeﬂue; iﬁ<°° <§. Meju-
aHTa % He fBJIsleTCA HAHJYYIUHM MNpHOJUKEHHEM; —13—0<a’<T§.

7 3 4
Mepuanra 53 OnHxe X o, yeM G Y 3+ T- € Hadayullee MNpHOJH-
KeHHe, Hpozxomxaﬂ npoilecc, HaXO4HM ellle CJeAyIOllHe HaHYyllHe

., 10 13 23
NpUONHKEHHs K a': [ BTG In10=2+4a’, Tak 4T0 HaHJYyU-

UWIMMH NPHOJIMKEHHAMH K 1n lO co 3HaMeHaTenssMH <5 100 sBasloTCA
yHcaa;
7 16 23 53 76 99 175

22___ 76 9 175
* 23 710’ 23 33 43° T6

'TABA 28

KBAJIPATHYECKHE HPPALIHOHAJIbHOCTH
H NEPHOAUYECKHE LENHBIE IPOBH

1. PA3JIOKEHHE KBAIAPATHYECKHX HPPALHOHAJILHOCTER
B UENHBIE APOBH

PaunxoHanbHEle 4YHCJa TDPEACTaBAAIOT co60il KOPHH ypaBHEHHM
1-ii creneHH BHRA ax—+b=0 c ueabMH KoadduLHeHTaMH.

Bo MHOXecTBe HppanMOHaAbHBIX 4YHcen HauboJiee TIPOCTHIMH
ABNAIOTCA Te HPPAaUHOHAJbHOCTH, KOTOpHE SABJSIOTCS KOPHSMH
KBaipaTHbIX ypaBHeHH#i ¢ ueJbiMH KO3dhdHUHeHTaMH; TaKHe uHCJa
Mbl OyZeM Ha3nBaTh KBaJpaTHYECKHMH HPPalHOHAJbHOCTAMH.

Onpenenenne 71. Jucro o wnaswsaemca Kxsadpamudeckoli uppa-
YUOHAABHOCMbIO, €CAU O.— UPPAYUOHAALHBL KOperb HEKomopoezo

ypasHenus ,
ax?4+bx4c=0 )

€ Yeabimu Kos(ppuyuenmamu, He pAGHBIMU OOHOBDEMEHHO Hy/uo
Tlpn TakoM o, oueBHAHO, Gyner a=z=0, c=5=0. :
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Koapdunuentsl a, b, ¢ ypaBnenns (1), oueBHAHO, MOXKHO B3ATh
B3aHMHO NPOCTHIMH; B 3TOM CJy4yae AHCKPHMHHAHT STOr0 ypaBHEHHs
D =b?—4ac 6yneM HasHBaTh TaKXKe AHCKPHMHHAHTOM «.

~b+ Vbi—dac . —b—V b —4ac

Kopnn ypaBHenus (1) pasHh 5 H % '
Tak 4TO J06YI0 KBaJpaTHYECKYI0 HPPAallHOHAJABHOCTh & MOXKHO Mpel-

A ‘ P D
CTaBHTh B BHJE a=—+—Q———— , rae P u Q neawe, a D (D > 1)—uenoe

. , P—VYD
HeKBajpaTHOe 4ucio. BTopoft xopeHp ypaBHeHHda (1) « =0
6yjeM Ha3LiBaTh HPPaUUMOHAJbHOCTLIO, CONPAKEHHOH C .

B onpenesnerHH KBaJApaTHYECKOH HPPALHOHAJBHOCTH OCOOGEHHO
BaXHO 06GpaTHTh BHHMaHHE Ha TO, YTO Peub HAET O KBaJpaTHLIX
ypaBHeHHAX ¢ HeJbiMH Koadduuuentamu. JlioGoe o sBAsercss Kop-
HeM KBajpaTHOrO YpaBHEHHS M Jaxe YypaBHeHHS - crenenw,
Hanpumep ypaBHeHuHl x®?—a?=0, x—a=0.

IIpumeps. a) V 7—KBaapaTHuecKass HPpalHOHAJALHOCTb, TaK
Kak V 7 aBafeTcs HppalHOHAJIbHHIM KODHEM ypaBHeHHsS x?—T7=0,

—V 5
6) a=LT——KBanpaanecxaﬂ HpPAaIMOHANLHOCTb, TaK KaK &

npejacrasjisieT co6ofi HppPanMOHAaJbHEIA KOpeHb YypaBHeHHA 9x? —
—6x—4=0. 3geck P=~1, Q= —3, D=5.

B) f/ 2 He fABAfieTCA KBAaJAPaTHUECKOH HPpPaLMOHAJBHOCTBIO.
HdelicTBUTEILHO, KOpeHb JIOGOro KBaJpaTHOre ypaBHEHHS C Le-

P+-VD

JbIMH KO(h(HILHEHTAMH HMeeT BHI —q T P, Q, D —uenvie

yucsna, npuuem D >1. Ecan 6n Mb HMeJaH f/_§=gj%f—9-, TO,

BO3BOJS 5TO PaBEHCTBO B KyO, MBI HOMy4msH 6bl, uTo }' D — pauuo-
HaJIbHOE YHCJIO, a CJEIOBAaTeJbHO, PallHOHAJBHBIM SBJSAJOCH Obl H
€/ 2, YTO NPOTHBOPEYHT pe3yJbTaTy, NOJyYeHHOMY B NpHMepe Ha
cTpannue 68.

B aT0fi rnaBe Mbl GyjeM paccMaTpHBAaTbh KBajipaTHYECKHe Hppa-
UHOHa/IbHOCTH B CBASH C M3YYEHHEM TaK Ha3bIBa€MBIX TiePHOMHYe-:
CKHX LENHbX ApobeH.

Onpenenenne 72. Lennas 0pobs ay+Ya, +Ya,+... nase-
saemcs nepuoduueckoll, ecau nepuoduseckoll sgasemcA nocaedosa-
MEAbHOCING INEMEHMO8 Oy, Gy, Oy, ... .

B yacTHOCTH, €CJIH 10C/1€J0BATENbHOCTD 3JIEMEHTOB YHCTO NepHO-
Axyeckas, TO H COOTBeTCTBleHJ.aH nenHas Apo6b HasbIBAETCS UMCTO
Iie pHO JUUECKO i,

HOauny mnepuoja mnoC/AeAOBATENbHOCTH @y, @,, Q5 ... OYIEM

Ha3blBATb TaKXKe AJHHOH nepuoja UenHoil Apobu a,-+4 ﬂa1+ﬂa,+ N
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Ecnv B pasnoxenuu @ nocne SJeMeHTOB g, ..., G,_; HacTynaer
NepHOZHYECKOe TIOBTOPEHHE 3JIEMEHTOB A, ..., G, 4_;, T. €. ANHHA
nepuoja pasHa k(k=1), To Gynem aanncuna'rb % B BUJE:

a=ao+-‘/a1+ ...+-Uas_1+-lua,+ ceo as_,k_l—{— .. ,

B YaCTHOCTH, B cjJydae YHCTO MEPHOIUYECKOTO pas.nox(eﬂnﬂ, T. €.
npd s=0, B BHZe

a=ao+-ual+...+—uak_1+...
L ]
Teopema 260. Lenuas Opobe
a=ao+ﬂa1+-‘/a2+ 2)

asasemca  nepuoduueckol ¢ Oaunoll nepuoda k mozda u moavko
moeda, Ko20a npu HEeKOMOPOM S UMeem MECIMO DaBeHCIE0 HeEnoA-
HOLX HACMHbIX O, ,= Q.

JloxasaTteabcTBoO.

as=sas+ﬂas+1+ Ve (3)
a3+k‘= s+k+ﬂas+k+1+ e (4)

1) Ecaun npasas yacTtb B (2) npeficraBiser co60/ NepHOLAHYECK VIO
nenuymo Apobb ¢ AnUHON neproja R, TO CYHIECTBYET Takoe S, YTO
NpH BCeX N =S8 Q,,,~4a, H, CJEIOBATEJNbHO, pasjoxenns (3) o,
" (4) @,,, ONMHAKOBbI, T. €. U, ,=C,.

2) Ecmn o, ,=0a, rre k=1, TO cOrJacHO TeopeMe eAHH-
CTBEHHOCTH UenHHX ApoGeil (reopema 238), pasnoxenus (3) u (4)
ONMHAKOBH, T. €. NpPH BCEX N=5 8,,,=d, ¥, CICLOBATEJbHO,
Ipobb (2) mepHomuyeckas ¢ AJHHOR meproia k.

B uactHoctH, unennas apo6b (2) Gyzer 4HCTO nepno,zmllecxon
TOTZA W TOJABKO TOTAA, KOTrJa MPH HEKOTOpOoM R(kz==1) .uMeeMm:
Oy = Gy = 0.

PaccmaTpuBasi BeJIMYHHB NEPUORHUECKHX MNENHBIX ApoGed, Mbl
noJiydaeM HeKOTODPYIO 4acThb AeficTBHTesNbHBHIX uHces. OxasbiBaercs,
H 3TO Ha NepBHIl B3TJfAJ KaXeTCs HEOXWIAHHLIM, YTO MHOXKECTBO
TaKHX YHCEJ COBNAJAeT C MHOMKECTBOM KBa,szamtlecxnx uppamnuo-
HaJIbHOCTEH.

Jrot 3ameaneanbm peayJbTat Obl NoJyueH Brepshie B 1770 r.
Jlarpanxem.

Tot gaxkt, uro BesHunBa JI060# NEPROJAMYECKONH HENHON ApoOGH
ABJRETC KBaJpaTHYECKOH HPPAllBOHAADHOCTHIO, ROKa3biBAETCH COB-
CEM NmPOCTO, U MH HaYHeM HMeHHO C 9Toro. DoJjee cloXHO JOKa-
3bIBAETCA TO, YTO Ji06af KBajpaThuyeckasd HpPanBOHAJILHOCTb pasna-
raercsi B NEPHOJHYECKYIO UEMHYIO APoGb; STOT (aKT H Ha3bBAIOT
o6biuno Teopemoii Jlarpanxa.

Teopema 261. Besuuuna mobod nepuoduueckol yenHou apoéu
npedcmasasem coboil Keadpamuueckyro wpPAYUOHAALHOCMY.
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-JdokasateabcTBO. [lyets a=a,=a,+ a1+—1'/a,j+...
npeacrapiasier co0oil NepPHOJAHMYECKYIO LENHYyio ApoGb, T. e. cylle-
crByior s B k(k= 1) Taxue, uro a,,,=q, CornacHo Teopeme 235
H 3aMeYaHHIO K Heil

o =P _z'—aQs_s ) = Ps+k-2‘_'a'Qs+k_a
S eQsa—Psy” “"f aQst+k-1— Porn_a’
cJIeloBaTeNIbHO, ‘ '

Ps_a—aQs_z:Ps+k_z—“Qs+k—2 . (5)
aQs_1—Ps_y 0Qstp_1—Ps+r1

Pagencrso (b) mocjie mpuBemeHusl K ofmeMy 3HaMEHaTeNlO jaeT
KBaJIpaTHOE YpaBHEHHE C IeJEIMH KoathdHIHEHTAMH:

Ao24-Ba+4C =0,

rne A=Qs_1Qs+k_2—Qs_2Qs+,,_l. B uactHoctH, npu §=0
=Q_1Qp_s—Q_2Qs-1= —Q,_1 0. JloxazaTeqsCcTBO TOro, YTO
A#O npd s==1 npoBoAMM OT MPOTHBHOTO.
[Mpexne Bcero OTMETHM: H3 COOTHOUIeHHS (6) rnaBel 24 cienyer,
4TO B M0CJ€J0BATE/ILHOCTH

Q.,=0, Qo*‘1 Q1<Qz<»--- N

J'Ilb6ble JBa COCEAHUX 3HaMeHaTeJid B3aWMHO IIPOCTHI. Ecan npex-
Qs 2 __ Q.t+k_2

Qs 1 Qs+k-1
, Us paBeHCTBa 3THX JABYX HECOKpPaTHMBIX IlpOéEH caepyer

Q.r+k 2= Q.r 2 Q.r+k I—Q.r-v

a 310 npomaopetmr TOMY, 4TO npHu. s =1, k=1 B nocienoBartennb-
HocTH (7) wMeloTcsi camoe OoJibLiee JiBa PaBHBIX 3HaMeHAaTelst.

HMppanHoHaIbLHOCTD o CleAyeT H3 TOIO, 4YTO pasfiokeHHe o B
uenuymo Apods GeCKOHEUHO.

JIpumep. a—l+-u2+ﬂl+-ul+-u3+... (T. e. Haabme

NePHOZKYECKH nomopﬂ;orrcﬂ_anemembx 1, 'J , -3). CocraButs KBan-
paTHOe ypaBHEHHE, KOpHEM Komporo ;m.naercﬂ @, U HafTH BejH-
YUHY . .

B gaHHOM ciyvae s§=2, k= 3 HaXOAMM TNOAXOAsAULHe JPOoOH

P,
J0 -Q—- BKJIIOYHTEAbHO:
4 .

noJoXHTh, ute A =0 npu Hekotopom s=1, TO

1 2 | 1 1 3
P, 1 3| 4 | 7 2
Qn 1 2 | 3 5 18
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Ipu s=2, k=3 pasencrso (5) npUHHMaeT BHX:
l—a  7—5a T+ V17
—

22—3" {8a—25"
KopeHp Oepercss ¢ mOJOKHUTENbHBIM 3HAKOM, TaK Kak a > 1.
ITpn HaxoXKIeHHWH BEJHUYHHB @ YHCTO MEPHOAHYECKOH LerHOH

JIpobu

42 —T7a+2=0, a=

oc=|_a0+—ua1+ ... +ﬂa,,_1+|...

yao6HeH Bcero mojb3oBaThes COOTHolleHHeM (8) 24-K rmaswl, npu
s=k—1, a,=a, T. e. dopmynoii

— Pro10+ Pp_y
Qo190+ Qu_s’

Qr-12*+(Qpuz—Py_1)a—P,_,=0.

TIpu BbIYMCIEHHH BEJHUYHHBI O CMEIIaHHOH MEePHOAMYECKOH -Ieln-
HOU JpoGH BHAA

a=a,+Ya,+... +—Ua,__1+ﬂ£,+ . +ﬂa“’k'_1;+ e

a
HJIH

yno6Hell Bcero Ha#TH CHayasja BEJHYHHY @ YHCTO II€PHOAMYECKOM
LellHOH JApoGH

A/ 2/
O =C+ "0 1+ ...+ O+,
L —J

Ps_yas+Ps_
Qs—10s+Qs_s
ITpumep. Haiitn Besnuuny unenHo#i apobu:

a=14214 Moy My My

Haxozum cHayama P==az=4-4..., rme 4-+... obousnauaer
[ ——

4 NOTOM H3 COOTHOIIEHHS O = HafiTH a,

uenHayio apobb 4+3/4+ 2y + ... 3necs cpasy BuAHO, 4TO f = 4+—’13~ ,

otkyza P:—4p—1=0, az=P=2+V 5. Toassysch Tabauued
sHadeHHit P, 0 Q,, BHYHC/IsAEM:

Qn 1 ! 3 | 4 7
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ITo dopmyne (8) 24-f raaBul HaXxolHM:

g PPy _12(24 V5)+7 _138—V5
Qas+Q 7(2+V5)+4 79

Ipexne ueM nepefity K TeopeMe Jlarpanxka, foKakem cleayio-
Y0 BCIIOMOTraTeJIbHYIO TeOopeMy.
Teopema 262. Ecau xsadpamudeckan uppayloraisrocms o npeo-

cmaenena 8 sude a=a,,+ﬂ a;+ ... —}-ﬂa,,_l—}-—‘/a,,, rge Bce a;
yeavie, mo @, makice K8adpamuueckas uppayuonaIbHocmb ¢ mem oce
OUCKPUMUHAHMOM, KAK Y O.

HokasarteabctBo. Ilyctb o —KopeHb KBajpaTHOro ypas-
Heuua Aa’+ Ba+4C=0, rae A, B, C—uensie uncia. [ToacTasass

1 .
o=a,+ o nonyvaem:

A (ao—}-&%)a—{—B(ao-{-%) +C=0,

HJH
(Aa?+ Ba,+C)a?+(2Aa,+ B)a, + A =0,

T.e. o, npeAcTaBiasier co6oii KopeHb ypasHenus A,a?+ Bya, +C, =0
C uenbiMH KO3(XDHUHEHTaMH, NHCKDHMHHAaHT KOTOPOTO paBeH

(2Aa,+ B)* —4 (Aa? + Bay +C) A= B*—4AC,

npnueM C,=A%0.
3amensis B KBaApaTHOM ypaBHeHun A,a?+- Bja,; +C =0 «, uepes

1
a, +5;, aHaJIOrMYHO NOJYyYaeM, YTO o, — KOPeHb KBaApPaTHOro ypas-

HeHHA C UeJbIMH KoadduunentaMu A,a?+ By, 4-Cy=0 ¢ Takum
e JHCKDHMHHAHTOM, Kak'y o, H o.

ITpomomxasa TakuM Xe 00pasoM JHaJjbile, NOJYYHM, YTO @, —
KOpeHb KBaJPaTHOTO yPaBHEHHS C UeJIbIMH KOXPpDHIHEHTAMH C TaKHM
Ke JHCKPHMHHAHTOM, KaK Yy O, _y, G, g, --. , O, O.

Teopema 263 (Jlarpanx). Jlw6as xeadpamuueckas uppayuo-
HaAbHOCMb pasdasazaemcs 8 nepuodudeckyw yennyw Opobs.

JokaszarteabcTBO. IlycTh @ — KBajpaTHUECKas HPPaALHOHANb-
HOCTBb, T. €. «-—HppalHOHAJbHOE YHCJO0, NpeicTaBiswuee cobof
KOopeHb MHorouneHa f(x)=Ax*+ Bx+ C c ueabiMu Koatbuuuen-

2 - —Pnare; Py
traMu. [lloacraBasa B Aa?4-Ba--C=0 « m

pema 235) u npHBoAs K OOLIEMY 3HaMeHATeJIO, TMOJydaeM:
A (Pn—l a’n+Pn—2)z+B (Pn—lan +Pn—2) (Qn—l O(," + Qn—z) +
+C (Qn—l a’n+ Qn—z-).a :::0,
T. €. BbipameHHe BHJa
'Ana:+Bnan+Cn=0v 8)

(Teo-



tie  Ay=AP3_ +BP, Qu+CQ, =05,/ (g2=2),

B"szP"_;l Pn—2+B(P -1 Qn ‘2+Pn—'2 Qn—l)+2CQ ~1 Qn—z,
2 — n=-381\
Co= APS_y + BP, 3 Quea +CQiy = @, f (5222)
— [leJIble YHCJa,
CorsacHo mpejbigymled TeopeMe NUCKPHMHHAHT ypaBHeHus (8)

B:—4A,C,~=B*—4AC ’ )

u, TakuM 00pa3oM, He MeHseTCS NpPH YBEJHUEHHH 1.

JlokaxeM cHayaja, uyto A, u C, NpH AOCTATOYHO GOJBLHIOM 7
HMEIOT NMPOTHBOMOJIOXKHLIE QHaxu a 3aTeM, N0Jb3ysCh TOXAeCTBOM (9),
JOKaxeM, uTo BeauunHol A,, B, u C,— orpaHuyeHsl.

P P

=i=1 y 6";” KaK H3BECTHO (3aMeuaHue K TeopeMe 234), na-

Qn_ -3
XOIATCA TO pasHpe CTOpPOHbD OT o, NPUYEM NpH JOCTaTOYHO 60.ﬂb-

LIOM 7 CKOJb YrOZHO Majo OTJAHYAKTCH OT d.
f(2) =0, HO NOCKOJbKY & — HPPALHOHAJABHOE YHCJIO, TO

F' (@) =2Aa -+ B 0.

Takum 00pa3oM, o.— NPOCTOR KopeHb ypaBHenHs f(x)=0.

HaBecTHo, uTo0 B JOCTATOYHO MaJOH OKPECTHOCTH CJI€Ba H CIIPaBa
OT MpOCTOrO0 KOPHA 3HAYeHHUS HenpephiBHOH (YHKUHH, B JaHHOM
clyyae MHOTOUJIEHA f(x)=Ax’+Bx+C HMEIOT pasHblE 3HaKH,

T. ¢. A,=Q} 1f(Q"") n C,= ,f(Q"—') OPH JOCTATOYHO

6OJILLIOM 71 IPOTHBOMOJIOXKHEI IO 3HAKY, npHueM f (g";‘) nf (Q )
n-2

u, caegoBatenvHo, A, u C, He DaBHbI HYJIO. et

Takum oGpasoM, TpH JmC'raTquo GoNbIIOM 71 TIPOM3BesieHHe
A,C,<<0 1§ JHCKPHMHHAHT YypaBHeHHs (8) MOXHO npencmamb
B Bnne CYMMHI IBYX HeOTpHUATeJbHEX uncen: B2 u (—4A,C,).

[Mockonbky —4A4,C,>0, B2=0, umeem:

0< B: < B2—4A,C,= B*—4AC,
0<—4A,C,<B:—4A,C,=B*—4AC,

T. €. BequyRHH B2 u —4A,C, orpannventl. M3 orpannyennocru B2

cnenyeT OrpaHHYEHHOCTDb lBt a u3 orpanuvenHoctn —4A,C,,
nockonbky A, u C, He paBHBI HYJIO, CJelyeT OTpaHHUYEHHOCTD | A, |
nlC,l. , , L

TaKuM ofpasoM, cymecTBYIOT jBe nocrosHHne L u M, takue,
YTO NpH BCeX N BHIMOJHSAIOTCS HEpaBeHCTBA:

L<A, <M, L<B,<M, L<C,<M,
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a orcioga, nockoabky A4,, B,, C, ueiabe, ciefyer, 4yTo Cpeju ypab-
HeHH#l (8) npm OesrpaHHYHOM YBeJHUEHHH N CYIIeCTBYeT TOJBKO :
KOHEUHOe YHCJIO Pa3/iHUHBX ypaBHeHuil. Kanoe KBajpaTHoe ypas-
HeHHe HMeeT TOJIbKO IBa KODHS, NOSTOMY H CpelH KOpHe# ypaBHe-
Hu#l (8) ‘cylIecTBYeT TOJILKO .KOHEYHOEe HHCJIO Pa3JIHUHBIX, a 3HAUMT,
H Cpeid BeJHYHH:

Gy, Uy, Ty ees (10)
HMeeTCsl TOJIbKO KOHEYHOe YHCJO pa3JjIHYHbIX.

Orciopa, BO BCAKOM cayuae, ClefyeT, uTo cpead uuced (10) Hait-
AyTcs XOTH Obl JBa ONMHAKOBBIX, T. €. HaHJETCA O, PABHOE HEKO-
TOPOMY TNOCJHEAYIOIEMYy o, ,. PaBeHCTBO o, ,=a,; (Teopema 260)
03HauaeT, YTO Pa3/iOXKeHHE O B LENHYI ApoOb NepHOIMYecKoe, H,
TaKUM oépasoM, TeopeMa J0Ka3aHa.

Mol ye paHblle MMeJH NPHMEDH NEPHOAMUECKHX DaA3/IOMEHHH
KBaZipaTHUeCKHUX HppaunHOHaJbHOCTel (cM. crp. 215—217). Teopema
JlarpaHxka maer HaM Tenepb yBepeHHOCTb B TOM, 4TO AJsf JoGo#
KBaJpaTHYeCKOH HPpalMOHAJbHOCTH MBI MOCJie HEKOTOPOro 4HCJa
IIaros MOJYYHM COBNAajJeHHE JABYX HENOJHBIX HYACTHHX H, TAKHM
o6pa3oM, 'HaitZleM NepHOJUYECKYIO INOCJeJOBaTEIbHOCTh 3JIEMEHTOB.

[Tpumep. Pa3oxkurs B LeNHYIO npoéb o=—"7 1+V23
Haxomm noc.neJxOBaTe.ano a—l+ al-——(l/ 3+2)
-—l+—
23+1 1 V23413 1
%:_,ﬂﬂ-%‘_3=13+_, “3=3_“f—1‘9—t"=1+?€
23+2 1 _ 1
a=YB¥ o L =%(V23+4)=3+;.
2 1
‘ "3“ —l4g, 6=7 V/B+=3+4,
4 —
Olg = —V;t——2+0:. oc,==i§(l/23+2),.'r. . oy=0y.

ITonyuaem:

”—‘“—l+e,'r2—3= e e R e B R e B e Bk R R
| |

2, UHCTO TNEPHOAMYECKHE PA3JIOKEHUS

IMockoJibKy MBIl Tenepb 3HaeM, 4To Jio6Gas KBagpaTHueckas uppa-
LHOHAJNLHOCTb Pa3JjiaraeTcsi B MNEPHOAHYECKYIO LENMHYO APo6b, ecTe-
CTBEHHO BBISICHHTb, JJifi KAKHX KBaJpaTHUYECKHX MPPALHOHANLHOCTEH
TaKoe pa3JioXKeHHe GyfeT YUCTO nepHoauueckuM. CliefyoLas TeopeMa
JlaeT HCYEPIBIBAIOIIHA OTBET Ha TOT BOINpOC.
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Teopema 264. Keadpamuueckas uppayuonarbHocms o= P + V—

20e P, Q uD (D>1) yerote, pasracaemca 6 wuucmo nepuoauue-
ckyo yenuyo dpobe moeda u moavko moezda, Koeda o > 1 u conps-

P— V—

HCEHHAR UPppPAYUOHALbHOCML o = Aexcunt @ uHmepease
('_ ls O).

HNoxasarteabctBo. 1) (Heo6xoaumocte ycnoBus.) INycts o —
BeJIMUHHA YHCTO NEPHOJHYECKOH 1enHOH Apo6H, T. €. HPH HEKOTO-
poM k=1 a,=oa. [aa Takux « HMeeM g,=a,==1, TaK 41O

oc=u0+‘ua1+ o>
H3 cootHoienusa

o — Pr=10+Pp_y

Qr_10+ Qs
(rge, B uactHoctH, npu k=1 P_, =1, Q_,=0) nonyuaem:

Qk-laz+(Qk-2_Pk—1)a-Pk—2=0'
Jlas MHorouJieHa

f(X)=Qp1 x*+(Queg—Pr_y) x—Py_,

nMeeM (npu 2>1 TeopeMmnl 63" u 63" (cTpanuna 212), a npu k=1
HEMOCPEACTBEHHOe BbIYHCJEHHE):

fO)=—P, <0 0 f(—1)=(Quoy—Qu_g)+(Proy—Pp_y) >0,

TaK uTo B HHTepBajiie (— 1; 0) Jo/uKeH JexaTb OIMH H3 KOpHeil

sTOr0 MHOroujieHa. [lockoabKY a>>1, TO B 3TOM HHTepBaJe JeXKHT
He o, a Apyrofi KopeHb, paBHBI ', T. e. — 1 <a’'<<O.

P D

2) (Hocratounocts ychaoBHs.) IlyeTs o= —LQ]—/—

=#<0

Bce mosnble uacTHBle o, K o (cornacHo TeopeMme 262)-— kBanpa-

THUHBIE HPPANHOHAJBHOCTH C TeM X€ XHCKpPHMHHaHToM D, Tak uro
P,+VD

npu JwoboM n uMeeM an=—’¢¢‘—, rae P, u Q,—uenarve. Conps-

XeHHasl K o, HPPalHOHAJIBHOCTb &, T. €. 2-i KOpeHb ypaBHeHH (8),

> 1 H-—1<a'=:

6yner umets Bup o, —Pn=V D
n
HokaxeM, uto npu Bcex n =0 BHNOJHAITCA HEPABEHCTBa

—1 <o, <0. (11)

[MpeanosoxkuM, 9TO HepaBeHCTBA (11) BEDHE NPH HEKOTOPOM:
n(n=0). JInd conpsxXeHHbX BeJHYHH o, U & ., H3 COOTHOLICHHS

1 . 1
a,,——-a,,—l-&—n: noayJyaem: oy, =q,+ —, Ops1 =

; NIOCKO/JIb-
n+1 @y —an ‘
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Ky a,=1 # cornacHo npeanosoxennio — 1 <a <0, T0 H3 mO-
CllelHEro paBeHCTBa HaxomuM, uTo — 1 <o K <O.
o, =a’, TaK 4ro HepaBeHcTBa (11) npy n=0 BepHbl N0 YCJIOBHIO,

a TOrjia, KaKk MH TOJIbKO YTO JOKa3aJH, OHH EE€DHEl H npH n=1.
Takum ob6pasom, HepaBeHcTBa (11) BepHH nHpH n=0 u n=1, a u3s
CHpaBejJIMBOCTH HX M n cJefyeT CHpaBelVIMBOCTb H 1Jjsa n+-1.
CoraacHo npnmmny uupykuuu (teopema I1I) HepaBeHcTBa BepHbI
npu Bcex n(nz=0).

CornacHo Teopeme Jlarpanxa CylwecTtBylT S M k, Takue, 4YTO
Qg4 p = W, CIELOBATE]BHO, NS CONPSIKEHHBIX HPPANHOHANDHOCTEH

o, , =0a. I'Iepexo,uﬂ K COHpH}KEHHblM Hp pPaliHOHAJIbHOCTIM, U3 COOT-

HOLIGHHS O _; =0, -+ (T NOJIYYHM:
s

P | 1
OCs--1=as—1_§_ E;v "“E;:as-l’{_(_a-

M MOCKOMbKY 0<—a_ <<1l, TO a,_,= [-—l] .

G

1

AHa JJOTHYHO H3 COOTHOIUEHH A ocs” 1 =gt p~1 + l'lOJ'Iy’-lHM
1 s+k
as+k-1 = [— 7 :I , H HOCKOJIbe, KakK 6BIJIO  OTMedeHOo BhlIlE,
, , s ik
as+fz= CCS, TO as+k—1=a's-1‘

o r 1 ’
W3 pasencTBa npaablx qyacTed B O ==d,_, +B_' H oo, =
s
1 .
=05, -1 +—— NoOJyYaEM och_l Q,_,» @ TOTIA H Qg p ==
s+k
=o,_,. Mbl JoKasanau, 4TO B YCJOBHAX TEOPEMbI H3 paBeHCTBA

O, =0 CJeLyeT PaBEHCTBO Q.. ;= qs_;, HO TOTAA U3 NIOCJIELHETO
paBeHCTBA INOJYYaeM O, ,_,=0_, H T. J., TOKa He Jo#jeM IO
0, =0y =a, TaK YTO Pa3/OXKeHHEe o B LENHYIO JpoOb YHCTO MepHO-
RHYeCKoe.

[Tpumepsn. 1) a'=l+3—y—l3 pasJiaraeTcsl B YHCTO NepHOAHYE-

. ) 1— V13
CKYIO HeNHyo Apo6b, Tak Kak a>1, a a' = —-3K—§

— 1 u 0. [eficTBUTeNbHO, B pas3J/IOKEHHH o C CaMOro Havajaa Io-
BTOpSIOTCA aJementn 1, 1, 1, 6, 1, Tak uro

JIEKHT MeKLY

a=1+ﬂ1+ﬂ1+ﬂ6+ﬂ1'+...
|

2) —2—+—Vi pasjaraeTcsl B CMeLIaHHYIO NePHOAHYECKYIO HEHHYIO

vy

2—
"Ipobb, TaK Kak CONpsiKEHHOE YHCHO — foJbiie HyJIs.
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Teopema 265. ITycms D —nexsadpamuoe wuucao, Q-—uyearoe,

D > Q%> 0; moeda pasaoscerue Yo, yenuywo Opobb umeem 8ud:

Q
l?:ao +1/|a1-|— oot ak_1+1/2ao|+

V D
Q 14
rjape a,= [—g—] ’ 6y11eT HMETb YHCTO IMepHOIHYECKOE pa3/oXkKeHHE

INokxasarteabcTBO. Eciu D >Q% 10 uncio a=a,-+

. D
B Lenuywo Apobb. HeicTBuTtenbHo, oo > 1 na' =a0——‘—f—Q— 3aKJI04YeHO

B uHtepBane (— 1; 0); l:ao—l—@] =2a,, Tak uro (TeopeMa 264)
D
ao+£Q—=2ao+1/ a+...+Ya_ +Y20+Ya, +...,
re MO0CJAeJOBATE/IbHO IMOBTOPSAIOTCS 3JEMEHTBL 2ay, Gy, «o o s poqs
H TOTJA

lf—g—ao—l—ﬂal—l— cee +-Ua,,_1+1/2ao—|—
L l

IlpumepHhl.
1) V7==2+1/\1+1/1+'U1+1/4‘—|—... (3mech a,=2.)

2) V5'3=7+“3+”1+”1+”3+”14fr--- (3rech ay=7.)
3) T3~ V—

1+1/9+1/2+ (3mech ap=1.)

Hcmopunecxue xommenmapuu k 28-it zaage

1. Benukufi ¢ppannysckuii Marematuk JKose Jlyu Jlarpanxk po-
manca B 1736 r. B Typune. Hekortopoe Bpems oH paGoraa B Bep-
aunckolt Axajemun Hayk. C 1772 r.—unen ITapumxckoii AkafeMHuH
Hayk. [locaennue rojul cBoelt Xu3HH — nipogeccop IlonuTexHHIecKOH
wkoJasl B [lapuxke.

Tpynet Jlarpanka Mo MaTeMaTHYeCKOMY aHaJH3y, MeXaHHKe H
TEOPHH 4YHCeJl HMeloT (yHJAMeHTaJbHOe 3HauyeHHe JJs1 Pa3BHTHA
5THX JUCHUNAHH, JlarpaHk—opmuH M3 cosjgartedeit RudbdepeHmuamsb-
HOTO0 HMCYHCJCHHSA, KJAacCHYecKOH TeOpHH AupdepeHIHANbHBIX ypas-
HeHHil H BapHAIHOHHOIO HcuHcJeHHA. B cBoeft ,AHanuTHUecko
MeXaHHKe“ OH [10Ka3aJl BO3MOXKHOCTb IOCTPOEHHS MeXaHHKH Ha 6ase
MareMaTHYeCKOTO - aHaJIH3a.
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- B Teopuu umncen Jlarpamxk Jaj OCHOBHbE Pe3yJBTaThl B TEOPHH
6ecKOHEUHBIX LeNHbIX APoGell N NOKasaJ HX MNPHJIOXKEHHS K PelleHHio
HeonpeAeieHHBIX ypaBHeHu#. Jlarpanx pmokaszan TeopeMy o npen-
CTaBJIEHHH YHCEJ B BHJE CYMMBl YeThipeX KBaJpaToB M MNOJIOXKHJ]
HayaJoO H3yueHHI0 OHHApHBIX KBajpaTHYHBIX ¢opM o6ulero BHAA
(cm. 3l-i0 1 32-10 raaBwl).

2. JlokasatenbcTBO TeopeMnl 264 Gelio ony6aukoBano . anya
B 1828 r. I'anya noxasan Takme, YTO B CJydae YHCTO NEpPHOAHYE-
CKOTO PasJIoXeHHUs CONPshKeHHAsd KBaJpaTHYecKas HPPanHOHAIbHOCTD
HMeeT Te JKe 3JIEMEHTBl, HO pacloJIOXXeHHble B o6paTHOM INOpsJKe.

r1ABA 29
AJITEBPAUYECKHE YHUCJIA

1. NOJIE AJITEBPAHYECKUX YUCEJ

PanuonajpHBle 4YHCJA. H KBaZpaTHUeCKHe HPpPaLHOHAJBHOCTH
npejcTaBsioT co00# KOPHH MHOrOY/IeHOB 1-ii M 2-i cremeHH ¢ ue-
JbIMH  Ko3(p¢dHuIHeHnTamMH. B 3T10ii riaBe Mbl 6yjaeM pacCMaTpHBAThb
KODHH MHOTOY/IEHOB ¢ LeJbIMH Kos(hgHIHeHTaMu JIOGOH CTeneHH.

Onpenenenne 73. Komnaexkcroe uru OelicmeumensHoe HUucAo o
HA3bIGAENCA  QA2e0PAUYECKUM HUCAOM, €CAU OHO SBAAEMCS KOPHEM
HeKOMOopo20 MHOZ04ACHA C UeAblMU KOpguyuenmamu, HepasHsimu
OOHOBPEMEHHO HYMO.

Ecin a—xopes MHorousneHa f[(x)=aux"+a;x""'+...+4a,
CTereHH f ¢ LEJBIMH KoahgHIHeHTaMH, T. €. ecaH f(a)=0, TO «
ABJISIETCS] KODHEM MHOrOYJeHa ‘

ny @ n-1 Qy
b +a—o XL +a—o
¢ paunHoHaJbHBIMH Ko3dduunentaMn. OueBHAHO, YTO KOpeHb Ji0GOro
MHOrO4YJieHa C PalHMOHANbHLIMH KO3(p(HIHEHTAMH, HePaBHBIMH OJHO-
BpeMeHHO HYJIIO, SIBJISIETCS] KOPHEM HeKOTOPOro ypaBHEHHS C LeJIBIMH
Koapdunnentamu. IlosToMy BMecTo ompejeseHHss 73 MOXHO JaTh
Jpyroe, 3KBHBaJIeHTHOe.

Onpeneaenne 73°. KomnaexcHoe uau Oelicmsumenbroe 4Ucio o
Ha3bieaencs areebpaudeckum HUCAOM, €CAll OHO ABASEMCA KOPHEM
HEKOMOopPo20 MHO204ACHA

f(X)=byx*+b,x"" 1+ ... +b,
¢ PAYUOHANBHBIMU KOIPPuyueRmamnu.

B st1oii rnaBe MBl 6yjeM paccMaTPHBATb TOJbLKO JeHCTBHTEJbHBIE
anre6padyeckHe 4YHcJa, He OroBapuBasl 3Toro Kaxjelfi pas. Hs
f()=0 caenyer f(x)$(x)=0, rie B KauecTBe W (X) MOMKHO B3AThb
I POM3BOJILHEIA MHOTOUJIEH ¢ LeJBIMH KOaddunnentamu. Takum o6pa-
30M, 17151 M06Oro ajre6panyecKoro YHCJa a cymecTByeT 6eCKoHeuHoe
MHOXXeCTBO MHOTOUJICHOBC PallHOHAJbHBIMH KO3(pdHI HeHTAMH , KOPHSIMH
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KOTOPHX SABJSIETCA O; N3 BCEX STHX MHOTOYJAECHOB OOBLIYHO pac-
CMATPUBAIOT MHOTOUJieH HaHMeHbIled CTeleHH.

Onpepenenne 74. Yucro n Hasvieaemca cmenensio arzebpaudec-
K020 HUCAQ &, eCAU O ecmb KOPEHb HEKOmopo20 MHo204Aena n-i cme-
Nenu ¢ PayUOHANLHBIMU KOS(ppuyueHmamu U He cyujecmsyem modic-
0eCMEeHHO HEePABHOZ0 HYA0 MHO204MEHA C PAYUOHAALHLIMU KOSpHU-
LUEeHMAaMU CHenenu, MeHbllell 4em N, KOPHeM KOMopo2o ABAAAOCH
6oL wucro a.

Ecnu KopeHb MHOroOusleHa n-fd CTeNeHH C LeJLMH pPalHOHaJb-
HEIMH KO3(bHIHEeHTaMH o He SIBJSETCS KOpPHEM HH OJHOTO TOXJe-
CTBEHHO HEPABHOI'O HYJIO MHOTOYJIEHAa C NeJbIMH KO3(p(HIHEHTAMH
CTeNeHH, MeHbllefl ueM n, TO o He MOxeT OHITb KOpHeM H TOXJe-
CTBEHHO HEpPABHOTO HYJII0O MHOTOUYJEHa ¢ pPalHOHAJbHBIMH KO3(bH-
LLHEHTaMH CTelNeHH, MeHbIIell ueM 7, T. e. @ — anarebpanyeckoe YHCJ0
CTENMEeHH A.

PaunonanbHele yncna sABasioTcsl anre6paHyeCKHMH yHcjamMu 1-f
cTeneHH. Jlio6ass KBaapaTuuecKash HppallHOHAJNbHOCTbL TPelCTaBJsieT
cobo# anre6panyecKkoe YHCJIO 2-§ CTENEHH, TaK KakK, SIBJAACH KOPHEM
KBaJpaTHOrO YpaBHEeHHUS C UEeJNbIMH Ko3pbHUHeHTaMH, OHA He fAB-
JisleTcsl KODHEM Kakoro-jiuGo ypaBHeHMsi 1-H cTemeHH C UeJbIMH
voapdunuentamu. Anre6panyeckue yHcaa 3-H CTeneHH 4acTo Hasbl-
BalOT KyOHUeCKHMH HPpallHOHAJbHOCTSMH, a ajrebpandyecKue 4YHcJa
4-% creneHd — GMKBaJApAaTHYECKHMH HPPAIHOHAJBHOCTSIMH.

[Tpumep. 13/2——a.nre6pauqec1(oe yHucso 3-if cTenmeHH, T. €. Ky-
6HyecKas HPPAalHOHANbHOCTb. JlelCTBHTEIbHO, 3TO YHCJIO €CTh KOPeHb
MHOrOYJleHa 3-H cremeHH x®—2 ¢ nenbiMH KosdduuHeHTaMH H,
kak ObNIO OTMEUEHO B NMpHMepe Ha cTpaHuile 249, f/ 2 He sBasercd
KOpPHEM KakKoro-iu6o MHOTOuJieHa 1-#f uju 2-f cTemeHH C ILeJbIMH
Ko3(hpUIHEeHTaMH.

Onpeneneune 75. Ecau aacebpauueckoe wucro n-t cmenenu o
AGAAEMCA KOPHEM MHO204.1eHa

F(8) =2+ b1 ... b, (n=1) (1

¢ payuoHarbroiMu Kosppuyuenmanu, mo f(x) Hasvsaemcs Muru-
MANBHOIM MHO2OYAEHOM 0451 Q.

Takum 00pasoM, MHHHMAaJbHBIM MHOTOUJIEHOM JJIsl & Ha3blBaeTCs
MHOTOYJIEH HaHMeHbINeHl CTemeHH ¢ palUOHAJbHBIMH KO3(ddHIHeH-
~TaMH M CTapmwHM Kos(p¢dHIHEHTOM, PABHBIM elHHHIEe, KOPHEM KOTO-
pOTO SIBASIETCH &.

Ecau BMecto MHorousieHa (1) B3ATb Kakoi-nu6o Apyrofi MHOro-
YIeH C PallMOHAJBbHBIMH KO3(p¢hHIHEHTaMH CTeNeHH 7, KOPHeM KO-
TOPOro ABJisteTcs o, TO MHOrouJieH (1) Moxer ORITH IOJYHEH H3 HEro
JleJleHHeM BceX Ko3(pdHIHeHTOB Ha KO3(dHIHEHT CTapiliero 4jeHa.

[Tpumep. MHHHMANLHLIM MHOTOUNeHOM ads /2 sBasercs
X% —2, TaK KaK KOPeHb STOTO MHOTOUJIeHa 3/ 2 He sBJIETCSI KOPHEM
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'KaKoro-tu6o MHOToYNeHa MeHbiueHi cTeneHH ¢ PALHOHAHHEIMH Kos¢-
dbui ueHTaMH.

Teopema 266. Ecau f (x)—munumasbusiit muozousen dra arzebpau-
weckozo wucaa o U F (X)—MHozouneH ¢  payuoHanrbHbIMU  KOSDpU-
yuenmamu, marxotl, umo F(a)==0, mo f{(x)—Oeasumesrv F(x),
m. e. F(x)=[(x)g(x), 20e g(x) makoce mHO204AeH C PAYUOHAAL-
Hoimu Kodppuyuenmanu.

INokazateabctBo. CoraacHO H3BecTHOH TeopeMe anareGphl
F (x) MOXHO NpeACTaBHTb B BHJE

F(x)=F(x) g (x)+r (%),

rie g(x) U r(x)—MHOrouJeHbl C pallHOHAJBHBIMH KO3(dHIHEHTaMH,
NpHYeM cTeneHb r (X) MeHblie cTeneHH f (x).

ITockoapky F(a2)=0 u f(a)=0, to, npujaBas x 3HauYCHHE O,
noayuaeMm r (o) =0; o — KopeHb MHOrouJeHa r (X) ¢ pauHOHaJlbHbIMH
Koa(ppHLMEeHTaMH CTeleHH, MeHbLIeH, YeM y MHHHMAJbHOTO JJIA
MHOrouJieHa, T. €. MeHbllel, YeM CTeleHb ¢. 3TO MOXKeT GLITb TOJMBKO,
ecyu r (x) TOXZIeCTBeHHO paBHO HYJIO, a, 3HA4HT, F (x)=[ (x) g (x).

Jns HaHHOTO O CYIIECTBYeT eIHHCTBEHHBIH MHHHMaJbHbIH MHO-
rouned. JleficTBHTeNbHO, YacTHOe OT JAeJieHHs APYr Ha JApyra ABYX
MHHHMAJIbHBIX MHOTOYJIEHOB JJIS 0 NOJDKHO OBITb palHOHaJbHBIM
YHCJIOM, PABHBIM eJIHHHIIE, UTO 03HAYAET TOKAECTBEHHOE HX PaBEHCTBO.

Teopema 267. [an awbozo ascebpauyueckozo 4ucaa o MUHUMAAL-
HBLL MHO204AeH HenpugoOum HAJ noaem pPAYUOHAAbHOIX Yucen.

JokasateanctBo. Ilycrh f(X)— MHHUMaNbHBIE MHOroO4YJEH
Las o, [Ipexnonoxum, uto f (x) NpHBOAMM HaJ NOJEM PallHOHAJbHBIX
yuces, T. e. 4To f(x)=o (x) P (x), rle o (x) H P (¥) —MHOTOYJeHH
C paunHMoOHaJbHEIMH KO3hgHUHEeHTaMH CTeleHH, MeHbluell, ueM r,

W3 paBeHcTBa @ (@) ¢ (o) = f (o) =0 caenyeT, 4TO U3 ABYX HHCEJ:
o (o) u P (o), o Kpaiineit mepe ogHo paBHO HyJo. IlycTs, Hanpu-
Mep, o (a)=0, Toria a—KopeHb TOXAECTBEHHO HEPaBHOrO HYJIO
MHOrouJeHa (x) ¢ paluuoHaJbHHIMH Ko3dQuuHeHTaMH CTelleHH,
MeHbLIeH, ueM y f(x), a 3T0 NPOTHBOPEYHT TOMY, YTO [ (X)— MH-
HHUMaJIbHBIR MHOTOUYJeH 181 a. IIpeanosoxenHse, 4T0 MHOrOWIEH [ (x)
IPHBOAUM HaJ NOJEM PAaLHOHAJBHBIX YHCEJ, OKa3ajoch HEeBepHBIM,
T. e. f(x) HenpHBOAMM Haj 3THM MOJEM.

Teopema 268. Eciu o.—Kopenb HenpusoOumozo Had nosem pa-
YUOHANbHbIX Yucen mHozodseHa F (x) ¢ payuonarervimu kosppuyu-
eHmaMu cmeneHu n, mo o.— aazebpaudecKoe 4UcaAo Crmenesu n.

JorxasarteabcTBo. OGO3HAYHM MHHHMMAJbHBI MHOTOUYJIEH
aas o uepes f(x). Cornacno Teopeme 266 F (x)={f(x)g(x); rae
g (x) —MHorou/eH ¢ paluHOHaJNbHBIMH Koadpuipentamu. IToCKOJIBRKY
F (x) HenpHBOAUM HaJ MOJIeM PalMOHANBHHIX uMcesa H f (x) OTJIHYHO
OT TOCTOSIHHOrO, TO g(X)=¢, TAe ¢ pauuonaisHo, F(x)=cf (x),
T. €. CTeNeHb f(x) paBHa n H, CJAEIOBATENbHO, a—anreﬁpauqecxoe
YHCAO n-f cTeneHs,
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Mpumep. Ilycth p—mnpocroe uncio. {’/a npu JoboM LesoM a
(a>1), He paBHOM p-H CTemeHH JAPYroro LEJOTO, MpeiCTaBJsieT
coBoft anrebpanyeckoe YHCJO cTeneHH p. JIeHCTBHTENBHO, 3TO YHCJIO
©CTb KODEHb HellpHBOAWMOrO Haj, TOJIEM pPalHOHaJbHBIX 4Mces ABY-
4JIeHHOTO ypaBHeHH$t xf —a=0.

Ecnu o— anre6pavdeckoe 4YHCJIO CTeneHH A d f (x) —MHHHMAJb-
Hbli MHOTOUJEH JJ1sl &, TO BCe KOPHH O, O, ..., O, YPABHEHHS
f (x)=0, oT/uyYHBIe OT @, HA3LIBAIOTCH CONPSIKEHHBIMH C O

OmnH M3 KOpHeH oy, O, ..., O, MB OYyIeM CTaBHTb €ero Ha
fiepBOe MeCTo, COBHafaeT € o, TaK YTO QL =0;.

Teopema 269. Cymma, pasHocme, npousgederue u 4acmuoe 08yx
arzebpauveckux uquces o u P (041 wacmuoeo npu P=£0) asagomes
an2ebpauqeckumy YUCAAMU.

HoxasateanbctBo. 1) ITyctb a—kopenp MuorouseHa f(x)
CTENeHH 1 C LeJIbIME K03 HUUEeHTAMH, KOPHH KOTOPOTO: Oy, Gy, «.. 5 Oy,
a P-—kopeHb MHOTOUJeHa % (X) CTeleHH m C HEJBIMH KO3(dpuiu-
€HTaMH, KOpHH Kortoporo: B, B,, ..., B, (B=B;). Paccmorpum
MHOTOYJIeH:

=(x—a;—p) (x—oy—Bs). .. (x—a;—B,),
(x—ay—PBy) (x—ay—By). . . (x—ay—B),
—an—ﬂl) (x—an—ﬁ2)"'(x—an—ﬁm)' (2)
Eciu B 3TOM npoH3BeJeHUH clellaTh KaKylo YrOJHO IOACT2HOBKY
BeJIHUHH &y, &y,  , . , &,, TO HEKOTOPbIE CTPOKH M€PeCTaBATCA MeCTaMH,
HO NPOH3BeJeHHE B LEJOM OCTaHETCS HeH3MeHHBHIM. JTO 3HAUHT, UTO
F (x) — cuMMeTpuyecKH#i MHOI'OUJICH MO OTHOWICHHIO K @y, Ry, o+, &y
TouHO Tak e NOACTAHOBKA BeJdYdH Py, Py ..., B, OyAeT MeHATb
TOJIEKO TNOPAJOK CTOJNGLOB B NpaBod 4HacTH BeIpaxeHusa (2), Tak
uTo F (X) — CHMMETPHYECKHH MHOTOUJIEH IIO OTHOIEHHIo K By, B, ...
veer Pp- B medom F (x)— CHMMeTPHMYECKHH MHOrou/JieH OT JABYyX
CHCTEM apTYMEHTOB: Q,, Gy, ..., 0%, H By, By, ..ty Bppe
CorylacHO H3BECTHHIM TeopeMaM O CHMMETPHUYECKHX MHOTOYJIeHax
(reopemsl XV u XVI) koapduuuentsr MHorouJeHa F (x) MOryT 6biTb
BhIpaxeHBl pallMOHaJIbHO Uepe3 3JeMeHTapHbe CHMMeTPHYeCKHe
OYHKIHH OT @y, Oy, ..., %, U Py, Pay o .., Pp, T. €. Uepes meJpie
Kosbopunuents f(x) 4 P (x). 210 3HauuT, yTO KO3pdumuenta F (x)
palHoHaNbHbl, H, CJe0BaTeNbHO, Yucao0 a--p=a,1p,, aBasomeecs,
KaK 5T0 HemocpeACTBEHHO BHAHO u3 ¢opmy.an (2), KOpHeM F (x),
ecTb ajrefpanyecKoe YHCJO.
2) Ons gokasaTelbCTBa TOTO, YTO IPOH3BENEHHE IBYX anreﬁpaﬂ-
YyecKHX uuceJ o K f ecrb asre6pandecKoe 4YHMCAQ, JOCTaTOYHO, aHa-
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JIOTHYHO TOMY, KaK 3T0 GBlJIO TOJIbKO YTO CAeJIAHO JJisi MHOTOYIeH (2),
paccMoTpeTb MHOTOYJIeH

n m
F(x)= 11 II (x—a;p)). 3)

i=1j=1
DTOT MHOroWJeH ¢ NeJbMH KoaddHIHEeHTaMH HMeeT B KayecTBe

OJIHOrO M3 CBOMX KOpHRH o, f, =oaf.

3) ITyctb B— KopeHb MHOTOUJIEHA P (X) = boX" 4 b x"" 14 ... 4+ b,,,
(b;—muedasle uhcaa), Torija—p sBAsSETCS KOPHEM MHOrOY/IEHa C He-
JBIMH KO3bdUIHEHTaMH P (—x) = (—1)" box" 4 (—1)""10,x" "1 . ..

1
«..+b,, a npu p=£0 § — KOPeHb MHOTOUJIeHa x™p - =b, -
+ b x4 ...+ b,x". Taxmvll ob6pasoM, BMecTe ¢ P aiarebGpanyecKuMH
YHCJIAMH SIBJISIOTCE — P U = .

Pasnocts o—p Moxer OwITh NOpelcTaBleHa B BHIe a-+(—P),
T. €. B BHIe CYMMBl ABYX ajreGpandyecKHX UHCeJ, a NMOTOMY TaKkKe

npexcrasaser coboit aJareGpanvyeckoe uucio. JIpH B=~=0 yacTHoe
a 1

§ =%'p» ABARACL NPOM3BEJEHHEM IBYX anre6panyecKux umee,
npencrapJsier coboil TakXKe ajre6paHuyecKoe YHUCIO.

Ecau creneHM anarefpauvyecKHX uyHcesJ o ¥ [ paBHH m H n, TO,
B3siB B KauecTBe f(x) U ¥ (x) COOTBETCTBYOIIHE MHHHMAJbHBEIE MHO-
rouseHel, OyJAeM B (2) u (3) HMeTb MHOTrOYJIeHH! CTeNeHH mn, H,
TakuM 00pasoM, HemoCpeACTBEHHO BHAHO, uTO o+ P H 'af — anreGpau-
YecKHe UHCJa CTeneHH, He OoJbmied uyeM mn. MHorounensl ¢ (x),

1 . .
P(—x) 0 £y (;) OIVHAKOBO# CTeNneHH, a CJAeJOBaTeJbHO, B, — P

1 “
H —-——a.nreépaﬂqecxne yHcJa, OZHOH H TOH XKe CTeleHH, OTKYyJla

p

a
CleAyeT, uTo U a—f U 5 HMEIT CTeleHH, He OoJjblle ueM M.

Npumepn. 1) V2 u )/ 3— anre6panyeckue uucia 2-if creneny,
a V2+V3—anre6pauqecxoe yncyao 4-H cTeneHH.

IeitcTBuTeapto, ecau a=V2+13, 10 a?=5+2V16, at—
— 1002+ 1=0, T. e. a—KOpeHb MHOrouleHa f(x)=x*—10x%2+1
C UeJbMH KospduuueHTamMH, U

) =(x—=V2—=V3) (x—V2+V3) (x+ V2=V (x+V2+V3). ¥

W3 TeopeMbl €IHHCTBEHHOCTH pAa3JIOXKEeHHSI MHOT'OUJIeHA Ha He-
NPHBOAUMbBIE MHOXKHTEJH CcJelyeT, YTO JioOble HelpPHBOAMMBIE HaJ
NOJIeM pPalHMOHAJIbHBIX YHCEJ MHOMHTeJH f(X) JOJXKHBI SIBASATHCSA
npousBeJleHNeM KaKHX-TO MHOXHTeJlell mpaBol yacTH pasBeHcTBa (4).
Jlerko BHIETb, YTO H3 3THX MHOMKHTeJel HeJb3sl COCTABUTH MHOTO-
yjJeH C palnOHaJbHBEIMH KO3(bHIHEeHTaMH CTeleHH, MeHblied yeMm 4,
T. e. f (X) —HeNnpHBOAUMHIN HaJ I0JIeM PAaLHOHAJBHBIX YMCEJ MHOrO-

YlleH, a, CJIeJIOBaTeIbHO, COTacHo TeopeMe 268, V' 24V 3 — aare6pa-
HYecKoe YUCJAo 4-i cTeneHH.
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2) o= {/5 B P=3$/12, kak JAerxo BHZeTh, — anreGpanyecKHe
ugcaa  6-i creneHH, a INpPoOH3BeJeHHe a|3=V 6 — anreGpanueckoe
YyHCJIO 3-# cTemeHH.

TeopeMy 269 MoxHO HaTh TakkKe B Rpyrof opMe.

Teopema 269°. M~roscecmeo acex Oedicmeumenbrbix aszebpau-
deckux wucea npedcmasasem coboil noae.

2. PALHOHAJILHBIE NPUBJANWKEHHA AJTEBPAHYECKUX UUCEN

AareGpanueckye yHucjia He MOTYT HMeTb CJHIIKOM XOPOIHHX
palHOHAJMBHEIX NPHOMHXKEHHH: NOTpelllHOCTb NMPH 3aMeHe ajare6Gpau-
4YeCcKOro 4ucja pamHoHaJbHOR Jpobbio He MoXKeT ObITb JOCTATOUHO
MaJia 1o NopsAKy B CPaBHEHHUH C BeJHUYHHOH, o0paTHOH 3HaMeHaTeJIo
pauHoHanbHOH Apo6u. C OTAEJMbHBEIMH YaCTHEIMH CJAydasiMu, HaTaJ-
KHBaIUIMH Hac Ha MBICAb 00 3TOM, MBI yKe BCTpedaJIiCh paHblie.

HeficTBuTesbHO, B 6-# raaBe (Teopema 70) Gbl0 MOKasaHO, 4TO
718 panHOHAJbHOTO ¢, T. €. ajare6pamuyeckoro udcaa l-# creneHu,
CYIIeCTBYeT NMoCTOAHHAA ¢ >0, Takas, uro I/ moboll pauHoHaNbHOH

Ipo6u —Z—, OTJIMYHOK OT ¢, GYHET BHMOJHSATLCS HEPABEHCTBO.
a c
B 25-i raase (ctp. 235) 6Gbuto mMOKAasaHo, 4YTO A
a=14+Y14Y14. ..,

npeacTaeasgomero coboit aarebpanueckoe 4ucO0 2-H CTeneHH, MOKHO
nopo6pate ¢ >0, Takoe, 4To AaA JMIOOGOH pauHOHANBHOH Apo6H Gyner
HIMeTh MeCTO HepaBeHCTBO

a ¢

loc——b— =5 (5)

MoxHO [0KasaTh, yTO HepaBeHCTBO (5) MPHU COOTBETCTBYIONLEM
¢=c(c) UMEeT MeCTO AJsS BCeX KBAJPATHYHBIX HPPAIHOHAJNBHOCTEH.
OkasriBaetcs, 4To UMeeT MecTo o0IIas TeopeMa, JOKa3aHHas BIepBble
B 1844 r. ¢paHuy3cKMM MaTeMaTHKOM JInyBHJseM.

Teopema 270 (JIuysunns). [daa aobozo OedcmsumensvHozo an-
2eBpaueckozo HUCAQ O CMenerRu n MONCHO nodobpame NnoA0KCUMenb-
HOe ¢, 3asucsujee MOAbKO om o, MaKoe, 4mo 04 8CexX PAYUOHANOHLLY

afa
wuces - (—b—- -.#a) 6ydem umemos Mecmo HEpPABEHCMa0o
la c
| a— |> e (6)

Ipu n=1 Teopema Gbia goKasaHa B 6-i raaBse. 3aech MHI pac-
CMOTpUM cpasy o6muil cayuai, BKJIIOYAIOMHA H CAyyad pauHoHaJb-
HOTO Q. ' '
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JokasateascTBo.llyets f(x) = A"+ A x" 1+ ...+ 4,—
HENPHBOAHMBIH MHOTOWIEH C LEJBIMH KO3(pHLUHEHTaMH, KODHEM.
KoToporo sBasercs . B KauecrBe f(x) MOXHO, HampHmep, B3ATb
MHOTOUJIeH, NMOAYYAIOMWHACA H3 MHHHMaJbHOrO JAAS o MHOrOYJIEHa
nocne yMHOXEHHSI BceX Ko03)dHNHEHTOB Ha HaWMeHbillee KPaTHOE
HX 3HaMeHaTeJeH.

CornacHo TeopeMe Besy umeem:

f(x)=(x—a)g(x), (7
rge g(x)—MHoroufieH ¢ JeHCTBUTEJNbHBIMH KoahgpullHeHTaMH.
Bo3sbMeM npousBosbHOe 6> 0; |g(x)|—HenpephiBHas, a cJaelo-

BaTeJIbHO, OrpaHHuYeHHasi GyHKUHS OT x¥ B cermenre [a—&; a4 6],
T. €. CYLIeCTBYET MOJIOXKHTENbHOE Yuca0 M, Takoe, uto |g(x) | <M,

Ins BCex x U3 3toro cermeHra. O6o3HaunM yepes ¢ =min o 65),

1
TaK 4TO0 ¢z HC<< 6. JIna npoH3BOJBHOrO PallHOHAJBHOTO UHCAA

a
B MOCYT MNpPEeACTABHTLCA ABE BO3MOXKHOCTH:

l)% Jexar BHe cerMeHrta [e¢—§; a - 6]. Toraa

fa c
,a—’? >6>c>b—,,.

2) g— VIOBJIETBOPSET HepaBeHCTBAM o — & << —;:4 <a+38, Torma

|g (—Z—)IQM H, noacraBiafs B (7) BMeCTO X 3HaueHHe
yaeM:
a a a a
1 (5) =5 [¢(3)|<M|a~3 - @
HenprBoIUMBI HaZl MoJieM pallHOHAJbHBIX UHCEJ MHOTOU/EH f (x)

CTeNeHH n>=>2 He HMMeeT pPALHOHAJbHBIX KOpHEeH, a mpu n=1 He
HMeeT KOpHe#l, OTJHUYHHX OT &, TaK 4TO

lf(%) _ [Aoa"+A1a"‘bf+...+A,,b”| £0,

IMockoabky uucaurenp |A,a”+ A, 0"+ ...+ A,b"%| —uednoe
HEOTpPHUATEJbHOE, OTJIHYHOE OT HYJS YHCJAO, T. €. UHCJIO, Goabliee

uau pasHoe 1, TO:
7 (5)

CpasHuBas HepabeHcTBa (8) H (9), mosyuaem:

2 nony-
g+ momys

é—l o — ==

= 9)

1 a 1
7,“—7; =g
TaK 4YTO H B 3TOM CJlyyae HMeeM:
a c
la—? 2;,7.
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Koneuro, 3aMeHHB ¢ HEMHOI'O MeHbllleli BeJJHUMHON, MOXHO B BH-
paxeHHH (6) BMeCTO 3HaKa >> HamHcaTb 3HAK >>.
Mpumep. Ilycts D —HekBagpaTHOe nenoe uucao. Hafita ¢ >0,

2 umeno 6bl MecTo He-

TaKoe, YTO Iy BCEX pPanHOHaJBbHBIX YHCEJ B

paBeHCTBO
VD¢

1'D —kopens muorounena x*—D. Jlens x*—D Ha g_c_——l/ﬁ, Ha-
XOJUM: g(£)=x+VD. IMpu @—6<x<VD+§ HMeeM
[g(x)|<2VD+6, T. e. M=2VD-+8. B kauecrBe ¢ OepeM
min(

c
=5

SV 6), H‘pH STOM BHITONHEH BCero B3ATb 8 Tak, uTO
0=—r— &2 Dé—1= . e 8=—VD 1.
2VD+6’6+2VD 1=0, 1. e VD+VD+

Tlpu rakom & noaysaem ¢=VD-+1—) D, Tak uT0 npu mMOGHX
IeJbIX a U b uMeeM:

=y a
VD—¢
Teopema JIMyBHJNA nNOKasplBaeT, YTO TNPUOIUKEHHe JH060r0
a
anre6pautecKoro YHCJa CTeNeHH 1 PalkOHabHEIMU APOGSMH - OTpa-

>VD+;2—VD ‘

o 1
HUYE€HO CHH3Y BeJIHUYHHOH NOpAAKa e B YacCTHOCTH, AJid KBajparTu-

1
[
MoxHo mnokasaTb, Y4TO, KpOMe KBaJpaTHUYeCKHX HppalHoHaJb-
HOCTeHl, HMEIOTCS H APYTrHe HPpalHOHAJbHOCTH, AJsT KOTOPHIX NOP AJI0K
NpHOJHXKEHHS PALHOHAJbHEIME APOOSIMH OTpaHHYEH CHH3Y BeJHYHHOMH

YeCKHX praH.HOHaJ'IbHOCTeﬁ HMeeM 3JeChb BEJHUYHHY mnopsjika

nopsjKa bl—, .

Teopema 271. Ecau ece saemenmot pasioscenus o 8 yennyto dpobe
cepanudensl, mo 0ii o MoacHo nodobpame ¢ >0 mak, 4mo 0ax

o o a
a000t payuoHaserol Opobu vy 6ydem umemv Mecmo HepaseHcmigo

]a—-‘;- >5 (10)

HokxasarenscTBo. Ilycte a=a0+ﬂa1+—”a2+.. . H cylle-
cTByeT M, Takoe, uTo a,<<M npu Bcex n=0, 1, 2, ...

a
BoabMeM NpPOH3BOJLHYIO APOGH 5 ¥ TYCTb b 3aK/MIOUEHO MeXJIY

JByMS 3HaMeHaTeJSIMH COCEIHHX TOAXONAMHX Jpobeil, Tak uTo
Qo1 <<b<< Q,(s=1), Torga, nocKoNbKY nojxoasmue Apoby sapjs-
I0TCAl HaWJYYIIHMH NpUHOJHKeHHAMH (Teopema 251), uMeem:

.

o= ]=]=-a
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[Moasaysacs Teopemamu 59°, 63’ u 243, uaxomum:
Qs= Qs—las+ Qs;z <b (M +1),
Qs+1=Qsas+1+ Qs—lgb(M‘i‘ 1)M+b=b(M2+M+l):
1 i
TG @ F ) S B MED (M2 1)

-

TaK 4YTO
1
(M1 (ME2M 1 2)°

T. @. HepaBeHcTBO (10) cnpaBefiuBO INpH ¢ =

> m

2
b

1
(M) (M2 2M +2) -
Teopema 272. Ecau snemenmel pasnoxceHus o 8 yenuyrno 0pods
Heo2panudenHnst, mo 04aa amoboeo ¢ >0 cywecmsyem 6eckonewroe

MHOMCECMB0 PAYUOHAAbHBLX Opobed %

<z (11)

, maxkux, 4mo

-3
b

Ilokaszarteasctso. [Iycrs a=a0+ﬂa1+ﬂa,+ ... Bo3bMeMm
npousposabHoe ¢>0. [To ycioBHiO cyumiecTByeT 6eCKOHEYHOE MHO-

KeCTBO §, TAKHX, UTO &g, >>--. Jlaf kaxjoi noaxojsumed# 1poGu

P 1
Q—‘ C HOMEDOM §, TaKHM, YTO d,,;>>_, CO[IaCHO Teopeme 241
s

6yreM HMeTb:
P, l 1 1 1 ¢

{ “—6; < Qst+1== Qs (Qss 41+ Qs-1) = Qlagyy <6€ ’

YTO JOKAa3bIBa€T CyLEeCTBOBaHHE GeCKOHEYHOTO MHOXKecTBa Jpobefl
%, yIOBJIETBOPSAIOUHX HepaBeHCTBY (11).

Teopemul 271 u 272 nokaselBalOT, UTO CYIIECTBOBAHHE MOJOXKH-
TeJIbHOTO €, TAKOro, YTO AJs J1oOO# APOOH BBIUIONHSETCS HepaBeu-
ctBO (10), ecTh HEOGXOAMMOE U JOCTATOYHOE YCJIOBHE OI PAHHYEHHOCTH
3J1IeMEeHTOB Pa3J/IokKeHHS & B UenHywo ApoSb. B TeopeMe 271 nokasana
HeOGXOAUMOCTh 3TOrO ycjoBus, K3 rteopemnl 272 crmepyer, 4TO 3T
ycJI0BHE JOCTaTOYHO. JIeACTBUTENIbHO, €C/H cyuecTByer ¢ >0, TaKoe,

o a
yto A5 Jiobol apoSu 5 BHITOJIHACTCA HEPaBEHCTBO (10), 10 no

Teopeme 272 3JEMEHTH Pa3/IOXKEHHA & B LENHYI0 Jpo0b HE MOTYT
GbITh HEOT pAHUYEHHEBIMH.
B 1908 r. HopBexcKuit MaTeMaTHK Akcenb Tys Jiokasana Teopemy,

Jalouiylo ropasjo 6ojee TOUHYIO, 4eM B Teopeme JIMYBHJJIA, OLEHKY

a
CHH3Y Da3HOCTH Ia———, . JanbHeiimine peaysbTaThl B 3TOM Halpag-

b
JeHHH Obimd noayueHw 3ureneM, JuconoM, Tenbponmom, Ilnei-
nepom, Hau6oJee Tounasi oueHka Oblja nmosyueHa B 1955 r. auraui-
CKMM MareMmatHkoM PortoM. Mnl npuBoguM Ge3 J0Ka3atesbCcTBa
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NOJYYeHHYIO HM TeopeMy. DTy TeopeMmy, HMelOmYi0o O9eHb Goabiioe
SHayeHHe B TEOPHH YHCeJ, NPHHATO Ha3uBaTh TeopeMolt Tys—3u-
rens — Pora.

Teopema 273 (Tys—3urean —Por). ITycme a—aazebpauteckoe
wucao cmeneru n==2; mozda npu robom e >0 cyuecmsyem morbKO

KOKeuHoe 4ucA0 DAYUOHAAbHOLX Opobeil -:— , MaKux, 4mo
a 1
I o — —5‘, < pIFE-

U3 sTOit TeopeMbl BHITEKaeT, YTO AadA JioGoro aarefpaHueckoro
YHCsIa @ CTENEHH 1 == 2 H NPOH3BOJBHOTO MOJOXKHTENLHOTO & MOXKHO

nono6patsb ¢ >0 TaK, uTo /14 J0G0H pauHoHaNbHOH APOOH i;— 6yner

HMeTb MeCTO HepaBeHCTBO
a
7
HOnsa anre6pauyecKHX 4HCeN cTeneHH, GoJabmelf uem 2, sTOT pe-
8yJIbTaT 3HAUHTENBHO YJyumaeT TeopeMy JIuyeuansa. ITpp n=2
TeopeMa JIHyBHJJIA, OLHAKO, AaeT 6ojee TOuHBIH peayibrat. ITosb-
3ysch TeopeMoii Tys — 3urens — PoTa, MO%HO K0Ka3aTh CJAELYIOIYIO
HHTEPECHYIO TeOPeMY TEODHH HeONpeAeJIEHHbIX YpaBHEHHH.
Teopema 274. Ecau f[(2)= Ay2"4- A 2"+ ...+4 A,—nenpu-
800uUMbLl HAO noAeM PAYUOHAALHLIX HUCEL MHO204AEH C YerblMu
Koaghpuyuenmamu cmenenu nz=3, mo npu aobom uyesom B=z=£0
ypasHerue

c

=Py

|a—

Ax"4+Ax""y+ ...+ Ay =8 (12)
He Movicemn umemo GeCKOHEUH020 MHOMECMAa peuieriLil 8 yerolx 4ucaax.
HDokazareabcrtBo. Ilycts @, a4, ..., @, —KOPHH MHOTO-

uneHa f(z), 1. e. f(2)=A,(z2—0,;)...(z—a,). ITockoabky f(2)
HEIIDHBOAMM, BCE ero KODHH pas/jHYHE, T. €. cymecrByer 6 >0,
TaKoe, uto |o;—a;|>>06 npu Bcex i=%j. IIpeacraBUM MHOrouJieH,
CTOAIUA B JIeBOH yYacTH ypaBHeHHsa (12), B Buie

A+ Ayt Ayt =y (2) =
= A" (%——al).. .(-g———a,,). 7 (13)

ITpeanmonoxuM, yTOo ypasHeHHe (12) mMeeT MecTO IpH HEKOTOPHIX
i

neabix x H y >0, TaKHX, 4TO y>% ]/]'TBI]'; TOTJa H3 YypaBHe-

0

nuit (12) n (13) nonyuaem:
2 ag—=2]e. . e, =)=l 1BL
Ial yl '% 7l a, yl 7 TAl " ’(14)
Cpenu MHoxuTedefi JeBofi uyacTH (14) mo kpafiHeh Mepe ORHH

: 1 B
He MpeBOCXORHT —- ]/- 1, 4 II , WHaue jleBas dacth Obiia 6w GoJbile
(]
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-npasoft. MsMeHHB HyMepauHIO, Mbl MOXeM CUHTaTh, YTO TAKHM MHO-
X
Knrtenem Oyger lal——y—l, T. €. 4TO

l B B
|a—5l<y V 1hr <
Torma nmpu {==2, ..., n uMeeM:
'“i—%l=l(°‘i“‘“l)+(°‘1_§)’Zlai—%,"‘
8
2
~—H, 10Jib3ysicb paBeHcTBOM (l14), noayuaeM:

_x(_ LBl 1 LB 2y
=5 |= 14 ez <viar-\s) -

o

T. €.

rmge

O

6 Aol *
IMockonbky Muorousen (12) HenpHBOAMM Hal MOJieM pallHOHAJb-
HBIX 4YHCeJ, CTeneHb o, He MeHbilie 2. CymecTBOBaHHE CKOJb YTrOAHO

X
GOJIbIIKHX LeJIbIX YHCEN i, TAKHX, YTO HECOKpaTHMas ApoGb ~ YBoBaer-
BopsieT HepaseHcTBY (15), mporuBopeuut TeopeMe Tys — 3urens —
1
Pora, Tak Kak npu y=y, n=3, 0<<e<<l umeem

4
?< pREak

Takum o6pasoM, B mapax Hesabix umcea X, y, rjae y >0, ygoBaer-
BODPAIOMX YypaBHeHHIo (12), sHaueHUA y OrpaHHYeHB, T. €. YHCJIO
TaKHX y KOHEUHO.

Jdas KaKIOro y YHCJO BO3MOXKHBIX 3HAaYeHHH X He IPEBOCXO-
JUT 7, T. €. UHCJO TAKHX Map KOHEUHO.

Kaxaofi nape ueasix uucea x u y, vae y<< 0, yIOoBIeTBOPAIOMHX
ypaBHenuto (10), cooTBercTByeT napa x, —y (rae—y >0), apasio-
mascA pelleHHeM ypaBHEHHSA

A" — A"y ... 4+ (—1)*"A,y"=B.

Takux nap Takke MoXeT ObITb TOJIbKO KOHEUHOE UHCJI0. Mbi
JoKasanu, TakuM o06pasoM, 4To TeopeMy 274 MOMHO pacCMaTpHBAaTb
KaK cJjeicTBHe Teopembl Tys— 3urens — Pora.

Teopema Ty>—3urens —Pora sBasercs oxHHM H3 HaHOosee
I1y6OKHX pe3yJbTaTOB TEOPHH aareGpaHuecKHX YHCEJ.

IMockonbKy (Teopema 242) ans mo6oit MpPAIHOHAJNBHOCTH &

a
CyILIEeCTBYeT 6ecKoHeyHOe MHOXKEeCTBO pallHOHAJDbHBIX HHCEJ s TaKHX,
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9TOo la—%|<—bl—, , TO pe3yabTaT TeopeMi Ty3>— 3urens — Pora

gis depes -l%; OJIHAKO
He HCKJIIOUEHA BO3MOXKHOCTb TOT'O, UTO JIst JiIoGoro aJre6panueckoro o
0pH JOCTaTOUHO MajioM ¢ >0 u —Z—:;éa BCerja BHINOJIHSETCA Hepa-
BEHCTBO

HeJb3s1 yAydYllNTb, 3aMCHHUB B npaBoﬁ HacTH

a 4
‘ I“—7|>b—z-

CornacHo Teopeme 272 orciofa cjefoBania Obl OrpaHHYEHHOCTb
5JIEMEHTOB PasjioXKeHHA B HeNnHyio ApoOb JobGoro ajare6paHyeckoro
HpPpallHOHAJLHOTO YHCJIA.

BMecTe ¢ TeM HEKOTOpbie MaTeMAaTHKH CYHTAIOT 6oJjiee BEPOSTHBIM,
9TO 3TO HeBepHO, T. €. INpeArnoJaralT cyluecTBoBaHHe ajrebpau-
YeCKHX YHCeJ, Y KOTOPHIX SJeMeHThl Pa3jIoXeHHS B LenHylo Apolb
HeorpaHuuyeHHbl. He HCKJ/IOUeHa BO3MOXHOCTB TOTO, YTO, Kpome
KBaJipaTHUeCKHX HppalHOHAJbHOCTEH, HEe CYlIlecTByeT ajrebpanye-
CKHX HPPAalHOHAJIbHBIX YHCEeJ C OTPaHHYEHHBIMH 3JeMeHTaMH.

XapakTep pasyoxeHH#H ajare6paHuyecKHX 4uceJ cTeneHH, GoJbluel
yeM 2, TakuM 06pasom, COBEPILIEHHO HEH3BECTEH. Jo cux mop He-
M3BECTHO Pas3JioXeHHe XOTSl Obl OJHOTO anreépanqecxoro YypucJa cre-
neHW n>>2 B LeNHy Apo6b. Buiio 6b OueHb MHTEPECHO, eCJIH Obl
yAanock TOJY4YHTh PasJioXeHHe B LENHYIO Jpobb XOTs Gbl OJHOH H3

NpoCTeHINHX MppAHOHANBHOCTE 3-# cTemenn, Hanpumep 3/ 2, HaH
no KpaiHell Mepe BHIAICHHTb, OTPaHHYeHEH! JIM 3JEMEHTHL ITOro pas-
JIOXKEHH .

TITABA 30
TPAHCUEHJIEHTHBLIE YHCJIA

1. TPAHCUEHAEHTHBIE YHUCJA JUYBHJLIA

B npenbinyme#i rnaBe MEI pacCMaTpHBaJM HHCJA, SIBJASIONIHECS
KODHSIMH YpaBHeHHH ¢ LeJuIMH Ko3bpduuueHTaMu. McuepnriBaoT sin
TaKHe YHCJa BCe MHOXECTBO JeHCTBUTENbHBIX YHCEJ HJIH XKe CYLIeCT-
BYIOT JeHCTBHTe/IbHEIE HHCJA, OTJAUYHBIE OT ajre6panueckux? OcHOB-
HHIE TEOPEeMbl TEOPHH MHOXECTB MPHUBOAAT HAC K BHIBOLY, YTO MHO-
JKecTBO aJjrefpaHyecKHX YHCeJ CUETHO, a OTCIOfA YXKe HemoCpejcT-
BEHHO CJefyeT CYIleCTBOBAHHE JeHCTBHTEJILHHIX HeaJrefpaHuecKuX
quces.

Teopema 275. Mroscecmseo ecex arzeGpautecKux Hucer CHemwo,

IokasaTenbcTBo. PaccMoTpum cHayasna MHOXKecTBO M, Bcex
anre6panuecKHX uHces CTENEeHH n. : :
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- KaxkaoMy HenpHBOJMMOMY MHOTOWIEHY ¢ HeJbIMH Kodhduuuen-
TaMH
[(x)=ax"+a;x"" 1+ ... +a,

conoctaBuM uuciao H=|a,|+|ay|+ ... +]a,]|.

OueBHJHO, YTO CYIIECTBYET TOJbKO KOHEUHOE YHCJO TAKHX MHO-
ro4/IeHOB C 3aJlaHHBIM 3HaueHHeM H, a cJeJoBaTeJbHO, NOCKOJBbKY
KaXIbld TakoH MHOrOUYJEH HMeeT He OCOJibIle YeM n KOpHed, Cy-
IIECTBYET TOJNBKO KOHEYHOe YHCJIO anreCpaudecKHX UHCEJ C 3afaH-
HBIM 3HaAueHWeM BEJMUHMHB [ IS COOTBETCTBYIOLIEr0 MHOTOYJIEHA.

Ilpunasas H 3unawenus 1,2, 3, ... H paccMaTpuBasi BCE COOT-
BETCTBYIOILHe HellpUBOAHUMBIE HAJ MOJIEM PAllHOHAJBHBIX YHCEJ] MHOTO-
yjJeHbl M HX KODHH, ToJjydaeM MHoxXecTBo M, anreGpamueckux
4pceJ CTEHEHW f NpeliCTaBJeHHBIM B BHIE CYMMBI CUETHOIO MHO-
XKeCTBA KOHEUHBIX MHOMKeCTB, T. €. M, — CUeTHOE MHOMKECTBO.

MroxectBo M Bcex anrebpanyeckux uucen pasHo M,+M, +
+ Mz+..., T. e., ABASSICE CYMMOH CUYETHOTO MHOKECTBA CUETHHIX

MHOXecTB M, TaKxe npeiacTaBisieT coCOff CYETHOE MHOMKECTBO.
| Teopema 276. Cywecmsyrom Odeticmeumensrsie Heaszebpauteckue
qucaa,

HoxaszartenbcTBo. MHOXKeCTBO geficTBUTENBHBIX YHCeNa He-
cueTHo. B 3TOM MHOXecTBe JeHCTBHTENbHBbE ajreOpanyecKue YHCJA
COTJIACHO mocjelHell TeopeMe OOpa3yiOT CUeTHOE MOIMHOMKECTBO,
a ClleloBaTejIbHO, He MCUEPNBIBAIOT BCE MHOMKECTBO JACHCTBHTENIBHBIX
YHCeJI.

Ounpenenenne 76. Jwboe Heanrzebpauteckoe 4uca0 Hasvleaemca
MpancyeHGeR MHHLM.

Takum o6pasoM, o Ha3biBaeTCH TPAHCHUCHAEHTHHEIM YHCJIOM, €CJIH
He CYLIEeCTBYeT HH OXHOTO MHOTOWJIEHa ¢ LieJBIMH KoadwpuuHeHTaMH,

KOpPHEM KOTOPOro sIBJSIeTCS o, T. €. eCJH Mg Bcex n=1,2, ... npu
JAI000M KOMIJIEKCe I1eJIbIX, HE PaBHBIX OJHOBPEMEHHO HYJIO YHCEN
((cos C1y « -5 C)) MMeeM: "¢ 2" T4 ...+, =0,

U3 pokasaresbcrBa TeopeMel 276 BHIHO, YTO MHOXKECTBO Jeii-
CTBUTEJIbHBIX TPAHCUEHJEHTHHIX YHCEJ MOJydaeTcsl HCKJIOYEeHHEM H3
MHOXECTBA BCeX [eHCTBHTEJBHBIX UYHCEJ, HMEIOIIEr0 MOIIHOCTB
KOHTHHYYM, CYETHOTO MHOXECTBA; 3TO OOLIYHO BBLIPAXKAIOT, rOBOPH,
YTO MOYTH Bce JEHCTBUTEJIHBIE YHC/1A TPAHCIEHIAECHTHSHI.

U3 Teopemer 269 caexyer, 4to CcymMma, pasHOCTb, IPOH3BEICHHE
H 4acTHoe JBYX HEPaBHBIX HYJIIO YHCEJ, U3 KOTOPEIX OJHO TpaHC-
LEeHJEHTHOE, a Jpyroe—aJjrebpanueckoe, ABJISETCA TPAHCUEHICHTHBIM
Y¥CJOM. B 4YaCTHOCTHM, TPAHCUCHICHTHHIMHM HYHCJaAMM SBJSIOTCS
KOMIIJIGKCHbIE yKcaa BHJA ¢ -+ fBi, rae o — AeHCTBUTENLHOE TPAHCLEH-
JeHTHoe, a P — jgeficTBUTeNbHOEe asnrebpanueckoe umcso. Bompocet
CYLIECTBOBAHUS TPAHCIEHJEHTHBIX 4YHCeJ BO3HMKJIM BOEPBEIE B pa-
6otax Jfinepa. Paccyxzienus, NpuBeleHHble B Teopemax 275 u 276,
MOKa3bIBAOILHE ~CYIeCTBOBaHHEe TPAHCHEHJEHTHBIX 4YHCeJ, NPHHaA-
nexar HeMmenkoMmy marematuky I'. Kanrtopy. ‘
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Breperie cymecTBoBaHHE TPAHCUEHAEHTHHIX YHCea GHJIO YCTaHOB-
JeHo JluyBuiseM. Jloka3aTeJbCTBO CYIIECTBOBAHHSI TPaHCUEHIEHT-
HBIX yHces Y JInyBHs sdxpeKTHBHO; Ha OCHOBe CJeAYIOHIeH TeOpeMHI,
ABSAOWENCS HENOCPEACTBEHHHM CieICTBHeM TeopeMul 270, crposTcst
KOHKpDETHBle NpHMEpH TPAHCUEHJEHTHHIX YHCeJ.

Teopema 277. [Tycmo o.— Oelicmsumenbroe wucao. Ecau 043 aoboeo
Hamypaasho2o n=1 u mobozo Oeilcmsumenvrozo ¢ >0 cyuiecmayem

xomsa 6ot 00HA payuorarvHas 0pobe —Z— R (-‘;— #a) , makas, 4mo

a8
b

¢

Mo Q— MPAKCYeHOEHMHKOE 4UCAO.
JdokasatenbcTBo. Ecan 6m @ 6bl10 anre6paHyeckHM, TO
Hamauch Gbl (TeopeMa 270) Iiesioe MOJIOMKHTENBHOE 1 H JeHCTBHTENb-

o a a c
Hoe ¢ >0, Takue, uT0 Ans1 J060# mpoGU 5 (8138 0) 6blla—-3-l>ﬁ )
8 3TO INpPOTHBOPEYHT TOMY, YTO COIJIaCHO YCJOBHIO TEOpPeMbl IJIs

a
STHX 1 H C cyuecTByer ApoGb 7 TaKasm, uTO HMeeT MECTO (1).

ITpeanonoxenue, yto a— anare6panueckoe, NPUBENO HAc K MPOTHBO-
peuHio, caenoBaTeJIbHO, o — HeaJire6panyeckoe, T. €. TPaHCIEHAEHT-
HOe, 4YHCJIO.

Yucna «, Ans KOTOPHIX NpH JMoGwx n==1 u ¢> 0 HepaBeHCTBO
(1) umeer peiueHHe B HeJBIX YHCJAX @ W b, HAa3bIBAIOTCHA TPAHCIIEH-
JEHTHBIMH 4HCAaMH JIHyBHJNSA.

Mpumep. a=TéT,+m§T+I-OL—!+ ...=0,1100010 ...—TpaHc-

LHEHACHTHOE YHCJIO.
HoxasareabcTso. BosbmeM NPOH3BOJIbHBIE JefiCTBHTEJbHEIE

1 1 1
n=1uc>0. BosbMema=10# (m+l—(ﬁ+"'+ W)’b=10kl'

rjae k£ BHOGpaHO HACTOJbKO GOgbluuM, uro 10# 2% u k= n; Torza
a 1 1 1 1 )
J“—le'lof““'ﬂow“ﬁ"'<W(l tgtEt )=

2 1 1
107 10FE =CF

TTocKonbKy Jjsst TPOH3BOJNIBHHIX #>>1 H ¢ >0 MOXHO HaliTH
a a <
ApoGb - TaKylo, 4To la——? I< pa~» TO & — TPaHCIleH IeHTHO® YHCJIO.

Ecnu BMecto TeopeMbl JIMyBHJISA BOCHOJB30BaTHCA PE3YJILTATOM
Pora (TeopeMa 273), To TeopeMy 277 MOXKHO CYLIECTBEHHO YCHJIHTD
H JaTb B CJeAYyIOLEM BHJE.

~ Teopema 277'. Ilycme o — dedcmeumensnoe wucao. Ecay 042
Hexomopozo &e>0 u mobozo c¢>0 cywecmsyem payuorasbROE
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Qucao —‘b'—(,%;é a), maxoe, umo

a c
| o= 5| <
mo o — mpancyeHoeHmHoe HUCAC.
HokxasateabcTBo. Ecam Gu o Gbuto anreépanqecxnm cre-
NMeHH n=2, TO npu Jio6oM e > 0 Hamjgoch 6n ¢>0 Takoe, 4TO
Jns no6oii Apo6H — 5le10 6bl Ia——b—‘> e (TeopeMa (273), a

9TO NPOTHBOPEUHT yc.noamo TeOpeMHI.
CornacHo TeopeMe 70 o He MOXeT GHTb H aare6panueckHM 1-it
CTEeNeHH, TaK KaK Torjga MMesaocb Gbl ¢>>0, Takoe 4to Jad J0GOH

Jpo6H 2~ BHIIOJHANOCH HEPABEHCTBO
b

|a=5 |=§ =5 -
Takum o6pasoMm, o — TpAHCUEHJACHTHOE UYHUCJIO.
ITpumenp. nOJIbSYHCb TeopeMoil 277', RokasaTb TPaHCIEHJAEHT-
(=n"
23"

HOCTb UHCJA O == Z

n=1

1
BosbMeM &= 1 npoussosabHoe ¢ > 0. Buibpas b=—-,
2 23k
3k -—1)
a=2 ( —it +( )
0.8.8% 1
rxe k HactogbKo GoJbluoe, 4yro 2% >, HMeeM:

k
a 1 1 c.20:8°3 ¢
=% TR 2sk+2+"'< T BT e

TdK YTO @ — TPAHCUCHICHTHOE UHCJIO.

2. TPAHCUEHJAEHTHOCTb YHCJIA e. COBPEMEHHOE COCTOSIHWE
BOINPOCA 0 TPAHCUEHAEHTHBIX YHCIIAX

Teopema JluyBuans, naBag BO3MOMHOCTb CTPOHTb TPaHCLEH-
JIeHTHbIE YHCJIA ONpeJeseHHOH NPHPOJb, HA3BAHHbIE HAMH YHCJAMH
JIuyBHAIA, He Jaer, OJHAKO, BO3MOMKHOCTH ONPEIEJHTh, ABJSIOTCSH
JH anre6paHYeCKHMH HJIH TPAHCUEHACHTHHIMH pPasJIHYHbIE IIOCTOSH-
Hble, C KOTODHIMH MBI OCOOEHHO 4acCTO BCTpeuaeMcs B MaTeMaTHUec-
KHX BBIYHCJIEHHAX H HCCJIEAOBAHHAX.

B uyacTHOCTH, aTa TeopeMa OKasaJjlach HEJROCTATOMHOH AJis JAOKa-
3aTeJIbCTBA TPAHCUECHIAEHTHOCTH YHCJA &—OCHOBAaHHI CHCTEMHl Ha-
TypaJabHHX Jorapu$moB. TpaHcmeHZeHTHoCTh e Oblla J0KasaHa
ToJIbko B 1873 r. ¢pannysckuM MateMaTukoM [II. Dpmurom.
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Teopema 278. Yucao e mpancyendenmno.
HokaszateanctBo. IlpeanosoxuM, uro e —KopeHb MHOrO-
wieHa ¢ LeJbIMH KO3(hdHIHEHTAMH Cy, €y, .., C,, TaK YTO

Cotcet+ ...+ e =0. . @)

O6o3nayum uyepes M Hau6GoJBIIYIO M3 a6COMIOTHHIX BeJIHUHH KO3d)-

GuuHenTOB ¢, Tak uto mpu Bcex s=0,I, ..., n umeeMm |¢|<< M.
(n+1)y
[Npu 3ananHOM n QyHKUHS (=TT "PH YBEHUEHHH Y CTPEMHTCH

K HYJIO H, IIOCKOJIbKY CYINECTBYIOT CKOJIb yTOJZHO 6oapuIne [IpocThie
qucJa, Mbl MOXKEM BbIGPaTb fipocToe 4YHCJIO p Tak, 4TO 6YIlYT
OAHOBPEMEHHO BBINMOJMHATHCA YCJIOBI/[H‘

pp (n+1)

=0T <2M(n+l)e » P>co| u p>n.

Pacemorpum dyukumio crenenn (n41)p—1

F0) = (= 1P (6 =2 ... (x—n).

Hurterpupysa no 4acrsam, HaxoJuM:

§e=tf (tydt = —F (0) +e7F0) + §e™~'f () dt =

=—( &) +F (@) +e (FO+F (0) + e F (ydt= ...

IlpojonxkuM 3TOT mpouecc, NoKa He XOHAEM JAO IPOH3BOJHOMN
nopsgka (n-+1)p, paBHOI TOXAECTBEHHO HYJIIO; NOJYYHM:

{11ty dt = —F (9 +¢F 0), 3)

rae F(x)=fx)+f (x)+F (¥)+ ... (mo upousBogHO#t mOpAAKa
np+p—1).

Toncrasnss B (3) BMECTO X YHCJIO S ¥ yMHOKaA Ha G, (0<<s<Tn),
HMeeM:

e,F (s)+c, S eS~f (t) dt = c£°F (0). (4)
]

Tipuzasas s snaveuusO,l, ..., n, CKJaxbiBasi IpH TAKHX S PaBeH-
cTBa (4) ¥ nmpuHHMas Bo BHUMaHHe, 4TO BBHAY TOXJecCTBa (2) npaBas
HacTh 110JydaeTcss PaBHOH HYJO, HAXOXHM:

n 8
&F O +eF () 4. +e,F () + X o [ f(t)dt=0. ()
. §=0

®
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Pasnoxenue [ (x) mo cremeHsiM x uMeeT BHA:
F() =T (At AP+ ), (6)
rge A,_y, A, ...—leane gncna. ITonyuaem:

O = 0)y=...=[P"2(0)=0, a f‘p"’(0)=Ap—1=
=(—1)"r.17.27
eCTb lleJIoe YHCJO, KOTOpOoe, nocxo.nbxy p mupoctoe u n<<p, He
neautca Ha p; [P (0) ferv (0), ..., KaK Jerko Bujetsb u3 (6), —ue-
Jple yucnaa, JeJsduiHecs Ha p.

F(O)—f‘f’ V()4 f» (0)-{-f‘f’+1’(0)+ . npexcrasaser co6oi
CyMMy peJoro uucaa f%®~V(0), He mensmerocss Ha p, U IPYrux
LeJILIX YHCeJ, KpaTHHX p, Tak 4o p { F (0). [Tockompky p>|¢y],
TO 6yner Takxke p 4 c,F (0).

Pasnoxenne f(x) no crenenaMm x—£k&,rpe l << k<< n, umeeT BHL:

f(x)=—(—’7?_-l—)T(Bk,P(x-—k)p+Bk p+1(x—k)p+1+...), (7)

rie Bce Koappuuuentsl B, ., By, .41, ... —leJbE YHCIA,
Nuddbepennupys  (7), Herko BHAETb, YTO MNpH BCEX TAKHX &
F(RYy=[fFR)+F (B)+ ... —uenoe uucio, pensieecs Ha p.

B cymwme
R=c¢c, F(O)+c,F (1) +...+c,F(n)

NepBoe cJjaraeMoe He JeJHTCA Ha p, a BCe OCTaJbHbE cJaraeMble
feNATCA Ha p, TaK 4TO R —Illejioe yuCiIo, He JeJisnleecs Ha p, H,
TaKHM 06pa3oM, OTJIHYHO OT HYJA.

Ilesioe umcii0, OTMHYHOE OT HYJISA, MMeeT MOZYJb, Gobmmil mH
paBHbill enuHHLe (TeopeMa 1X), Tak uro |R|=1.

OuennMm tenepb BesqHuuHYy | R|cBepxy. CorjiacHo ()

IRI=1 e, fefyat].

Bo Bcex wuHTerpanax, BXoJAmMHX B R, BeqnunHa { nmpoberaer
3HaueHHd, He BLHIXOASAILIME 3a npefennl cermenra [0; n], a npu Ta-
Kux t cnpanen.nuno HepaBeHCTBO:

nP=1pnp

lf(t)l'— 1)!|(t l)p(t_2)p (t'—fl) ’< 1),1
Tak 4yro npu Bcex s=0,1, ,.., n uMeem (Teopema XX):
(n+vp
{g “‘f(t)dt]<e“—-—" 7
0
n‘ 0P
D17
YTO TPOTHBOPEYMT INOJNYYEHHOMY paHee HepaBeHCTBY |[R|=>1.
275
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Ipeanonoxenue, uTo e-— aare6paHuecKkoe YHUCNO, HPHBENAO HaC K
NPOTHBOPEUHIO; CJeJIoBaTe/IbHO, @ — HeaJre6pandeckoe, T. €. TpaHC-
HeHJeHTHOe, YHCJIO.

PassuBast MeTox Dpmuta, B 1882 r.Jlunneman nokasan teopemy,
YCTaHaBJHMBAOMLYI0 TPAHCLEHIEHTHOCTb JI0OBOJIbHO OGIUHPHOIO KJacca
ydcea. Mbl npHuBezeM 3Ty TeopeMy 6e3 JoKasaTesJbCTBa, TaK Kak
OHO JIEXXHT B TOM e Kpyre HjeH, UTO H JJ0Ka3aTeJbCTBO TPAHCIEH-
JEHTHOCTH YHCJA e, CYIEeCTBEHHO HCIOJb3Ysl, OXHAKO, psifi CBOHCTB
MHOMKeCTBa ajre6paHuecKux 4uced.

Teopema 279 (Jlungeman). Ecau Aes+ A+ ...+ A,e’n=0,
ede A,, A, ..., A,—asrcebpaudeckue uucia, cpedu Komopolx xomsa
bt 00HO He paBHO HYMO, Oy, O, ..., G, NONAPHO PASAUHHEL U
Qy, ..., O, — aneebpaudeckue HucAa, mo o, — MpPaHcyerOeninnoe 4ucAo.

Teopema 279 o3nawaer, yro ecam o,, ..., &,—MNOMapHO pas-
JHYHbBle ajreGpandyeckue YHCJa, TO NPH JIOGbIX, He PABHBHIX OJIHO-
BpeMEHHO HYJI0, anre6pandyeckHX uncaax A,, ..., A, BepaxeHHe
A+ ...+ Age’n£0. OToT pe3yabTaT BbIPakKaioT, FOBOPs, YTO
e, ...,e"n NpH TakHX o,; JHHeHHO He3aBHCHMbl Haj noJeMm aJref-
paHYeCKHX yHCel.

N3 obumei TeopeMsl JInHAeMaHa, B YaCTHOCTH, BBITEKAIOT CJELYIO-
uye pesyasrtathl (TeopeMb 280 u 280°).

Teopema 280 (JlunmemaH). m— mpancyenOenmruoe wucio.

HeficTBuTenbHo, 2i— anre6panueckoe 4ucjao (KOpeHb YpaBHEHHS
x?4+4=0). Ecau 6u n Gunio aare6panueckum, To (Teopema 269)
ajarebpanueckuMm Obuio 661 H uHCI0 2mi.

HUsBectHo, uTo €2 =1=¢° T. e. €®—e?"* =0, a TOrjga COrJacHo
teopeme 279 (npu A,=1, A,= —1, a;=0, o,=2ai) uucao 0
6b1J10 6Bl TpaHCUEHAEHTHBIM. [1o/1yueHHOE NPOTHBOpeUHe NOKAa3hIBaeT,
YTO 5 TpPaHCUEHIEHTHO. ‘

Teopema 280°. ITpu awbom arzebpauueckoma (5~0) In & — mparc-
yeHOenmHnoe 4UCAO.

HefictBuTenbHo, ecau 6bl Inoa=p OpuT adre6paHuecKiM YHCJOM.
TO U3 ef=qa=0e’, ae®—e?=0 coraacuo Teopeme 291 cyenoBano 6ul,
uyro 0 Takxke TpaHCUeHIAeHTHoe. [loJydeHHOe npOTHBOpeuHe TnOKa-
SbIBAe€T, 4TO iN o TPaHCUEHJEeHTHOE HHCJIO.

Metox Spwmura—Jlungemana okxasajcs, OIHAKo, GeCCHJbHBIM
YCTAHOBHTb TPAaHCUEHJEHTHOCTb MHOTHX JPYTHX BEJHUYHH, 4YacTo
BCTPEYaIoIHXCsA B MaTeMaTHKe, TAKUX, HanpuMep, Kak 2V2 | log,3, €
U T. I

B mepuox ¢ 1882 mo 1929 r. Teopus TpaHCUEHJEHTHBIX 4YHceJ
MOYTH He JABHTasach Brepel. M3BecTHble MeToxnl OBIIM HCUepIaHB,
a HOBHIX NyTel IJA 10Ka3aTelbCTB TPAHCUEHIEHTHOCTH He OblJIO
BHJHO.

B 1929—1934 rr. coserckuit Matematuk A. O. I'enbdonz Bsen
B TeOpPHIO TPaHCHUEHJEHTHRIX WYHCeJ CYyIIecCTBEHHO HOBble METOAH,
MO3BOJHBIIHE €MY M JpYyrHM MareMaTHKaMm, paboTaBIIHM B 3TOM
HafnpaBJieHHH, YCTAHOBHTh TPAHCUEHJCHTHOCTb MHOTHX BeJHYUH,
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apudmerndecKast NPHpoja KOTOPBHIX MO 9Toro He OHJIA H3BECTHA,
B uacTHOCTH, 3THM MeToJoM Obljla ROKasaHa TPaHCUEHAEHTHOCTH
yKasanHBIX Bbile BeJuuuH 2V%, log, 3, € W MHOTHX JAPYTHX, O KO-
TOPHX A0 3TOre He GHJIO JaxKe HSBeCTHO, SIBJSIIOTCST JIH OHH pra-
HHOHAJIBHBIMH.

~O6masn TeopeMa, nokasanHaa A. O. I'enbpoHaoM (MBI npnaomm
ee Ge3 JIOKa3aTe/bCTBA), 3aKJIOYaeTCs B CJleAyIOIIeM.

Teopema 281 (I'enbdoun). Ecau o —anreebpaudeckoe 41ucao,
omauurnoe om 0 u 1, P--ascebpauteckoe uppayuorasbroe, mo
ad— mpancyenOenmnoe wucao.

droit TeopeMoil Gblna pewieHa SHaMeHHTasa nmpofsaeMa, MOCTaB-
JenHas T[uasGeproM eme B 1900 r. Ha MexayHapoiHOM Cbe3fe
MaTeMaTHKOB M CUMTaBHlasicss OJHOH H3 HauGojee TPYZHBIX Cpeld
uesioro psifa mpoGJieM, BBIIBHHYTHIX HM Ha 3ToM Ccbesje. HacTHHM

clyuaeM 5TOH TeopeMbl sIBJIAETCS TPAHCLEHIEHTHOCTb UHCeN al/
rie a>1 uenoe, a b nenoe, OTJIHYHOE OT n-H CTeNmeHH.

TpaHclleHAeHTHOCTb " TaK XK€ MOoJydyaeTcsl KaK YacTHhIA cayuad
TeopeMbl ['enboHna, Tak KaK B TeOPHH (GYHKIHH KOMIJEKCHOTO
nepeMeHHOro JoKaselBaercsl, uro € == (—1)~".

Kak mpocroe cjieACTBHe 5TOH e TeOpeMBl MOJYyuYaercs, 4To Jo-
rapupmbl panHOHAJBHBIX YHCeJ MNPH pallHOHaJbHHIX OCHOBAHHAX
CHCTeMB JIOrapu(MOB JHGO palHOHANbHbI, JHOO0 TpPaHCLUEHIEHTHHI,
T. €. He MOTYT OHITh anre6paHYeCKHMH HppauuoHaibHOCTAMH. Ilpo-
6sema omnpeeJieHuss apu(pMeTHYECKOH NPHpPOAb TaKUX uHcea Ohila
nocraBJjieHa enie JiijiepoM.

Pa6orn lenbdonaa W APYrHX MaTeMaTHKOB, Cpeid KOTOPHIX
MOXKHO B NEPBYIO ouepenb HaA3BaTb 3Hreds, Ma.rmepa, [Huefigepa,
HiugnoBckoro, B mochaefyiouide Trojbl CYIIECTBEHHO MNPOABHHYJIH
TEOPHIO TPAHCLUEHISHTHHIX YuceJ. BMecre ¢ TeM 0 MHOrMX BeJH-
YHHAX, YacTO BCTPEYalONIUXCS B MaTeMaTHKe, MBI JO CHX 0Op He
MOXEM CKasaTb, fABJAAIOTCS JAH OHM TPAHCUEHJEHTHHIMH HJH aJjreb-
pavueckuMH. Tak, HampHMep, NpejnoJaraior, YTo 3fiJepoBa Mocro-
saunass C, BBeJeHHas B 4-ii ryiaBe (Teopema 54), — TpaHCUeHAEHTHOE
yucao. Jokasars 3T0 Moka He YJajoch, H, Kak GbIJIO OTMeYeHO B 6-ii
rJapse, He ONpPOBEepPrHyTa Jaxe BO3MOXHOCTb TOro, yro C— panuo-
HaJibHOE YHCJO.

Hemopuueckue kommermapun k 30-it 2.a8e

1. TlpobseMEl, OTHOCALLHECS K TEOPHH TPAHCUEHIEHTHLIX YHCEJ,
BO3HHMKJIM BhepBhle B paborax Diijepa, CTaBHUBIUEr0, B YacTHOCTH,
3ajauyy JOKas3aTesbCTBA TPAHCUEHAEHTHOCTH HppAlHOHAJbHBIX SHa+
yennil Jorapupmuyeckot QyHKIHH.

Teopema 275, nokasulBaiomlasi, B YacTHOCTH, ' CYLIeCTBOBAaHHe
TPaHCUEHASHTHLIX YHcea, Obla faHa B paborax I'eopra Kanropa
(1845—1918).. :
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2. ®panuysckuii MateMatuk JlnyBuiaab (1809 —1882) wusBecten
CBOMMH paboTaMH Nno TeOpHH Au(xpepeHIHANBHbIX YPaBHEHHH, JJVIHI-
THUYECKHX (YHKUHMH W TEOPHH TPaHCUEHIEHTHHIX uHces. Bompockl cy-
IIeCTBOBAHHSA TpaHCUeHIEHTHBIX uyHceJ OBLIH paccMOTpeHHl JIHyBHJI-
JeM B paborax, ony6aukoBaHHbX B 1844 u 8 1851 rr. mo pa6or
Kauropa. Uncna JluyBHANA mnpomie OonpelefuTh Kak 4uc/Ia o, AJIS
KOTOpBEIX MpH .mo60M m=1 cymecTByeT 66CKOHEUHOe MHOXECTBO pa-

a 1
[HOHAJbHBIX YHCeJ b , TAKHX, YTO !o&——;,<b~,,,.ﬂerxosﬂnen,tno

35TO onpefeneHHe COBMNAjaeT ¢ TeM, Kakoe OBJIO JaHO Ha CTpa-
HHUe 272,

3. lI. Dpmur (1822 —1901)—¢ppannysckuiéi marematuxk, pabo-
TaBWHA B o6jiacTH TeopHH (pyHKUHH, ajrefpbl H TeOpPHH HHCeJ
(TpaHCUeHIeHTHBIE YHCJIA, KBaJApaTHYHBE (OPMEI).

4. Teopema Jlmmemaﬂa SIBJISIETCH YACTHBIM CJIyuaeM oOIUX TeopeM
ureas u Hlugnosckoro 06 anre6paHuecKoil He3aBHCHUMOCTH 3Haue-
HUA Tak Ha3blBaeMbIX E-pynkuuit npu ajre6pauvyecKHX 3HAUYEHHAX
aprymesra.

5. Teopema 281 ony6sukoBana A. O. [exantdonmom B 1934r. Ho
storo (B 1929 r.) Teopema Gbia MM JOKasaHa AJs 4YacTHOrO Cly-
yasd, Korja P—MHUMAas KBaJpaTHUecKasi HppanHOHAJIbHOCTb.

FJTABA 31
NPEACTABJIEHHE YHUCEJI KBAAPATUYHBIMH $#OPMAMH

1. OGmue cpoficTBa GMHAPHHIX KBaApaTHYHBIX opm

B 14-# raase MBI paccMaTpHBaJH HeonpelelleHHOe YypaBHEHHe
1-i1 cremenu: ax--by=c. 3agauya, mocraB/ieHHas TaM, 3aKJ/IO4aaach
B INpelcTaBJieHHH LeJOro 4ucja ¢ B BHIAe (OpMHl ax-+by, rie a
M b—3anaHHble, a X H Y — HEeH3BECTHBIE LieJible UHCIA.

B s10#i rsiaBe paccMOTpPUM BONPOC O NMpeACTaBJIEHHH LeJbIX YH-
cea B BHJe GOpMbl 2-H CTeneHH C ABYMsl HeM3BECTHBIMH, HJH, Kak
OOLIYHO TOBOPAT, GHHAPHOH KBaApaTHYHOH (OPMBI.

Onpenenenme 77. bunaproil xkeadpamu4noll opmoil Hassieaemcs
sbLpasicenue 8uda

ax®-+bxy -+cy?,

rie a, b, ¢ —Hexkomopele yeavie 4ucia.

Byaem a, b, ¢ HasblBaTb COOTBETCTBEHHO MEPBEIM, BTOPHIM H
TpeTbHUM Kos(hduuueHToM (OpMBI H sl KPAaTKOCTH Takyw ¢opmy
o6osHauaTb uepes {a, b, ¢}, Tak uTO

{a, b, c}=ax?+bxy-+cy>. (1)

INepemenHbM x, y OyfeM NpHIABaTh TOJBKO IeJible 3HAYEHHS.
®opma (1) npenacrabiseT cob6ofl (QYHKIHIO OT HBYX apryMeHTOB,
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Yy KoTopo#i B KaueCTBe MHOXKECTBA 3HAuUeHHH apryMeHToB Gepercs
KoJIblo LeJbix uuced. OcHOBHasi 3ajaua, KOTOPYHO MHl 3J€Cb CTa-
BHM, — OTbICKaHMe npelcTaBaenuft 3agansoro N B ¢opme (1), 7. e.
HaXOXJeHHe LEJbX X H Y, TaKHX, YTO

ax®+ bxy +cy® = N. 2

Onpenenenne 78. Coomnowerue (2) npu uyeavx x, y 6ydem
Hasvieams npedcmagrenuem wucsa N gopmoi {a, b, c}.

Onsi kaxaoi gopmel (1) 6yzneM paccMaTpHBaTh MHOXKECTBO LIEJIBIX
yHcen N, npejcraBUMbIX 3TOH (OpPMOH.

Onpenenenne 79. [ee gopmer {a, b, ¢} u {A, B, C} nasoiearomca
pasroimu, ecau a=A, b=B, ¢=C.

TakuM o6pasom, papeHCTBO ABYX (popM O3Ha4aeT TOXKIECTBEHHOE
PaBeHCTBO, H echaH fABe (opMBI paBHBI, TO OHH NPHHHUMAIOT OIHHA-
KOBBIE 3HAYeHHs I/ KamIOoi napsl 3HaueHHH x U y. Ecau B dopme (1)
nocJjie 3aaMensl X Ha ax’ +By’, a y Ha yx' + 6y, raec, B, v, 6 —nenle,
noayuaercss ¢opma Ax'?+ Bx'y’+Cy’?, To OyneM rOBOpPHTb, YTO
JuHelHasA NOJACTaHOBKA

p=ar by | 3)
y=yx'+8y
nepesogut dopmy {a, b, ¢} B dopmy {A, B, C}.

3ameny x u y B opme (1) ux BripaxkeHusMH H3 (3) OyleM Ha-
3blBaTh NPHMEHEHHEM JHHeHHOH moacranoBkd (3) k dopme (1).

HauHeM ¢ paccMOTpeHHsi HEKOTOpBHIX OGLIMX CBOHCTB OHMHapHBIX

KBaJZIpaTHYHBEIX (OpM.
Onpenenenne 80. Popmor {a, b, ¢} u {A, B, C} nasueaomes
SKBUBANEHMHbIMU, €CAU CYuleCmayem AUKeHas nodCmaroeKka

x=ax + By’ }
y=1yx"+ 8y’

¢ yervimu  Kosgpuyuenmamu o, P, y, 6 u onpedesumesem

ad—Py=1, nepesodawan {a, b, ¢} ¢ {A, B, C}, m. e. maxan, 4mo

ax® -+ bxy+cy*=Ax'*+Bx'y +cy'?. 4)

SDKBHBaJNeHTHOCTb ¢opM {a, b, c} n {A, B, C} GyjeM 3anHCHBaTh

B BHJE
{a, b, ¢} {A, B, C}.

JluHefinble moacTaHOBKH (3) ¢ ueanMH a, B, vy, & u onpenenu-
teneM ad—fy=1 Mn OyneM HasblBaThb YHMMOAYJASPHBIMH IIOJCTa-
HOBKAaMH H 0003HauaTb B COKPALIEHHOH 3alMCH 3HAKOM

5= ().
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Ha coornomennit (4) u (3) caemyer:
A=aa?+bay+cy?
B=2aaf + b (ad + py)+2cdy "
C=ap?®+bp6+cd?

Takum o6pasoM, dopmut {a, b, ¢} u {A, B, C} 3KkBHBaJEHTHH
TOTJa H TOJIBKO TOrja, KOrJa CYWeCTBYIOT Lejhle uMcaa a, f,y, S,
TaKHe, UTO HMeElOT MeCTO COOTHOmIeHH: (5).

Onpenenenne 81. Luckpumunanmom ¢opmer {a, b, ¢} Hasewsa-
emca qucao A =>5b%—4ac.

Teopema 282, Ixsusarenmuoie popmbr umerom 00un u mom e
QuckpumuHanm.

HoxasateanctBo. Ecmn {a, b, c}wn{A, B, C}, 10 cyume-
CTBYIOT HeJble &, B, y, 8, IpH KOTOpHIX COOTHOWIEHHsS (5) BepHHI.
Henocpencreennoe sbiuncieHue jaer

B?—4AC = (b®— 4ac) (ad —By)® = b —4dac.

Mo He Gynem paccmarpuBath GOpPM C IHCKpPHUMHHAHTOM A =0,

TaK KAK B 3TOM cJydae HMeeM:
4a (ax®+ bxy + cy?) = (2ax + by)?,

T, €. Iocje yMHOMEHUs Ha 4a Mbl [MoJydaeM KBaApaT JHHeHHOH
dopmsl.

Teopema 283. Ommnowenue sxgusarenmrocrmut  Keadpamuyrelx
gopm o6radaem ceoticmeamu pehaeKCUBROCTU, CUMMEM PULHOCMU
U mpansumusHocmu, m. e.:

1) {a, b, c}n{a, b, c}.

2) Ecau {a, b, c}wn{A, B, C}, 10 {4, B, C}ywn{a, b, c}.

3) Ecau {a, b, c}n{ay, by, ¢}, {ay, by, ¢} n{a,, by, cy},
mo {a, b, c}wn{a,, by, co}.

HokasarteancTBo. 1) YHUMOnyJAsipHAs TNOICTaHOBKA (é (1)) ,

5

¥. €. IOACTAaHOBKA

x=x'
y=y,
nepepogut dop™y {a, b, c} camoe B cebs.
2) Ecan noacraHoBKa ($ %), rae ad —fy =1, nepesoaur {a, b,c}
B {A, B, C}, To o6paTHas NOACTaHOBKA "2) TOXe YHHMOLY-

aspra u nepesogur {4, B, C} B {a, b, c}.

3) Ecn {a, b, c}wni{ay, by, ¢}, {ay by c)oniay, by o},
T. €. CyuleCTBYIOT YHHMOJ.'ly.TIﬂprIe MMOACTAHOBKH: '

ay By a3 Ba
(71 61)’ (’Yn '5=)’ (6)
nepesofisimEe cootBeTCTBEHHO {a, b, c} B {ay, by, 1} u {ay, by, 61}
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B {a,, by, C3), TO MpOH3BelEHHE NMOACTAHOBOK (6), T. €. MOACTAHOBKa

(‘h“n'l'ﬂﬂs eyt ﬂxaa) )
Y193+ 61vs Yifs+ 6165/
nepepogut {a, b, ¢} B {a,, b,, c,}.

Onpenenmenb NoACTaHOBKH (Matpuiel) (7) paBeH NPOH3BEICHHIO
onpejesuresiedl MOACTaHOBOK (MaTpuu) (6), T. e. TOXe paseH 1.

H3 TeopeMbl HENOCPeACTBEHHO CJEAYET, YTO JABe KBaJpaTHUHbIE
(DOpMEI, 3KBHBAJIEHTHHE ONHOH H TOH XKe TpeTbeH, SKBHBAJICHTHHI
MeXay co6oH.

Teopema 284. Ecau {a, b, ¢} {A, B, C} u A, B, C ne pasnoi
oarécj:pemenﬂo Hymo, mo Hau60/zbuzuu 06u4uu desument (a, b, ¢)=
= B, C)

HoxasateanctBo. Fa ¢opmyn (D) HemocpeicTBEHHO BHIHO,
yTO MockoJbKY A, B, C He paBHEI OJIHOBPEMEHHO HYJIO, TO H CPelH
yuces a, b, ¢ HMeeTcd NO KpaiiHefi Mepe OJHO YHCJIO, OTJIMYHOE
OT HYJId, T. €. (TeopeMa 27) cyumecTBYIOT HauboJipline -o0mue JeJu-
tesqu (A, B, C) u (a, b, c¢). I3 tex xke dopmya (5) BuaHo, uTO
ecyn dla, d|b, d|c, To d|A, d|B, d|C.

ITocKOJIPKY OTHOLIEHHE 3KBHBAJICHTHOCTH CHMMETPUYHO, TO H H3
d|A,d|B,d|Ccnenyerd|a,d|b,d|c. MHOXecTBa OOMHUX AejnTeNel
ya, b,cuy A, B, C coBnagawor, a caefoBartesbHo, H (a, b, c) =
=(4, B C).

Onpeue.ueﬂue 82. Popma {a, b, c} Hasbleaemcs npumumusHod,
ecau (a, b, ¢)=1.

Ecau
N=ax?+4-bxy-tcy? u (a, b, ¢)=d

TO

2

b
=q,x?+ b, xy +c,y?, rre a1=a£, b=,
4
=7 (a1, by, ) =1

u dopma {a,, b;, ¢;} Gyler yXe NDHMHTHBHOH.

Hayuas npeicTaBieHHe HAaTypaJibHBIX YHCeJ KBaJpaTHYHBIMH Gop-
MaM#, JOCTATOYHO OTPAHUYWTHCS PACCMOTPEHHEM WPHUMHTHBHBIX
KBaJpaTHUHBIX (OPM.

Teopema 285. Ixsusasenmuvie Ksadpamuunsie gopmve npedcmas-
A80m O0HO U MO 9ice MHONCECIMBO UeAblX ducen.

HoxasaTteanctBo. Ilyers {a, b, c}wn{A, B, C}, 1. e. cy-
MeCTBYeT YHHUMORYJAPHAs NOACTaHOBKA (3), Takas, 4TO IDH BHINOJ-
HEHHH COOTHOLIEHHH (5) HMeeT MeCTO TOXJIECTBEHHOE DaBeHCTBO (4).
HenbiM 3HaueHHsM x’, y’, OYEBHIHO, COOTBETCTBYIOT LeJible 3Haue-

HUA X H Yy, U ecliH
N=Ax'2+4Bx'y'4+Cy'?, 10 1 ax?+bxy-+cy?=N

T. e. Jiofoe 4YHCJIO, npep,c'raanmoe dpopmou {A, B, C}, npenc'raaumo

dopmotit {a, b, c}.
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- ITockoAbKY OTHOIIEHHE SKBUBAJIEHTHOCTH O6JajaeT CBOHCTBOM
CHMMETPHYHOCTH (TeopeMa 283), TO H so6oe YUCIO, [peRcTaBHMOe
dopmoit {a, b, c}, mpexcraBumo dopmoir {A, B, C}.

Onpenenenne 83. Kaaccom {a, b, ¢} Hasuweaemca  MHOXeCmBO
gcex keadpamuunsix opm, 9Ksusarenmuoix gopme {a, b, c}.
CornacHo TeopeMme 283 (TpaH3HTHBHOCTb OTHOLIEHH S 9K BHBAJIEHTHO-
cru), ecan {A, B,C}w»{a,b,c}, ToO MHOXKEeCTBO KBaJpaTHYHLIX (GOpM,
akBUBaneHTHHX {A, B, C}, coBnagaeT ¢ MHOXecTBOM (OpM, 3KBHBA-

JentHnix {a, b, c}, 1. e. {4, B,C}={a, b, ¢}. Knacc {a, b, c}
o0beluHseT BCe KBajpaTHUHhie (OpMbI, SKBHBajJieHTHble JiI060f u3
¢opMm 3TOTO Kaacca.

Bce ¢gopMbl gaHHOro kJjacca MMeOT OJHH H TOT XKe JHCKDHMH-
HaHT (TeopeMa 282). BMecTe ¢ TeM OAHH H TOT XKe JHCKPHMHHAHT
MOTYT HMeTb H (OpMbL pasHHX KJjaccoB. Hanpumep, 5x%4-y® m
2x® 4 2xy 4+ 3y® — HeskBUBaJIeHTHHE GOPMHI, TaK Kak YHCJO 7 mpex-
CTaBUMO BTOpOoH M3 HHUX (x=1, y=1) n He NpeACTaBUMO B BHJe
5x?+y? HH npH KakHX HeJblX ¥ H y. BMecTe ¢ TeM STH (GOPMHI
HMEIOT OJMH H TOT e AHCKpUMHHaHT A = — 20,

Onpenenenne 84. IIpedcmasrenue N 8 eude (2) ¢ 63aumHo
NpocmbiM X, Yy HA3bI6AEMCA COGCMBEHHbIM Npe0CcmasieHuem.

OueBuzHO, YTO JOCTATOYHO pPacCMaTpUBaTh COOCTBEHHBIE MpPel-
CTaBjeHHs. [leficTBUTENbHO, eciH (X, y)=d u N npeicraBUMo
B BHZe (2), T0o d*|N u |

N [x\2 x A y\?
S (2] 4 (5) (4) o (3)
~— cO6CTBEHHOE MpeACTaBJIeHHE —dj\% .
Teopema 286. Yucao N npedcmasumo cobecmeennoim o6pasom gop-
Mol {a, b, ¢} moeda u moavko moeda, koeda cyujecmsyem opma
{A, B, Clw{a, b, ¢}, markas, umo A=N, 0<<B<<2|N|.
HoxkasarteasncrtBo. 1) Ilycts npu mennix x=o, y=_f, rre
(@, P)=1, BHDOJHfETCA PAaBEHCTBO

N = aa? 4 bay + cy?.
PeirnB HeompejeseHHOe ypaBHeHHE
ad—py=1
C HeM3BeCTHHIMH §, y, HaxoguM & W y, a 3aTeM NPeJCTaBHM YHCJIO
Q =2aaP + b (ad + Py) + 2¢cvd

Q=2|Nlg+r, roe 0<r<<2|N].
Ilpeo6pasoBaunue

x=oax" + (ﬁ—aq%) y',
y=vyx'+ (G—W LNM) Y’

B BHJE:
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< onpefennteneM ad—fy=1 nepesogur dopmy {a, b, ¢} B Heko-

Topyiz)s)axaﬂaanemﬂy}o dopmy { A, B, C}, rae coraacuo dopmy-

JaM
A =aa®--bay+cy2=N,

- [N} [N N

B =2aa (ﬁ—aqT > +0b (oc (5—yq N ' > +- (B——aq——'N '> y) +

N N
+ 2cy (G—Yq ’—N—’> =Q—29 -'N—L (aa®+bay + cy?) =
=Q—2|{N|g=r,

tTaKk uto 0 < B<<2|N].

2) Cymecrsosanue dopmol { A, B, C}wm{a, b, ¢}, rie A=N,
03HAyaeT, YTO HeKOTOpas YyHHMOAYJAApHasA NoJAcTaHoBKa (3) mepe-
BOIMT {a, b, ¢} B { A, B, C}, T. e. BLIIOJHSIETCS TOXKAECTBEHHOE
paBeHCTBO
ax®+bxy+cy? = Ax"*+ Bx'y'+Cy"".

B uwacrdoctu, npu x'=1, y’=0, rme (1, 0)=1, u cooreer-
CTBYIOIIHX IEJBIX 3HAYEHHSX X =0a, § =Yy HMeeM:

N = A=aa?4 bay+ cy?, (8)
T. e. N npexacraBsumo dopmoit {a, b, c}.

310 JoKasaTeNbCTBO MOKAasblBaeT, 4YTO, 3HASA MOJACTAHOBKY (3),
nepeBoasmyo {a, b, ¢} B {N, B, C}, mpl no dopmyse (8) Haxo-
IuM npeacrasieHue N cdopmo#t {a, b, c}.

Teopema 287. Jasn kasxcdozo cobcmgentozo npedcmasrenus N =0

gopmoii {a, b, c}:
N =aa®+ bay+ cy?,

u sadannol ¢opmet {N, B, C}, sxsusarenmnol gopme {a, b, c},
cywecmayem moabKo 00HA YRUMOOYAAPHAR AUHeldHas nodCmanosKa

euda <: 'g>, nepesodaujan {a, b, c} ¢ { N, B, C}.
a a B’
HdoxasateascTtBo. Ilycrs (Y 5 H v & — JIBe YHHMOXY-
AspHBE MOACTAHOBKH, mepeBojsmue {a, b, ¢} B {N, B, C}.
[Mockonbky N=£0, To & 4 Yy He MOTYT PaBHATbCS HYJIO ONHO-
BPEMEHHO.
Ecau, Hanpumep, o540, To u3
. aﬁ'—ﬁY:aﬁ,—ﬁ"Y:l
noJyyaem:
§—8 =1 (p—p"). )
CoraacHo dopmynaM (5) npu A =N umeem: aa?+ bay-+cy?*=N,
B =2qaaf + b (ad+ Py) + 2cy6 = 2aaB’ + b (ab’ + B'y) +2cy6’, or-
Kyla MoJiydyaeMm:
(2a0.+by) (B—B") = — (b -+ 2¢y) (6—8). (10)
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3aMensia B (10) §—8’ mo dopmyne (9) H nepeHocs: Bce UJEHH
B JeByl0 uactb, noaydaeM: 2N (B—p’)=0. IHockoasky N =0,
to f==f’, a, cremosatesbHo, BBHAY (9) U 6§=056". Cayuait y+0
paccMaTpHBaeTCs aHAJOTHYHO.

Teopema 288. ITycme A—Ouckpumunanm geadpamudroti gopmo
{a, b, ¢} u 4ucawo N npedcmasumo cobcmsennboim 06pasom smodl
popmoti; mozda:

1) cpastenue

22=A (mod4|N|) (11
umeem peuienus;

2) s xasxcdoeo cob6ecmsennoeo npedcmasaenun N gopmoii {a, b, c}
cywecmsyem opma { N, B, C}wn{a, b, ¢}, maxasn, umo B yoos-
semsopsem cpasrenuro (11) 1 0<<B <<2|N]|.

HokasartenbcTBo. IlycTh CymecTBYIOT LieJible, B3aHMHO Ipo-
CTBHle X H Yy, Takue, yto N = ax®+ bxy -} cy®. CornacHo teopeme 286
cymecrsyer d¢opma {N, B, C}w{a, b, ¢}, Tarasa, uto
0<B<2|N]|.

Teopema o paBeHCTBe AHCKPHMHHAHTOB 3KBHBAJICHTHHIX (OPM
NOKa3blBAeT, YTO TOTJA

B2—4NC =b*—4ac=A, (12)
B*=A (mod 4| N }),

T. €. cpaBHeHHe (l1) mMeeT pemeHHs H B yZAOBJETBOPSAET 3TOMY
cpaBHeHHI0, npuueM 0=< B <<2|N|.
Yucao pewennit cpaBrenus (11) 6uiio onpeneieHo B TeopeMe 226.
IIpumMep. Uncno 86 ue mnpeacrasuMo dopmoit x%+ 3xy-+ y2,
TaK Kak 37ecb A=35,

&)=(%)=(3)=(3)=(3)=—1
43_?)‘"5"'"_3"=§——
H cpaBHeHHe x?=05(mod 8.43) He HMeeT peuleHHi.

CpaBuenne (11) MoxeT HMeTb pellleHHe H TOrja, Korga N
He npejcrtaBuMo dopmoit { a, b, ¢ } . Hanpumep, 1, oueBnaHo, He npea-
craBuMo opmoit 2x2 4 3y2, a BMecTe ¢ TeM 3gech A = —24 u cpas-
HeHHe x?=—24 (mod 4) umeeT peuieHud.

Teopema 289. [aa kancdoi ksadpamuunoldl ¢opmor {a, b, ¢}
cyujecmsyem asxsusasenmuan ¢opma { A, B, C}, makas, 4mo

|1B|<|4|<|C]. (13)

HoxasateabctBo. Popmul {a, b, ¢} u {¢c, —b, a} sxkBHBa-

JIEHTHBI, TaK KakK YHHMOJyJApHas NMOJACTaHOBKa 1 O> IIepeBoOaUT

NepBYI0 M3 HHX BO BTOpYI0. MBI MOXEM NO3TOMY Bcerja Hauarb
¢ ¢opmel, y Kotopolt |a|<c|c|, ¥ ecau npu sToMm |b|<<|al, TO
uckomasi ¢opma HaiigeHa. Ecau |b|>|a|, 10 HafineM nesre ¢ H 7,

TaKHe, 4TO
b=2\alt+r,
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rie |r|<<|al, T. e. Bo3bMeM B 'KauecTBe r HaumeHbIIHA mno aGco-
JIOTHOH BeJHUMHE BHMET NO Moxymo 2lal, xompun (Teopema 98)
8aKJIiOYeH B cerMeHTe [—|al; lal]

YHUMORY S pHAs NMOACTAHOBKA 0 l , TIe k=—-L‘-1—’t T. €. DO

CTaHOBKaA.
x=x—12l ty’,
a
y=y,
nepesomur dopmy {a, b, ¢} B akBuBajenTHyw© dopMy {a,, b,, ¢, },
rae corjacHo ¢opmynam () a, =a, b, = —2a I—Z-’ t+b=b—2la|t=r,

T. €. B opMy, rze | b |<|q].
Ecan |a,|<]¢,|, To dopma {al, by, ¢, } yroBJeTBopsieT mocras-
JIEHHBIM YCJIOBHSIM.
0—1

Ecan |¢|<]|a,], TO moacraHoskoit <1 O) epeBoJHM

{ay, by, ¢, } B 3KkBUBasenTHyo dop™y {¢;, —by, @, }, T. e. B opmy
a,, by, ¢}, roe

la;]=]e|<|a,|=]al u |c;|=|a,|=]a|<]c].

1k 0—1
ITpouspeseHHe MNOACTAaHOBOK (0 1) H (l O) paBHO mojcra-
B —1\

HOBKeE (1 0)

Takum oGpasom, npu |a|<<|c| H3 ABYX YHHMOZRYJSPHBIX MOA-
1 &

01
YAOBJIETBOPSIOULYIO MOCTABJEHHbIM YCJOBHSM, JHO0 BrOopas HepeBo-
aut {a, b, ¢} B 3KBHBaJeHTHy0 (opMy C KO3(pOHILHEHTOM NPH x2,
MEHBIUHM [0 MOZL IO, 4eM Yy InepBOHayanbHOH (OpPMBI, npuqu
Koa(puuHeHT NpH y? He YBeJHYHBACTCA MO MOAYJIO.

Monyne koxpduuneHTa npH x? MOXKET NPHUHATbL TOJBKO KOHEU-
HOE HYHCJO pasjHYHBLIX 3HAaYeHHH, MEHbUIHX 4YeM |a|, Tak 4To,
NpojoJ/iKas Takue npeo6pa303aﬂnﬂ MBI JOJKHbI BCTPETHTBCA C Iep-
BHIM CiiydaeM, T. e. NpHiTH K sksuBajenTHod Qopme { A, B, C},
rakof, uto |B|<<|A|<|C]|.

[MIpumep. Hasa dopmu {11, 6, 5} HaiiTu sKBnBaneHTHylo ¢dopmy
{4, B, C’, TaKylo, 4YTO |B[<[Aj<|C|

311er c¢|<<|a|, nosToMy CHauyaja HNpHMEHsEM rIOlICTaHOBKy

—1

CTaHO BOK ( 1 _0> aubo nepBas JaeT KBajpaTHUH yio GopMy,

| 0o/ Nepepoasmylo Haury dopmy B dopmy {5, —6, 11}.
Has srolt dopMH HaXOAHUM:
—6=10(—1)+4, t=—1, k=1,
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11
0 1> nepegogut {5, —6, 11}

B ¢opmy {5, 4, 10}, ynaoBaerBopstomyto ycaosusMm (13).
Teopema 290. ITpu wobom A =£0 cyujecmsyem moabKO KOHedHOe
YUCA0 HEIKBUBAACHMHBIX QOPM, umeroujux Juckpumuranm, pasisild A,
HoxasarenbcrtBo. Ilycts dopma {a, b, ¢} Takas, uro

yHPIMOlIyJIﬂ pHas mnoACTaHOBKA

jbl<|al<]|c]. (14)
PaccmorpuM gBa caywas:
1) A=b?*— 4ac>0 Torga ac<<O, —dac=A—b?<< A,

]acJ—-—ac< < 3 .
2) A= b“—-—4ac<0 B atoM carydae oueBHAHO, uTo ac > 0 u b2<< ac.
— A =3ac + (ac—b?) = 3ac, ]ac]=ac<—-—%— .
Takum obpasoMm, B ofoux cayyasx u3 HepaBeHCTB (14) caexyer
b <lallc|<]Al.

CyuiecTByeT TOJILKO KOHEUHOE YHCJO. -KOMIJIEKCOB ({a, b, ¢))
C UeJBIMH @, b, ¢, YAOBJIETBOPAIOMUX 3THM YCJOBHAM, H NOCKOJbKY
Kaxjas KBajpaTHuHasi GopMa 3KBHBaJIeHTHA (opMe ¢ YCaOBHAMH (14),
TO CYINECTBYET TOJIbKO KOHEYHOE YHCJIO HEISKBHBANEHTHBIX (opM
{a, b, ¢} manHoro pmuckpumuHanta A. MBI [10Ka3ajH, TakAM 00-
pasoM, KOHEYHOCTb YHCJA KJACCOB Ji0GOro JaHHOTO JHCKPHMHU-
Hanta A =£0. ‘

2. MIPEACTABJIEHHE HATYPAJIbHBIX YHCEJ NMOJOXHTEJbBHO
ONMPEJAEJIEHHBIMH KBAJAPATHYHBIMH $OPMAMHU

IMockoabky
ax®+bxy +cy? = (x + o y)2+ (c-—ﬁ-) yr=
=a (x _}.210 y)ﬁ_ZAB_ 42,

To npu A<<0, a>0 ¢opma {a, b, ¢} npuHuMaer, Kpome HYJ,
TOJIbKO MOJIOXKHTEJIbHBIE 3HaueHHs1, a npu A <<0, a << 0—T0aBKO
OTpHUATEJbHBE 3HAaYeHHS.

Onpenenenne 85. Popma {a, b, ¢} npu A<<0, a>0 nasv-
eaemca noioscumebho onpedesentoil, a npu A <0, a<<0—ompu-
yameavHo onpedeseHHOL.

Hocxo.nbxy NpH TAaKOM A uHCJIa @ ¥ ¢ HMEIOT OJHHAKOBble 3HAKH
H KaxJOoM NOJIOXKHTEJbHO onpejaesneHHoOl dopMe {a, b, ¢} cooTser-
CTBYeT OTpHMIATEJbHO ompejejeHHas dopMa {—a, ——b —c}, npu-
HUMalomas Te Xe 3HaueHHs, HO ¢ OoOparTHBIM 3HAKOM, JOCTaTOYHO
pPaccMOTpeTh TOJIbKO OLHH H3 STHX JABYX caydaeB. Mu Oyiem pac-
CMaTpHUBaTh MOJIOXKHTENbHO onpejelicHHbe (OPMEI.

286



M3 teopemnl 285 caeayer, wuto ecam {a, b, ¢}— noJOKHTENBHO
onpejesennas ¢opma, TO H Becb KJacc {a, b, ¢} cocTouT us mo-
JIOXHTEJIbHO ONpelieleH HbIX (¢OpM. MOXKHO NO3TOMY FOBOPHTB O KJac-
Cax TOJIOXKHTEJbHO ONpefeseHHuX (popM. st nosoxuTenbHO ompe-
JeJeHHbIX (opM Teopemy 289 MOXKHO HECKOJNBKO YTOYHHMTH M J4Th
ee B CJeJYiOleM BHJE.

Teopema 289°. Jlrs KasxcOoi noaoscumenrsro onpederennoi gopmot
{a, b, ¢} cywecmeyem sxeusarenmnasn ¢opma {a,, by, ¢,}, maxas,
4mo

—a,<<b <a, <c,

aecau a,=c,, mo 0< b, < a,.

JokasaTteabCTBO. [lIoCKOJNBKY y NOJIOXKHTENBLHO ONpe/eleH-
HHX ¢opM KO3pbHUHeHTH NpH x2 H y? NOJIOKHTEJBHEI, qupmy
{a, b, ¢} coraacho Teopeme 289 MOXHO 3aMCHHTb SKBHBAJICHTHON
dopmoii { A, B, C}, Tako#f, uto —A<<B<<A=<C.

Ecin B=—A, 10 dopmy {A, — A, C} noacraHoBkoi ((1) })
nepesoguM B { A, A, C}.

Ecau A=C, B <0, o dopmy { 4, B, A} noacranoekoit (_?Q
nepeBOJHM B 9KBHBaJleHTHYIo popmy { A, —B,C},rae 0<<—B <

Takum ob6pasom, B HepaseHcrBax (13) MoXHO H36exaThb cayyas
B=— A, a B cayuae, Korga A =C,— cesatb KO3(p(OHUIHEHT NPH XY
HEOTPHILLA TeJIbHbIM.

Onpenenenne 86. [Torowumeirsro onpederenrnan d)opma {A,B,C}
Hagoisaemcs npusedennod, ecau

a npu A=C 0<B<A=C.

Teopema 291. B kaxOom Kaacce NOAONCUMEALHO ONPEOeSeHHbLE
dopm umeemcs 6 mourocmu odna npusedennas ¢opma, m. e. 00HG
dopma, ydosremsoparouan ycaosuam (15).

JlokasarteabcTBO. [lycTh ABe SKBUBAJIEHTHHIE NOJOXKHTEIBHO
onpenenenHsle ¢opmel {a, b, c}wm{a,, b, c;} yrnoBrerBopsioOT
YCJIOBHSAM: —a <b <a <vc,

"_al <b1 gal < Cl'

a NpH DaBeHCTBE @ H C HJH @y H C¢; COOTBETCTBEHHO b HJIH by
HEOTPHIATeJbHHI.

PaccmoTtpum caydyad, Korla a, sga. Cnyuafi a<<a, BBHIY CHM-
MEeTPHH paccMaTPHBaeTCs COBepileHHO aHalornyHo. OGo3HauuM Yepes

(‘; g) YHHMOAY/SIDHYIO MOJACTAHOBKY, nepepojsmyi {a, b, ¢}
B {a,, by, ¢}, Tak uTO

a, =ao® +bay + cy?

by = 2ac +b (ad + Py) + 2cy* }

(15)

(16)
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U3 neppoit popmyasl B (16), mockonbky a << ¢, | b| << a, nonyuaems

az=a, =a0®—alay|+ay?, ‘ (17
oTKyZa _ , § .
: levI<l—(Ja]—]y])*<]1,
T. €. |oy| paBen O uau 1.
Ecau |ay}=0, 10, nockombky ab—fy=1, @ U y He MOTYT
OJIHOBpeMeHHO 06paliaThCsl B HYJb, OJHA H3 3THX BeJHYHH paBHa 0,
a Jpyrasi o MOZYJIo paBHa 1, Tak uTO u3 HepaBeHcTB (17) moayuaem:

a=a,=a(@?+vy%)=a, a=aq,.
Ecau |ay[=1, To a?=y2=1, u u3 (17) Takke nosyvaem:

a=a,=a, a=a,,
T. €. BCer'fa a=aj.

PaccMoTpuM Temeph TPH BO3MOXHBIX cJyvas.

1) Ecin ¢>a, 1. e. |b|<<a<<c. B 3sTOoM ciyuae, MOCKOJBKY
Jay|<<1, paBeHCTBO a=ga, =aa?-} boy-+cy? MoOKeT UMETb MecTO
TOJbKO npu y=0, a torga ad—Py=1 gmaer ad=1. Bropas ¢op-
Myaa B (16) npunumaer BHI: b, =2aaf-+b, T. e. 2a|b,—b.

[To ycnosuio '

—a<bsta, —a<<b,<a,

TaK uto 2a|b, —b MOXeT HMETb MeCTO TOJBKO HpH b=>b,, a ToOrla
H3 paBeHCTBA NMCKPHMHHAHTOB b® —4ac=b? —4a,c, noayuaeM, yTo
H Cc=c,. '
2) Ecau ¢; >a,;, ToO MOXHO paccMOTperb HpeoOpa3oBaHHe, Hepe-
Bogsimee {a;, by, ¢,} B {a, b, c¢}. TlockoabKy mOKasaHO, YTO
a, ==@, COBepIIEHHO aHAJOTHYHO NoJyuyaeM b, =b, ¢, =c.
3) Ecmn c=a=a, =c¢,, TO H3 paBeHCTBa JHCKPHMHHAHTOB

2 .
_ b®—4ac = b2 —4dac,
nonyyaem b®=0>?, M Tak KaK COTJIACHO YCJOBHAM b u b, HeoTpH-

LaTtesbHBl, TO b=2b,.

Paspa6oTaHHasi HaMH TeOPHSI NO3BOJSIET ONPEJEUTD, ABJAAIOTCS JH
JBe 3afaHHBIE MOJIOKHTEJNbHO OfnpefeseHHbie (OpPMB 3KBHBAJEHT-
HEIMH, H B cJlyuae HX 5KBHBAJIEHTHOCTH —HAHTH NMOJACTaHOBKY, Iepe-
BOASALLYI0 OJHY H3 HHX B ApPYyrylo. UroOb pelIHTh 3TOT BONDOC,
Mbl, NpPHMEHSII aJICOPHTM, H3JIOMEHHHBH B J0Ka3aTeJbCTBaxX Teo-
peM 289 u 289’, 3aMeHsieM KaXAyl0 M3 STHX (POPM 3KBHBAJEHTHOH
tdopmoii, ypoBiaerBopsiomeit ycaosusiv (15). Ecau MBI npH STOM
noJlyduM OJHY H Ty Ke ¢opMy, To (Teopema 283;) neproHauaJbHBIE
(OpMB 3KBHBaJIEHTHHl. EcJH Mbl TONyuuM JBe pasHble (OPMHI,
yaosaeTsopsomue ycaoBusaM (15), To cormacHo Teopeme 291 nBe
nepBOHauaJbHbIe GOPMEI He MOTYT NPHHAJJIEXKATh OAHOMY H TOMY Xe
KJlaccy, T. €. 5TH (OpPMBl HESKBHBAJIEHTHEHL. '

Ecau nopcranoBkd S u T neperojsT cOOTBETCTBeHHO {a, b, ¢}
u {a,, b, ¢,} B oauy u 1y xe dopMy { A, B, C}, ynosaerpopsio-
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m.yilo ycnosuam (15), To moxcranoska ST~! nepesomut {a, b, ¢}
8 {a, b, ¢, }.
Hpntvxef). Onpenenurs, sKBHBaJleHTHH JH (opmu {73, 17, 1}
u {3, —3, 1}. Ectu OHH 3KBHBaJIEHTHBl, TO HaHTH NOACTAHOBKY,
nepeBOAAILYi0 BTOPYIO (GOpMy B mepBYIO.
®opmy {73, 17, 1} noacranoeko#t ( —(l)> nepeBOAHM B (HOPMY

{1, —17, 73}.

' —17=2(=9)+1, t=—09, k=9.

[ToacranoBka <(l) ?) nepesogut {1, —17, 73} B npuBeleHHYIO
dopmy {1, 1, 1}.
- 0—1\/19 0—1

Moncranoska T = ( | o/lo1/=l1 o9 nepeeroaut { 73, 17, 1 }
HenocpexcreerHo B {1, 1, 1}. ®opmy {3, —3, 1} noxacraHoBKoi

<?_é) nepesogum B {1, 3, 3}. 3mecb 3=2-1+1,¢==1, k=—1.

ToacranoBka é_i) nepesogur {1, 3,3} 8 {1, 1,1}, a nox-

CTaHOBKa S = <(1) _é) <(1) _}) = <? :i) nepesoxut dopmy {3, —3, 1}

Hernocpexacteenno B {1, 1, .

®opmu {73, 17, 1} u {3, —3, 1} sKBHBaJEHTHBI

-1 A 1 (L0

T-1= —10)" ST 1= 10 1/——HO,ZIC’I‘aHOBKa, nepeBOAAILAS
{3, —3, 1} B {73, 17, 1}.

Teopemet cywecTBoBanus 289 u 289" addekTUBHB B TOM CMBICJIE,
YTO OHH [aIOT OrlpelesleHHbi Croco6 HaXOMXAEHHs YHHMOXLYJsSIPHOH
NOJCTaHOBKH <$g , TlepeBOJSIEH MOJOXHTEJBHO ONpeleseHHYIO

dopmy {a. b, ¢} B npusenennyio dopmy { A, B, C}. EcrecrBeHHO
BO3HHKAeT BONPOC: CKOJIbKO CYHIECTBYET TAKHX INOJCTAHOEOK H YeM
OHH OTJHYAlOTCs APYr OT Apyra? Paiu npocrothl chopMmysupyeMm
COOTBETCTBYIOILHE TEOPeMbl [JISl NPUMHTHBHBIX (OpM.

Teopema 292, [asa w060l npuseleHHOl NPUMUMUSHOL NOAOHCU-
meavHo onpedenernol gopmet {a, b, ¢} ¢ duckpumunarnmom, omauy-
Hem om —3 u —4, cywecmsyrom 8 mourocmu 06e YHUMOOYAApHBLE
nodcmarosku, nepegodaujue smy ¢opmy camoe 8 cebs.

O0na u3 amux nodcmaHosox ((]) (;2, a dpyzasn <—(1) _?) .

JokasarteabcTBo. Ecaun (z 6) , Iie ad — By = 1, nepeBoguT
dopmy { a, b, ¢}, ynosaeTBOpsIOMYIO YCJOBHAM TeopeMsl, B {a, b, ¢ },
To no dopmyaam (5) Hmeem:

a=aa? -} bay -+ cy?, (18)
b=2aaf - b (ad + By) + 2cv5, (19)
c=af®-+ b6+ cd2. :

10 A. A. Byxwraé ’ 289



Jloxaxem, UTO M3 paBeHCTBA (18) cnepyer
1 >a2—|ay| +y:. | (20)

JeRcTBUTe/IBHO, eCJH ¢ >>a, TO BBHAY —a<<b=Ca HepaseH-
crBa (20) ecTb HelOCpeICTBEHHOE CJelCTBHe paBeHcrBa (18).

PaccmatpuBas Xe cayuail c=a, T. e. cayuvai, korjga 0<<b <q,
HMeeM, NOCKOJbKY AHUCKPHMHHAHT A oTauueH or —3 u —4,

{a, b, c}=={1, 1, 1} u {a, b, c}%={1, 0, 1}.

Hauboapmnii obmuit genurens (a, b, ¢)=1, Tak uro b*a
it b=~0, 1. e. 0<<b<Ca, u torja us (18) Takke ciaenyer HepaseH-
cieo (20).

W3 Hepasencra (20) caegpyer:

Jayl<<l—(|a|—|y])?¥*<1, ay=0.

[peanonoxum, uro a=0, Toraa 3 ad—Py=1 mnoayuaem:
fy==—1, y===1. Ilpu ¢ >a 310 upoTHBOpeuUT paseHcTBY (18),
4 npH c¢==ag us paeeHcTB (19) nonyuaem 2b=2aqyd, uTO HeBO3-
MOKHO, IIOCKOJIbKY, KaK 3TO OBIJIO OTMEYeHO Bbllle, B 3TOM cJyyae
O<b<a.

Takum obpasoM, a%=0, y=0, ad=1.

s pagencrtsa (19) nonyuaem 2aaf =0, f =0, Tak uto npu a=1
Hala JUHeHHAadA MNOACTAHOBKA HMeeT BWJ: (

—1 0 .
BHUJ < O——l) .

Onpenenenve 87. YHuUMOOYAAPHLIE AUHERblE NOOCMAROBKY, Nepe-
600awue Keadpamusnyo opmy camoe 8 cebs, HA3bIBAIOMCA ee asfmo-
Mopgusmany.

Teopema 293. ITpu A =—4 cywecmsyem moabko 00HRQ npueeaeu-
HQs NOAOKCUMEAbHO onpedesennasn opma, a umenno gopma {1, 0,1},
Sma opma umeem uemotpe ABMOMOPHUSMA.:

1) (Tost)r (L00) (170) - @1)
JlokasatTeabcTso. MWs bi—4dac=—4, a>0, ¢>0,

|b|<a<<c caenyert:
4<4ac—4—{—b2<4+ac,

- Bac < 4, 1<a0\<§, ac=1, a=c=1, b=0,

T. e {a, b, c}={1, 0, 1}

[Tycts ,3 g ecTs aBroMopduam { 1, 0, 1} Toraa us (18) u (19)
nonyyaem: 1=a?-y?, O=af-y5, T, e. aubo 1) =41, y=0,
p=0, aubo 2) o==0, y==+1, 6=0. [lockoasky ad—py=1, 10
B nepBoM cayyae §=a, a BO BTOpoM P==—1Y, 4YTO H JaeT YeTsipe
asToMopdusMa (21).

0 l)’ anpm o=—1
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Teopema 294. ITpu A =—3 cywecmsyem moavko 00Ha npueeder-
HAA NOAOKHCUMENbHO OnpedeseHnan gopma, a umenno gopma {1, 1, 1}.
Ima dopma umeem wecmo asmomopusamos:

(00) (Tot) (170 (L02t)+ (2io) (T 70)
JokasateabctrBo. M3 b2—dac=—3, a>0, ¢>0,

[bl<<a<<c cnenpyer: dac=3-+b2<3-tac; ac<<l; ac=1; a=1;
c=1; b=1, 1. e {a, b c}={1,1, 1}.

IMycts <$§ —apromopgpuam {1, 1, 1}j Torma cooTHowe-
uua (18) u (19) paror
l=a®toay+y? 1=2af +ab+ By 2v6. (22)

Ecin ay =0, 10, mockonbky ad—pPy=1, Moryr 6nth cienyo-
[mue BO3MOXKHOCTH:

1) y=0,-a=1, 6=1, =0; 2) y=0, a=—1, §=—1, p=0;
3) a=0, y=1, p=—1, 6=1;4) a=0; y=—1, =1, §=—1.

Ecmn ay=£0, 10 ay=1—a?—y?<<0, |ay|=—oay, ay=
= (la]—|y)*—1=—1, ay=—1. CooTHomenus (22) u ycaopue
ad—Py=1 naior eme aBe clJeAyiole BO3MOKHOCTH:

5) a=1, y=—1, p—6=1, 6--p=1, p=1, 6=0;
6) a=—1, y=1, 6—P=1, 8+-p=—1, §=0, p=—1.

Teopema 295. Yucao asmomopgpusmos npumumusrod noaoxcu-
meabHo onpedeaennoll ¢opmer {a, b, ¢} ¢ Ouckpumunanmom A
paarot

1) 4 npu A=-—4,

2) 6 npu A=—3,

3) 2 npu ecex ocmaavrbix 3Hauerusx A.

HDokasatenbcTBo. Ilyers S—HekoTopas yHUMOAYAsipHAst
AuHelfiHAs NOACTaHOBKa, nepesojsamas {a, b, ¢} B npuBefeHHYIO
dopmy { A, B, C}, a U—asromopdusm { A, B, C}; torpa SUS™! —
asTomopdusm { a, b, ¢ }. Mb mosyuum Bce aBToMOpdu3MH {a, b, ¢},
ecan B SUS™1 npu sajganHom S Oyaem B Kauectee U Gpath pas-
auunbie aproMopduammi { A, B, C}. lefictBuTeabHo, ecin V —
npousBoJbHLI aBTOMopdusm {a, b, c}, 10 S”'VS mnepepoaur
{A, B, C} caMoe B cebst, T. e. S”VS=U, V=S8SUS".

Mockoavky SU,S"1=S8U,S~! toavko npu U,=U,, To yucio
aproMmopdusmos y {a, b, c} u {4, B, C} oxunakoBo, T. e. co-
riaacio TeopeMam 292, 293 m 294 paBHO ueThipeM npH A ==—4,
mecTH npu A=—3 U JBYM BO BCeX OCTaJbHBEIX CJAydasiX.

Onpezeniup 4UC/10 aBTOMOP(PHU3MOB, YKaxkeM HX KOHKpETHYIO GopMy.

Teopema 296. [lpumumusHas nosoxumesso onpedeseHras

gopma {a, b, c} c Quckpumunanmom A, kpome (é (1)) u ( '—(l) -(l)) ,
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umeem ewje MmMoAabKO cAedyroujue asmomopHuUambL:

—b b .
P 7 ‘
1) b 1 _p ) npuA=—4
¢ 7 -¢ 7
-6 146 . —14b
9) 2 2 2
1+0 )0\ _, 1=\ _, —1—b’
\ ¢ 3 2 2
—i—b \
g -
( _14p | MPU A=—3
a 5 y

JokasateabcTBo. [Noacranosku ((1) ?) H (“é_?), oue-

BHJHO, fBJsIOTCS aBToMopdusmMamu JJs moGo#i KBagpaTHUHON
¢opmet. Ecau fHCKpHMHHAHT A orauyeH or —4 U — 3, TO (Teo-
pema 295) Apyrux aBTOMOP(H3IMOB HeT.

IIycrs {a, b, c¢}—dopma ¢ auckpUMHHaHTOM A =—4; non-
—b
— =—C
CTaHOBKa ( 2 » | MEPEBOAHT ee B dopmy
L3 D)
a(——-%x—cy) —I—b( x—cy) (ax—l—iy)—l—c(ax—l——;’—yy:
=228 (ax2 by +-cy),
T. e., NOCKOJbKY b?—4dac=-—4, B {a, 0, c}.
Iycrs {a, b, ¢} —dopma ¢ fHCKpHMHHAHTOM A =— 3; mojcra-
1—b
-t —C
HOBKa ) 1__*_£> nepeBOAHT ee B opMy

a(l—g—bx—cyY—l—b(—l—'—_—fx——cy)(ax—l—l_*'b )-{—
—|—c(ax—|—1+b )2 li‘ff.‘c___(ax2+bxy_|_cyz)

T. €., NOCKOJAbKY b®-—4ac=—3, B {a, b, ¢}. Ananornudo npo-
l+b
[
BepsieM, 4YTO U MOACTAHOBKA K ‘1—p | OPE A =—3 npeacras-
B N § ———— .

Jser coboii asromopdusm {a, b, c}.
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Ecan (C; g) -—aBTOMopq)HBM, ‘TO (:3 ___ g) , OUEBHIHO, TAKKE

fIBJsIETCSL aBTOMOP(U3IMOM.

b
-5 ¢
2
ABToMopdu3M —p| mpp A=—4 n aBTOoMOpPH3IMH
__a —_—
I+b 1 2b
(== . 3 —¢
k —1_plH —14p) TPH A =—3 nonayuaiorcs
e T ¢ -
M3 YXe HalJileHHbIX NepeMeHOH 3HAaKOB Yy Bcex 3jeMeHToB. CorsiacHo
TeopeMe 295, Haiiaa npu A=-—4 vyeTbipe, a npd A =—3 mecrsb

aBTOMOP(GH3MOB, Mbl HCUepNaJd BCE BO3MOMKHHIE aBTOMODPGUIMBI
Takux ¢opM.

Teopema 297. Yucaro ynumodyssaprolx Aunelinoix NoOCMAH060K,
nepesodaUX NPUMUMUSHYID NOAOKHUMEAbHO OnpelercHHY0 (Popmy
{a, b, ¢} & sxsusasrenmnyro eti gopmy {a,, by, ¢,} ¢ Ouckpumu-
naumom A, pasHo:

1) 4 npu A=—4;

2) 6 npu A=--3;

3) 2 npu ecex ocmanvrbix 3Havenuax A.

HokasarteabctBo. Ilycte S—Takas JuHeliHast NOACTaHOBKA,
nepesogsmas {a, b, ¢} B{a, by, ¢, }, U—npoussonbHuiit aBToMOp-
¢usM {a, b, c}; Torna US Takxe nepesoaut {a, b,c} B{a,, b, c, }.

Mbl mosyusM Bce YHHMOAYJISIpHbIE IOACTAHOBKH, II€PEBOJSIIHE
{a, b,c} B{a,, b,, ¢,}, ecan npu sananHom S GyneM B KauecTBe
U Oparp pasauuHble aBToMOpdH3MBl (opMel {a, b, c¢}. deiicTBu-
TeJbHO, ecaun T —INpOH3BOJIbHAs YHHMOAYJIsSipHAaf JHHeHHAsd Mof-
craHOBKa, mnepesoaswmasa {a, b, ¢}, B {a,, by, ¢}, To TS™1 —
apToMopdusM {a, b, ¢}, . e. TS™'=U, T=

Bmecre ¢ Tem paseHcTBO U;S=U,S BO3MOXKHO TOJBKO MpH
U,=U,.

Takum o06pa3oM, 4YHCJO YHHMOAYJAPHBIX MNOACTaHOBOK, I[epe-
sopsAwux {a, b, ¢} B {a,, b;, ¢, }, paBHO uHCcay aBTOMOP(HH3IMOB
{a, b, ¢}, T. e. corjacHO npelbAylled TeopeMe paBHO: 4 Npu
A=—4; 6 npyu A=—3 4 2 npn BceX ocCTajJbHHIX 3HAUEHHAX A.

Teopemsl 3TOH rilaBbl JAOT BO3MOMHOCTbH HAaHTH BCe COBCTBeH-
Hble NpPeJCTaBJeHHs MOJOXHTeJbHOr0 YHcaa N NPHMHTHBHOH MOJIO-
KUTEAbHO onpejeseHHOH dopmoirt {a, b, c¢}. Has sroro:

1) Pemaem cpapHenne B2=A (mod 4N) u HaXoiuM 3HaueHHd B,
VIOBJIETBOPSIIONLHE STOMY CPaBHeHHIO, Takue, yto 0 << B << 2N. Ecan
TaKHX 3HaueHH#l B HeT, To (Teopema 288) He cymecrByer npencras-
nenudi N ¢opmoit {a, b, c}. Ecan ke takme B cymecrsyiT, TO
KaxaoMmy npeacrassennio N dopMoii {a, b, ¢} cooreTcTByeT (Teo-
pembl 288 u 282) sksuBasnentHas ¢opma { N, B, C} c takumu B
u C, rae C onpejensercs H3 paBeHCTBa (12).

293 -



2) Haiinsa Bce B, ynoBJeTBopsiolHe cpaBHeHHI0 B2 = A (mod 4N),
TakHe, uTo 0<< B<C 2N, u cooreercrByiomue C, Ml MOMXKeM COCTa-
BHTb Bce ¢opmel { N, B, C}, a 3aTeM, BHJeJHB H3 HHX, KaK 3T0
6BIO NOKa3aHO Bhile, ()OpMBI, SKBHBaJeHTHhE {a, b, c} HalTH

o
BCe YHHMOAYJ/SIpHBIE TOACTAaHOBKH BHJAA (’Y g), nepesogauue

{a, b, ¢} B Takue {N, B, C}.
CornacHo ¢opmyJiam (5) rie A=N, kaxjpas mapa o, y €CTh
pellleHHe Heolpele/NeHHOTO ypPaBHEHHUS

N =ax?+ bxy -+ cy?,
IMpumep. Halith Bce mpeacraBieHHs uuciaa 73 (GopMoH

3x2—3xy + y*.
OueBHAHO, UTO B AAaHHOM CJyyae BCe MpeJCTABJEHHS COOCTBEH-
HblE. lIHCKpHMHHaHT A = — 3. CpaBuenue B*=—3 (mod 292), 3kBH-
BaJleHTHOe cHcTeMe B?=—3(mod73), B?=-—3 (mod 4), umeer

(TeopeMa 226) uertnipe pemeHus. Haxons 3TH pelleHHs, MOJydaeM:
B= 417 (mod 292), B==+ 129 (mod 292).

M3 BoaMoxubix 3HaueHH#l B ychaosuio 0<< B<{2-73 yposjer-
BopsloT B=17 u B =129. 3nauenus C, onpejesseMble U3 paBeH-
crBa B2—4.73.C=— 3, paBHbl COOTBeTCTBeHHO 1 H 57.

Qopma {3, —3, 1}, Kak Mbl BLIICHHJIH B MPHMEpe Ha CTPaHHMIE
289, skpuBanenTHa c¢opme {73, 17, 1} u nepexogur B Hee C INoO-

MOIILbI0 TOACTAHOBKH (1(1) (1)> , Tak ut0 X; =1, y, =10 l'lpe,lICTaBJIHe’I‘

coOOll pellleHHe YypaBHEHHS
3x*—3xy 4y ="T3. _ o (23)

YmHOXas (1(1) (1)> clieBa HA yKasaHHBle B Teopeme 296 xast Cay-

: 2 —I1 —11
yast A =-— 3 aBTOMOpP(pHU3MHI <3 ——I> , (___3 2> (opmsl {3, _,3’ 1},

HaxOfUM ellle JBe NOACTaHOBKH, nepepojawue {3, —3, 1} B
{73, 17, 1} a HMEHHO (-_g : i) (1? é), YyTO AAeT ewe JBa
PelIeHus: Xp==—328, yYy,=—7 H x,=9, Y, = ;

OcTanpuble TPH MOACTAHOBKH NOJY4alOTCA H3 HaAJeHHbIX nepe-
MEHOH 3HaKOB BCex 3JICMEHTOB, UTO JacT ell¢ TPpH PCIICHHA:

xg=—1, y=—10; x;,=8, ys=T7, X=—9, Yq=—17.
~Ilpu B=129, C=57 d¢opma {73, 129, 57} noxcraHOBKOil

((]) —(1)> nepesoautcs B opmy {57, —129, 73}. dopma

{57, — 129, 73} NOACTAaHOBKOH (i —(1)> nepesogurca {1, 15,57} u,
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HaKOHell, 9Ta popMa NoJCTaHOBKOH (1) - D nepesogutcsB {1, 1, 1},

0—1\ /1 —1 1 —7 -1 7
ITpouspeaenne U=(1 O) <1 O) (O 1)=< ] —-8)
nepesoaut {73, 129, 57} Hemocpeactsenno B {1, 1, 1}, a npous-

Bellenne SU1L, rae S:((l) _ i), nepesofHT dopmy {3, —3, 1}
B {73, 129, 57 }. Haxonum

-1 O—l) —8 —7\_ 1 1),
su=r= (7 Z1) (2] —1)_<—7 —6)
X, =1, y7=—7—pemeHHe HeolpeJieJIeHHOTO YypaBHenus (23).

Y MHOXKas <_; . é) cJ1eBa Ha aBTOMOP(U3MEL <§ _ D ) <:;13 512) ,

8 — 8 —
HAXOIMM ellle Be NOACTAHOBKH: ( o 9) H <_ 17 __15), nepeBo-
asmue {3, —3, 1} B {73, 129, 57}, n monyyaeM cOOTBeTCTBYOLLHE

pemenua: xz3=9, ys=10 n x,=—28, y,=-—17. Mensa 3naky,
HaXOJAMM eme TPH pelleHMs:: X o=-—1, yo=7, x,=—9,
Y1 =—10; %,,=28, y,, =17, Tak uTO ypaBHeHHe (23) HMeeT BCero

12 pewieHHH B LeJBIX YHCJaX.

Hcmopuuecrkue rommenmapuu k 31-o zaase

1. Teopus KBajpaTHYHbBIX ()OPM BO3HHKJA KaK eCTeCTBeHHOe
o6o6uieHre psija YacTHHIX 3ajay ¢ HeonpeJelleHHBIMH ypPaBHEHHSIMH;
HEKOTOpBble M3 3THX 3aJady MH PacCMOTPUM B cCJlelyloued TIJase.

B 1773 r. Jlarpaux B cBoeil paGore ,Recherches d’Arithméti-
que” ony6MHKOBaJl OCHOBHHIE De3YJbTATbl O NPEACTABJECHHH 4HCen
GuHApHBIMM KBajpaTHuHeiMH ¢opmamu. B To Bpems kak jo Jlarpan-
#ka (@epma, Diiaep u Zpyrue MaTeMaTHKH) H3YYaJH TOJbKO (OpMbl
yacTHOTrO BHJA, JlarpaH:x, paccMaTpuBasi CHHapHble KBaJpaTHUHBIE
dopmbl Buaa (1), 3anoxua ocHOBH obmeH Teopun. Jlarpamx pac-
CMaTpyuBaJ JHHeHHble TOJACTAaHOBKH C ONpejesITeNeM, PaBHEM = 1.
OH mokasasl BO3MOXHOCTb 3aMeHhl 3aJanHOH ¢opMbl Apyrod dop-
Moi#i, yjoBjeTBopsiomed ycaoBusaM (13) Teopemm 289, w ycraHoBHI
OCHOBHYIO CBSI3b MeXJY BONPOCOM O.TPEACTABHMOCTH UYHCEN KBaj-
paTHuHO# (OPMOH H CYINECTBOBAHHEM peELIEHHH COOTBETCTBYIOIIETO
CpaBHEHHa 2-H CTeneHM.

Jlexxanap B 1798 r., manaras B cBoeil Kuure ,Essai sur la théo-
rie des nombres* pesyabprathl Jlarpanxa 1o TeOpHH KBaApaTHYHBIX
¢opM, BHeCc CYyWECTBEHHBICE YNPOLICHHSI H J[ONOJHEHHs. B cBoHX
HCCJIEJOBAHHAX OH MOJBb30BaJICSl 3aKOHOM B3aWMHOCTH, J0OKasaTelib-
CTBO KOTOPOTO, OKasasuleecs, OJHAKO, HEMOJHLIM, GBIJIO HM MOMe-
nmeHo B sTod e kHHre. Takum obpasoM, uacth pesynabratoB Jle-
xaHapa 6blia MONHOCTBIO OOOCHOBAHA TOJIBKO MOCJE BHIXOZA rayc-
coBckux ,Disquisitiones arithmeticae®,
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[TpumensieMas B HacCTofilllee BpeMsi B TEOPHH KBaJpaTHYHHIX dopM
TEpPMHMHOJIOTHA BBelecHa B OCHOBHOM ['ayccoM, KOTOPbIf B CBOHX
,Disquisitiones arithmeticae* pan cucreMaTHyeckyio Teopuio GHHap-
HHEIX KBaJpaTHYHBIX GOpM, IpHYEM B OTJHYHE OT JlarpaHKa OH TaK e,
kak Jlexannp, 6paa dopmbel BHaa ax?-2bxy-cy?. Taycc naneko
NPOABHHYJ TeOPHI0 TakHX ¢opMm. PaccmaTtpuBas JHHeHHBIE f1peol-
pa3oBaHHA C NPOH3BOJIbHBIMH OIpEeJeNHTENSIMH, OH BBeJ IOHSATHE
SKBHBAJICHTHOCTH KBaJAPaTHYHBIX (OpM, CYIIECTBEHHO pasJjuuas mpe-
o6pa3oBaHHA C onpefae/uTelissMH, paBHEIMH +1 H — 1. Tayce, He
OrpaHHYHBasACh JeJleHHeM Ha KJacchl, jgan 06oJlee TNOJHYIO KJacCH-
dukauuio OHHApHHX KBaApaTHuHhnX ¢opM. Hccuenoranus Taycca
CYLIECTBEHHO OMHPAJIMCh HA Pa3BUTYIO UM TEOPHIO KOMIO3HIIHH GopM.

2. Uncno kaaccoB h(A) paHHOrOo JHCKpPHUMHHAHTA A paccMaTpH-
BaeTcs Kak uHcJoBadg QyHKIHA OT A. Dra ¢yHKIHA UrpaeT 6oybiyio
poJsb B pa3JIHYHBIX 3afiauax Teopuu uuces. HMsyuenue stoft dpyHkuuH
6ei10 HauaTo B pabGotax [aycca u fIko6u, HO OCOOGEHHO Ba)KHbE
peayabTaThl OblJIH MOJYy4YeHB 3hech JlMpHXJe, KOTOPHH Jajl BbIBOA
GopMyJ1, BHIpaXKAWOIIHX 3Ty (QYHKIHIO Yepe3 IpyrHe, CPaBHHTEJBHO
NpocTele apH(MeTHUeCKHe BeJHYHHBI.

3. KBagpatuuneie ¢opMbl ¢ GOJbIIHM, YeM JBa, YHCJOM Hepe-
MeHHBIX HauaJlM H3yuaTbcsl eille ['ayccoM (TepHapHble dopmbl). Han-
Gonee obliue KBaapaTHUHbE (OPMBEI OT /1 MlepeMEeHHBIX TaKXKe H3yua-
Jauch yxe B XIX Beke. B Hacrosuiee BpeMsi TeopHS TakHX (OpM
c GOJIbIIUM yCNexOM Da3BHBaeTCsl MHOTHMH MaTeMaTHKAaMH.

TJIABA 32
HEKOTOPBLIE THO®AHTOBbI YPABHEHHUA

1. NPEJACTABJEHHE YMCEJ B BHAE CYMMbl JIBYX KBAJPATOB
M B BHJAE x242y°

Of6wHe MeToAbl pelleHHs AHO(AHTOBBIX YypaBHeHH#i € JByms
HeH3BECTHBIMH
A"+ ax"ly+ ... +a,y"=N

B LeJBIX YHCJAX X H Y MOYTH He pa3paboTaHbi.

Mbl HauHeM ¢ HeCKOJIbKHX JHO(AHTOBbIX yPaBHEHHH, SBASIOUHXCS
YaCTHBIMH CJIY4asiMH ypaBHeHHH, H3yYeHHBIX B IpeJblAyileil rJjase.
B kadecTBe mepBOofl 3aauyH pacCMOTPUM BONPOC O INpPEJCTaBJIEHUH
yHcea B BHJE CYMMbl IBYX KBajpaToB.

Teopema 298. ¥ pasnerue

x"’—|—y?=N, (1)

z0e N (N >0) yeae, umeem peutenus 8 Ueavlx, 83AUMHO NpO-
CMbIX HUCAQX X U Yy mo20a u moabko moeda, Koe0a KAHOHUYECKoe
pasaoxcenue N ne codepocum npocmbix 4ucer p euda 4n-+43 u
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44 N. Yucao cobcmeennoix npedcmasrenutt N ¢ sude (1) paeuo 40,
20e v—4quUCAO peuieHull CPABHEHUA

2= —1 (mod N). )

Mpumeuanue. Yucao pewenuft cpasnenns (2] 6uno onpeseneno
B Teopeme 226.

HDoxasatenbctBo. Ha crpanuue 190 (vacTHelfi cayyai Teo-
peMur 213) Obl10 HalifieHO, YTO NPH B3aHMHO NPOCTHIX X H Yy YHCJIO
BUAa x%-4y? He JReJuTcs Ha NpOCThe uHcaa p ==4n-+ 3, nostoMmy,
ecqid N uMeeT X0Ts Obl OJMH TaKOH jeNuTeNb, ypaBHeHue (1) He HMeeT
pelleHH# ¢ B3aUMHO npocTbiMH x u y. Ilpu (x, y)==1 no xpainei
Mepe OJHO H3 YHcel X, Yy HeYeTHO; JeBas 4acTb ypaBHeHus (1)
cpaBHuMa ¢ | uau 2 no moxpysmo 4 u ecau 4/N, 10 ypapHenue (1)
TaKXkKe He HMeeT pellleHHs C TaKHMHU X, Y.

Ecau N He uMeer npocTeix Jendrenedt BHpa 4n+3 u 44 N,
To (Teopembl 226 u 207) cpaBHeHue (2) MMeeT peuleHus, T. e. v=0.

3ameHsst B uepes 2z, JNerKO OIpele/UTb, HYTO YHCJO peLleHHH
CpaBHeHHS

B?=—4 (mod 4N) * 3)

B JBa pa3a OoJblle, 4eM YHCJO pelleHHH cpaBHeHHsd (2), T. e.
paBHo 2v. ITocKoJbKy BMecTe ¢ KaxjabiM B cpaBHeHuio (3) Bceria
YAOBAETBOPAET H 4N — B, TO 4HCJIO pellleHHH 3TOr0 CpaBHeHHd, TAKHX,
yro 0 << B<C2N, paBHO U H, CJlefloBaTe/]bHO, COTJIacHO pe3yJibTa-
TaM, INOJIyUeHHBIM B fpeAblyilell rJjaBe, cyulecTByeT v ¢(opM
{N, B, C} ¢ muckpumuHaHTOM —4, y KoTopuix 0=<< B<C2N.

Bce 3t ¢opMbl corsiacHo Teopemam 291 u 293 sKBHBasIeHTHBI
{1, 0, 1} u ana kaxiuo# U3 HHX (Teopema 297) CylllecTBYIOT YeThipe
YHHMOAY/ISipHble JHHefiHbe NOACTaHOBKH, nepesojsmue {1, 0, 1}
B Takyo ¢opmy {N, B, C}, T. e. obliee yHC/IO TakHX mpeobpa-
30BaHUN paBHO 4v.

Pa3/MUHbIM YHHMOJAYJSIPHBIM JIMHEHHBIM NOJACTAHOBKAM COOTBET-
CTBYIOT pasjuuHble npeicrasjeHus N B Buje (1) (teopema 287), u,
TakuM 00pa3oM, pe3y/bTaThl, NoJNydeHHble B 31-i raase (cM. cTp. 293),
MOKa3biBAOT, 4TO YHcJO mnpeicTaBieHHd N B BHue (1) pasHo 4v.

Ecan N=pt ... pk man N=2ph ... p¥ | rme Bee p; —T1po-
cThie uucaa Buga 4n--1, T0 cpapHeHHe (2) HMeeT 2° pelleHuil, H
yHcJo npeacrabineHnd N B Buje (1) paBHo 2°%2,

KaXAOMy pelIeHHIO X,, Y, YPaBHeHHs (1) MOKHO cONOCTaBUTH
BOCEMb pPELIeHHH, MOJIYYalOIHXCA MepecTAHOBKOH 3THX BENHYHH H
Pa3NHUHBIMH H3MEHeHHSIMH B HX 3Hakax. Ecsin paccMarpuBaTth TOJBKO
NOJIOXUTE/NbHblE 3HAYeHHSI HEH3BECTHHIX, TO peLIeHH#l GyJHeT v.

- UYactHbit caydyait TeopeMbl 298 ans npocThix 3HaueHHH N Obla
JloKa3aH JDUJepoM.

Teopema 299. Ecau He cdumams pA3AULHbLIMY PA3AOICEHUS,

omaunqroujuecs NOpAGKOM Caazaemulx, mo Kaxcdoe npocmoe Hucao
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p=4n-1 eduncmeennoim o06pasom paszsgzaemcs Ha Cymmy O0eyx
Ksadpamos. ,

HoxasarteabcrBo. Ilpp N=p=4n-41 cpaBHeHHe (2)
nMeeT 1Ba peileHus1 (v=2). YpaBHeHue x2--y?==p mnMeer IBa
pellleHHs] B MOJOXHTEJbHBIX YHCJHAX, IHpu 3TOM (X, yY)=1, x5y,
TaKk 4TO eCJU paszjoxeHHss p=x%+4y? u p=y?-+4 x> cuMTaTh OJH-
HaKOBhIMH, TO OyJeT B TOYHOCTH OJHO H TOJBKO OJHO pasJiokKeHHe.

Pemenusi ypaBuenuss x%-4-y?>=p MOXKHO HaHTH, paccMaTpuBas
upcaa p— 1%, p—22, p—32, ..., NOKa He HailJieM cpelH HUX KBal-
parta. IlpuMeHenne oOIIMX TeopeM NpeAblAyHleil rJaBbl TpeGyer
00bMHO OoJiee NJTHHHBLIX BbIYHCJAEHHH, YeM HeNocpeACTBeHHBIH Moj-
6op. CoBeplleHHO aHAJOTHMYHO TeopeMe 298 MOXHO paccMOTpeTb
npejicTaBJeHHs] MOJOXUTEJNbHBIX uHcesd B Buje x%- 2y2.

Teopema 300. ¥ pasuerue

x24-2y2=N, 4)

20e N-—noaoxcumenvHoe HedemHoe 4HUCAO, UMeem peulenus 6 ye-
A6IX 63QUMHO NMPOCMbLIX HucAax x, y mozda u moavKo moeda, kozda
Karonuueckoe pasaoscgue N He colepiycum npocmeix 4ucea p
suda 8n-+5 u 8n-4-7. YQucro maxux npedcmassenud passo 2v,
20e V—4UCA0 pelllenull CpasHeH U

22 = —2 (mod N). (5)

HdoxasaTteabcTBo. Heo6xonqumocTs ycaoBHSI OblIa noKasana
Ha crpanune 190 (vactHeifi cayuaii Teopemnl 213).

Ecan neuerHoe N He uMeeT IPOCTHIX fenHTeNieil Bufia 8n-+45 u
8n -7, 10 cpaBHenue (5) umeer pemenus, T. e. v 7 0. CoBepiuenno
Tak XKe, KaK U B Teopeme 298, nosyuaem, uto uncao ¢opm {N, B, C}
C HMUCKPHMHHaHTOM A = —8, Ttakux, uto 0<<B<C2N, pasHo v.

Tax xe, kak B Teopemax 293 u 294, JOKaxeM, UYTO BCe (OPMBI
C JMCKDHMHHAHTOM A = — 8 skpuBajeHtHrl ¢opme {1, 0, 2}.

JlelicTBHTENIBHO, €CJIW Y TNPpUBENEHHOH IOJIOXKHTENBbHO ONpeje-
JeHHoit ¢opmel {a, b, ¢} auckpuMuHaHT A ==b?—4ac=-—8, 10,
nockoMbKY |b|<<a<<c, umeem: 8<< 84 b =4ac=8-b*< 8+ ac,

2<ac<§, T. €, ac=2, a=1, c=2, b=0.

TarkuM o6pasoM, npH A =-—8 Tak Xe, Kak npd A=—4 u npu
A =-—3, uMeeTcs OJHH KJacC NOJOXKHTEJbHO ONpEHeJIeHHbBIX (OpPM.
Has kaxpoi us v ¢opM Buaa {a, b, c} cyulecTBYIOT (Teopema 297)
IBa YHHMOAYJSIPHBHIX JIHHEAHBIX Ipeo0pa3OBaHUs, IEPEBOAALIMX
{1, 0, 2} B {N, B, C}, u Torna, npuHNMasi ONSITb-TAKH BO BHUMaHHe
Teopemy 287, nosayuyaem, uto ypaBHenue (4) uMeer 2v pelleHH#
C B3aMMHO NPOCTHIMH 3HAaYEHHSAM X H Y.

UYucno pemwennit cpasuenus (5) onpefensieTcs Teopemon 226.

k
Coraacuo 3Tofi Teopeme, ecain N=p# ... ps', rae Bce p,—Ipo-
cTole uHcia BHga 8n--1 w 8n--3, To v==2°, W 4HCJO npexcTas-
Jsenui N B Buje (4) pasro 2°'1. B wvactHoCcTH, OTCIOA2 BHITEK2€T,
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yTo q060e npocroe uucao p Buaa 8n-+1 uam 8n-+3 enuHCTBeH-
HbIM 06pa3oM MoxeT ObITb MNpeACTaBJeHO B BHJAEe CYMMbl KBajpaTra
H YJBOCHHOrO KBajpaTa HaTypaJbHBIX UHCeJ.

INNpumeuwanue. Ilpu uetHoMm N =2N, Moryr GuTb ABa Ciayyad:

1) Ecnu N, HeueTHOe, TO, 3aMeHssl B ypaBHeHHH (4) x uepes 2x; u COKpa-
Imasi Ha 2, MBI BO3BpamlaeMcs K Clydalp, paccMoTpeHHOMYy B TeopeMe 300.

2) Ecau N, deTHo, T. e. 4| N, T0 u3 paBeHcrsa (4) caeayer 2|x, 2|y, T.e.
He CymecTBYeT pelleHMH ypaBHeHHs (4) C B3aHMHO NPOCTHIMH X H Y.

Yucao pemenuit ypaBhenudl (1) u (4) Oblo Jerko onpenesuthb
Gnarojaps TOMY, YTO I/ AHCKPUMHHAHTOB A=-—4 0 A=—38
CyHlecTBYeT BCEro TOJIBKO MO OJHOMY KJacCy KBaApaTHYHBIX GOpM.
Jlerko Buperb, uTOo ecau {a, b, c}— NOJOKHTENBHO ONpefe/eHHasd
dopMa ¢ B3aUMHO TPOCTHIMH @, b, ¢ U €CAH CYIIECTBYeT TOJBKO
OIHMH KJacC NPHMHTHBHBIX (OpM ¢ AHCKPHMHHAHTOM A = b%*—d4aqc,
TO COBepIlleHHO Tak e, Kak B Teopemax 298 m 300, moxHO ompe-
JEJIATh YHCJI0 COOCTBEHHBIX pellleHHH ypaBHEHH:H

ax®+4-bxy4-cy*=N.

HUssecTHO, YTO AAdA cAeAYOIHX 3HauyeHHH — A <5 100:
—A=3, 4,17, 8,11, 12, 16, 19, 27, 28, 43, 67 (6)
— CYIIECTBYET TOJBKO NO OJHOMY KJAcCy TaKHX KBaJpPaTHUHbBIX
dopm.

2. NPEACTABJIEHUE HATYPAJIbHbIX YHCEJI B BUJE CYMMDbI
YETBIPEX KBAJPATOB

B 1770 r. Jlarpamx pmokasaj, 4TO KaxJoe HaTypajJbHOe YHCJO
NpeACTABHMO B BHJE CYMMbl YeThIpeX KBaJpaTOB LeJbX YHCeJ.
Jl0Ka3aTeNbCTBO 3TOTO 3aMeuaTes]IbHOTO (haKTa ONMHPAeTCs HAa H3BECT-
Hoe aarefpaHueckoe TOXJECTBO DiiJepa:

(@i + a3+ a3+ al) (b7 + b2 -+ b5+ b3) = ci+ca+cs+ei, (7)
rje
€y = b, + ayby +agby+agby, €y = a0y —ayb, +agby—agb;,
C3 = alba_a3b1+ a4b2—'a2b4, C4 = a1b4 '—a4b1 + azb3—-(13b2.

CnpaBefJiHBOCTb 3TOTO TOXKIECTBA NpH JIOOBIX @y, @y, 43, a4,
by, by, by, by Nerko npopepseTcs HENOCPEACTBEHHBIM BEHIYHCJEHHEM.

Haunem c paccMoTpenus pa30ueHHfi NPOCTBIX YHCeN Ha CyMMY
KBajgpaToB. B TO BpeMs Kax npocThie yHcsa BHAa 4n--1 npeacra-
BUMBl B BHJie CYMMbl JBYX KBaJpaTOB HaTypaJibHbIX Yucesa (Teo-
peMa 299), npocTble uYucJa BuAa 4n--3 He Bcerja NpeACTaBHMBI
Jaxe B BHJE CYMMBl TpeX KBajApaToB eiblx yucea. Jlerko, Hanpu-
Mep, 3aMeTHTh, YTO 4YMCJIO 7 HeJb3s NPEACTaBHTb B BHAE CYMMBI
TpPex TaKHX KBajipaToB, BMecTe ¢ TeM oOKasblBaeTCfl, UYTO Kaxjoe
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NPOCTOE YHCJAO NpPEACTABHMO B BHJAE CYMMB YeThipeX KBaJpaToB
OeAbIX YHCel.

s npocteix uucesn BHAa p=4n-1 st0 npexacrasiser coboi
HeNMOCPEeACTBEHHOE CJIeACTBHE TeopeMbl 299, Tak Kak H3 p=a?-|-b?
crepyer p=a?+4 b2+ 02402, [loxkakeM, uT0o M NpOCTHiE YHCAA P
BUAa 4n -3 TakkKe mpeACTaBHMH B BHAS CYMMBl YeThIpeX KBajpa-
ToB. UTOOH HMMETh HNOKAa3aTeJdbCTBO, He 3aBHCAIlee OT pe3yJbTaTOB
31-# rnaebl, 6yzeM GpaTtb OOWMII ciayuafi NPOH3BOJBHOrO HPOCTOroO
uhcna. Ham momago6utcs caepyiollasi BCOMOraresibHasi TeopeMa.

Teopema 301. [laa moboz0 npocmozo wucaa p ==2 cyujecmsyrom

yeavie qucaa m, xq, Y,, maxue, umo 1<<m< % u

xo+Yyo+1=pm. (8)
JokxasarteanctBo. UYucaa
p—1\32
0, 12, 22, ..., (—2—) 9)
NONAapHO HeCpaBHHUMH 1O MoayJio p. JelcTBuTeNbHO, TO, YTO CpejH
—_— 2
unces 12, 2%, ..., 3—2—1-) HeT CPaBHHMBIX MO MOAYJIO P, Mbl

Jokazasn B Teopeme 203, a TO, 4TO 3TH uyHcja HecpaBHHMEI ¢ 0,
oueBuano. OTcioja BHITEKAeT, UTO H HHcJA

_1,—1—12,__1_22,...,—1—(”—;—‘)‘ (10)
MONapHO HEeCPAaBHHMBI MO MOIYJIO p.

Of6imee uncao uMcea B mocaenoBatenwHocTax (9) u (10) paBuo
p-+1, 1. e. npepocxoiuT obllee YHCJIO KAaCCOB MO MOAYJIO p, a
5TO 3HAUMT, UTO CpPelM HHX, B3SITHIX B COBOKYNHOCTH, €CTb MO
KpaliHell Mepe ofHa mapa uyHceJ, NMpPHHajJEXKaIIHX OXHOMY KJjaccy,
T. e. CPaBHMMHX 10 MoayJio p. OmHO W3 uucen TakoH mapel Hpu-
HaJJMeXHUT mnocaefoBatesbHOcTH (9), a apyroe—(10), T. e. mpu He-

KOTOPBIX X, H Yo, THE ngog’%l, 0<y0<p—-2_—1-, HMeeM:
xp=—1—y;(mod p), xo+ys+ 1=0(mod p),
xo+ Yo+ 1=pm,
1 9 2 1 [(p—1\2 p—1\2 _PP—2p43 _p
F(xo + Yo ‘|‘1)<? [(—2—') +(T) +l]—_27_<7 .

Hs pasenctBa (8) HemocpeACTBEHHO BHIHO, YTO m == 1.

Teopema 302 (Jlarpanxk). Kasdoe npocmoe wucso npedcma-
8UMO 8 guOe CyMMbL Hembipex Keaodpamos yeabix 4ucen.

JdokasatenbctBo. CorsacHo mnpegsgyiiell TeopeMe IS
KaXJOro MpoCTOr0 4YHCJAa p>>2 CymecTByeT m, Takoe, 4TO

l<m<§ﬂ

m =

pm=x;+yo -+ 12402,
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T. €. pm NpeiCTaBUMO B BHJe CYMMH ueThipex 'xBaZpaToB. O6o-
SHaYHM 4Yepe3 pr, HaHMeHblllee MOJIOKHMTEJNbHOE UHCJIO, KpaTHOe p,
npeicTaBuMoe B BHJAE CYMMBI YeThHIpeX KBaJipaTOB WeJBIX YHCEJ;
TOrja

pmy=ai+a3+a;+a; (1n
NpH HEKOTODPHIX LeJbX a, @,, dz, (4 H l<m0<—g-.

JokamxeM cHauasa, uyTO m,—HeueTHOoe uucJoO. JleficTBUTeNbHO,
ecnd Onl GbIO my=2m’, To u3 pabencrBa (l1) cienosano 6w, uTO
cpelu uuces 4y, Q,, a5, Ay He MoxeT ObITb OJHOrO HJH Tpex He-
YeTHBIX YHCeJ, T. €. UHCJIA @y, Q,, 45, a4 JHOO Bce yeTHble, JHOO Bce
HeyeTHble, ' J1H6O, HaKoHell, JBa YeTHhIX H JBa HeueTHHIX. Mul Mo-
}KeM Torja pa3GMTh 3TH 4YHCJIAa HA JiBe NMapbl, TAK, YTO B KaXJYi0
napy BXOAAT UYHCJA OJAMHAKOBOH UETHOCTH M, €CJH, HalpHMep,
2la1+a2, 2la,+ a,, 3anucatb paseHcTeOo (11) B BHme:

pm’ = S (@ talfadtal)= <ax+a2) n <a1;—a,)2 " <ci;§_—{2—_a_)z N

4 <93__2“_"4)2 , .
rae |l <<m’ < m,, UTO NPOTHBOPEYHT TOMY, UTO pm, OblJIO HaH-
MEHBIIHM YHC/JIOM, KDATHHIM p, INPeiCTaBHMBIM B BHJIE CYMMH
yeThipeX KBaApaTOB LeJbX 4ucesa. TakuMm o6pasoM, tm,— HeueTHOe
4HCJIO.
OGo3HauuM uepes ry, ry, Iy, ry COOTBETCTBYIOLIHE HaHMeHbIHE
no aGCoMIIOTHOH BeJIHYMHE BHIYETHI YHCeJ d;, @,, O, Ay NO MOAYJIO

m
m, Tak, U4TO, NOCKOJIbKY 1, HEUeTHO, Bce |r;| < —23 TlockosbKy Bce
r;=a; (mod m,), u3 pasenctsa (l11) crenyer:

ri4ri+rs+ri=ai+a;+a;-+a;=0(mod m,),
mot =ry+rs+r3-+ri, (12)

0< tg—(r1+r,+r3+r4)< <m°) -4 =m,.

INepemuoxas pasedHctBa (11) m (12) u nosb3ysice dopmysot (7),
HoJIyyaem:

mipt =(at +ad+ai+a2) (ridridritri)=

=c1+c; +¢s i, (13)
rge .

F] 2 2 2 J—
Cy==Qyr+ Qpry+agrg+agry=a; +a, +a; +a; =0 (mod mo)_,
Cq =037y gl + Qgf's— gl == 0 (mod m,).

ILnst ¢z ¥ ¢y aHAJIOTHYHO TIOJIy4aeM cg==0(mod m,), c,==0(mod m,).
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Ilens Bce unenm paseHcTBa (13) na m?l, mosmyuaem:

ORI RICH Y
rjge Bce )'_'nﬁ- neJible.

0
ITockONbKY pm, OBIIO HaWMEHBIIMM TNOJOXKHMTEJbHBIM YHCJIOM,
KPaTHBIM p M TNPeACTaBUMEBIM B BHJE CYMMBl YeThiPeX KBajpaToB,
a 0<<f<m,, TO paBeHCTBO (14) mokasmBaer, uto f=0. W3 pa-
BeHcTBa (12) mosyuaem:

ri=ry=rg=r,=0, g;=0(modm,) npu i=1, 2, 3, 4,
mi|ai+ai+ai+ai, mi|mp, mylp,
T. €. NOCKOJIbKY 1<m0<§, 10 my==1. Papenctso (11) npunu-

Maer BUA p=a;-+a;-a;1-aj, T. e. p NPEICTABUMO B BHJE CYMMEI
YyeThIpeX KBajpaTOB LEJBIX uHCeJ.

Ipn p=2 umeem: 2=12 4+ 12+ (02 4-02.

Teopema 303 (Jlarpamx). Kascdoe HamypasvHoe 4ucio nped-
CMasumo 6 sude CYmmbl demsipex Keadpamos yeavlx 4ucer.

HoxasarteanbcTBOo. Mb Jokasanu, uTo Kaxjgoe IpocToe
YMCJIO NPEJCTaBEMO B BHIE CYMMH YeTbIpeX KBaJpaToB - LeJhX
uycen. PopMyaa (7) noxasmiBaeT, yro NpoH3BeXeHHe IBYX, a cJe-
JOBATEJIbHO, H JIIOOOTO YMCJIa TIPOCTHIX YMCEJl, KaxA0e H3 KOTOPHIX
NpeJcTaBUMO B BHJE CYMMbl YeThIpeX KBaJpaToB MeJHX UHCesn,
TaK®Xe NpeJCTaBHMO B TakKOM BHJE.

ITockosbKy Kaxjoe HaTypajbHoe uucJo, Gonbmee uyeM 1, ecThb
NPOH3BeJieHHe NMPOCTHIX umces, a 1=1%24-0240%4 02, yTBepKue-
HHME crnpaBelJHBO LJs BCeX HaTypaJ/ibHBIX YHCel. ‘

3. NPOBJIEMA BAPHHTA

PaccmarpuBasi pas3buenusi uMces Ha CyMMy KBaipaToOB, MHI,
eCTeCTBEHHO, MOZXOJHMM K GoJsiee oOmefi npobJjeMe O INpeicTaBje-
HHUSIX 'UHCeJ B BHAe CyMM n-X cteneHefi. B 1770 r. anrauickuit
MaTeMaTHK BapuHr BricKasan 6e3 foKa3aTeJbCTB psJl NpeAIoKeHHH,
OTHOCALIUXCA K 3TOH npoGjeMe. BapuHr yTBepiKAas, YTO KaxJoe
HaTypaJsibHOe YHCJO NPEACTAaBUMO B BHIE CyMMbl He Gosee 9 xy6os,
19 6uxkBagpatoB H T. A.

O6mwas npobneMa, BO3HHKIIAs B CBSI3M. ¢ STHMHM B CYIIHOCTH
TOJILKO SMIHPHYECKHMH cOOOpa:KeHHAMHM M MNOJYUYHBIlas HasBaHHe
npobsaeMsl Bapunra, sak/iouaeTcs B TOM, UTOObl J0Ka3aTb, YTO AJIst
KaXJIOIro HaTypaJbHOTO .71 CYIIECTBYeT §, Takoe, uTo Jroboe LeJoe
NOJIOXKHTeNIbHOe N TIpeJCTaBEMO' B BHJE CYMMBl § CJaraeMbiX, siB-
JASOIHKEXCA TOYHBIMH 7-MH CTENEHSIMH LeJBX HEOTPHLUATEJbHBIX HH-
ces. Pemenue 310l npo6iembl 6bn0 mosydeHo Tonbko B 1909 1.
Mbl pazum QopMyJHPOBKY TeopeMbl, joKasaHHo# Bnepsbie Jl. I'Hub-
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6epToM; H3JIOXKeHHe JI000T0 M3 H3BECTHBIX J0KA3aTeJbCTB 3aHSJIO
Obl CJAMINKOM MHOTO MeCTa H [O CBOEMY XapakTepy BHIXOZHT 3a
pPaMKH 3TOH KHHTH.

Teopema 304. [an 4106020 pukcuposanHHozo HAMYpPaALsbHO20 YUCAA
n cyujecmsyem onpeGescHHOe HUCAO S, 3ABUCAUEe MOAbKO Om n,
makoe, umo 04a Kamcoozo Hamypaassnozo N ypaswerue

N=xi+4xi4...+x (15)

UMeem peuleHue 8 Ueavlx HeOMPUUAMENAbHOIX YUCAAX Xy, Xy <., Xge
B Teopeme yTBepXuaercsl CYIIECTBOBaHHE JJIA KaxkKIOro n COOT-
BETCTBYIOIIEro S, oOJMajaiolero TaKuM CBOHCTBOM, Tak 4To s==s(n).
KoHeuno, oCHOBHOe 3Jecb TO, YTO S He 3aBHCHT OT N, HHaue
yTBepKJeHHe OblIo Obl COBEpillEHHO TPHBHAJBHBIM, HOCKOJBKY
N=x{+...+x% npu x;=...=xy=1. Jaa KaKIOr0 n MOXKHO
paccMaTpuBaTb HauUMeHblllee 3HaYeHHE S, NPH KOTOPOM KamKjoe
HaTypaapHoe 4ucao N mpeactaBuMo B BHIe (15); 3T0 HauMeHbliee
3HaueHHe S, 3aBHcAllee OT n, 0003HAUAlOT OOBIUHO uepe3 g (n).
Hanopumep, g(2)=4. [elicTBuTeNbHO, KaxJoe HaTypaJbHOe
UHCJIO TPEeJCTABHMO B BHJE CYMMbl YEThIDEX KBajpaToOB LEJbX He-
oTpHuaTeNbHBIX uHcesn (TeopeMa 303), M, Kak ObIIO OTMeueHo, cy-
IIECTBYIOT YHCJA, HE NpeJCTaBHMble B BHJE CYMMBl Tpex KBajpa-
TOB, HampHMep, KaK 3TO JIerKo BHJeTb, Bce uucaa BHja N =8k +7.
Ilpp ‘n=23 Obi0 pokasaHo, uto g(3)=9. CymectsyioT zABa
uHCa, a uUMeHHO 23 U 239, KoTophle HeNb3s MPeiCTaBHTb B BHJIE
CyMMBI BOCbMH Ky0OB, 4YTO O3HauaeT: g(3)=9, a 3Hauut g(3)=9
OkasblBaeTcsl, 4T0, KPOME 3ITHX JBYX UHCeJ, BCE OCTajbHble Ha-
TypaJbHble YHCJA TNPeACTaBHMBE B BHIE CYMMbl BOCBMH KYOOB.
Boofuie, ansa KakJoro f CyuleCTBYIOT CDaBHHTENbHO HeGOJIblIHE
uypcaa N, AJas KOTOPHX B ypaBHeHHH (15) mpuxomutcs 6paTth MHOTO
c/laraeMbiX; HajlMuue TaKHX 4YHceJsl OompefessdeT TO, YTO HPH yBeJH-
YEeHHH n q)yHKunH g(n) 6LICTPO pacTeT.

Teopema 305.
n 3"
g(n)=2"+ [2—;;] —2.
3"

JokasaTeabcTBOo. Bosbmem N =2" 75 | —1; Torga N < 3%,
TaK 4to B npeicTaBieHHsAX N B Bugie (15) uesble MONOXKHTENBHBIE

X1, X2, «.., X; MOTYT DaBHATbCS TOJMBKO 2 u 1. 3CnIJIaraeMbe BHJA
2" npu takoM N MoxeT OHITb He 60Jbille, YeM [2—,,]—1, TaK 4710,

mocKoJbky N —27 ( [3—2] — 1) =2"—1, umeem:

N=2"+..‘.—}—2"+1"+...+g
n . 1
[-3—]—1 pas 2" —1 pas (16)

9n
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Ecnu B paanomenun N yMEHLUIHTH . YHCAO CTefeHeill ABOAKH M
YBEJIHYHTb YHCJIO €IHHHU, TO obmiee YHCJIO cIaraeMhX TOJIbKO BO3-
pacrer. HamuMeHblnee uyHcJO cjaaraemblx B pasaoxenud (15) pas

n
tTakoro N, kak 370 BHano Hu3 (16), paBHo [%]—1—2"——2, T. e,
3"
g(n)=2"4 [2—,.] —2.
n

HMelotcss ocHoBaHHS mpejnoJararth, 4to 2" [%] —2 saBaserca
s BceX n =1 HCTHHHLIM 3HadeHHeM g (n). HaBectnn chepyiompue
peayabTath (TeopeMur 306 1 306), KoTopble Mbl mpHBOAUM 6e3 nOKa-
3aTeJIbCTB.

Teopema 306. Ecau npu HamypassHom n, omaudHom om 4 u
5, .umeem mecmo Hepasencmso

3" o [3] <2 — [';l-] , | 17)

g(n)=2"+ [-3-} —2.

Teopema 303 TIpeJICTaBIsIeT co6ofl wacTHoIi cayuail Teopembl 306.
Teopema 306’. Ecau npu HamypaibHom n umeem Mecmo Hepa-

BEHCMBO
-2 5] >[5

g(n)=( 2"+[%‘]+[4_"]—2 npu 2" = [3_3.""] [§]+[§§1+[§—%‘]
12"+l }—l—[ } Snmen < [ H J""[z"J [3,.]

Ecau craBuTb Bompoc O npeAcTaBJieHHH HAaTypaJbHBIX YHCE] B
Buze (15) He 1ans Bcex HaTypaJibHBIX YHCeJl, @ TOJBKO BCeX YHCEI,
HayHHafl ¢ HEKOTOPOro, TO YHCJIO S HeOOXOJMMEIX JJisi 3TOrO cJja-
raeMbIX OKa3bIBaeTCSl 3HAUHTEJIbHO MEHbLIIHM.

OG6Go3HauuM yepe3 G (n) HauMeHbIUee 3Ha4YeHHe S, MPH KOTOPOM
ypaBHeHHe (15) HMeeT pelleHHe B LieJIIX HEOTPHILATEJbHBIX YHCJAAX
X3, X9, ..., X, Os BCeX uHucen N, HaunHaf ¢ HeKoToporo N > N,
T. €. IJis BceX HATypaJbHBIX uHceq N, HcKJIOyasi, MoxKeT OHITb,
TOJIBKO KOHEeYHOe HX YHCJIO. :
~ Tlpu n=2 3nauvenus g(n) ¥ G (n) copnajaior: G (2)=4, TaxK
KaK (CM. Bhbllle) CYIeCTBYIOT CKOJb YrofHO O6ojbluHe uHcla, He
npejCTaBHMEIE B BHJE CyMMbl Tpex KBaapaTtoB. B 1942 r. IO. B. Jlun-
HHK JioKasaJ, 4To G (3) << 7. brisio Takxke jokasaHo, yto G (4) =16,
G (5) =< 23. Kak 6micrpo pacrer ¢yHkuus G (n) npH yBeJHYEHHH np
Kax MHoOro mnpuuercsi 6paThb cjaraeMnix B ypapHeHHH (15) upu Godb-
WHX n, 9T06bl OHO OBIJIO Pa3pelINMO B IIEeJBIX HEOTPHIATEJNbHEIX
YHCJIaX AJsi BceX HaTypajbHhX N, HaudHas e HeKoToporo? Psap
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KPYNHBEIX COBPEMeHHBIX MaTeMaTHKOB Pa3pabaThiBaJjH METOLb OLUEHKH
OYHKIUHH G (n). OcoGéHHO S¢xpeKTHBHRIM OKasaJjcs metox M. M. Bu-
HOrpajzioBa, JOKa3aBLIEro, 4To

G(n)=0(nlnn).

4. HEONPEJEJIEHHOE YPABHEHHE ®EPMA

PaccMorpuM Tenepr HeonpegeseHHoe ypaBHeHue PepMa
x2—Dy?*=1, (18)
nmeloliee 6OJbINOe 3HAYeHHe BO Bcell TEOPHH JHO(AHTOBHIX Yypab-
HeHHH. Mb JloKaeM, 4YTo MpH KaXJOM HaTypaJbHOM 3HaueHuH D,
OTJIMYHOM OT IIOJHOTO KBajJpara, STO YypaBHEHHe HMeeT Geckoneu-
HOe MHOMKECTBO peLIeHHH B LeJHX YHCJAAX, H JajuuM o6l MeToj
IS HaXOXKJEHHsl BCeX ero pelleHHH.
Teopema 307. [Tycme D-—yenoe nososcumenvroe uexsadpammuoe
HUCA0 U Xy, Yo (X3 =0, yo=>0)— pewenue Ouoganmosa ypasrenusn
(18); moeda x, u Yy, npedcmasastom coGOL COOMBEMCMBEHHO HUCAU=

meab u 3HaMenamerb 00HoL u3 nodxodauwux dpobed k V D.
INokasarteabctBo. Hs xj—Dys=1 caenyer, uto %>
>VD>1mn
( VD!/o) (xo +V_yo) = 1
—Vp l yo]x°+VDl 2!/
P

T. €. COTJIaCHO TeopeMe 245 f:a—!—ozma H3 TOAXOAAWIHX JApO-
) . 0 s

6eit x V' D. ITockONbKY X, H Y,, YROBJIETBOPAIOIIHE YPaBHEHHIO
X,

(18), —B3aHMHO DpOCTBle YHCJA, H3 paBeHCTBA gﬂ=Q—3 clejyer:
0 s

xb==[2’ y0==Qr

B Teopeme 265 Mbl noayunnn oOwHH BHA pasjoxenus YD B
uenyHyio apobb, a HMeHHO:

V5=ao-|—‘ﬂa1+ﬂa2+...-I--Uak_l-l-ﬂ?aol—f—... (19)

OkasbiBaeTcsi, YTO peiieHHsIMH ypaBHeHHs (18) MoryT 6GbITh "uC-
. P

JHUTEJIH H 3HaMeHaTeJH TOJBbKO TeX MOAXOAAWMX HpobGeil Q—’ K (19),
s

y KOTODBIX HHAEKC S HMeeT BHA kn—]1.
Teopema 308. Ecau xy Y, (%, >0, y0>1)-—pemer-zue Juoghan-

mosa ypasuenus (18), mo xy="P,_1, Yo=Qpy_1, 20¢ -Q"—"—‘-—noa-

kn—1
xo0sujas 0pobe k (19).
JoxkasatenscTBo. B npeinaymelt Teopeme Mbl JOKasat,
YTO €C/IM Napa UeJhX TNONOKHTEJbHHX HHCeNa X,, Y, NpeICTaBJser
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coboit pewenne ypapueHus (18), To x,=P,, y,=Q,, TAe g—s—

nofxofsmas Apo6s k o=} D. Uucio & ecTs KOpeHb KBaAPaTHOIO
YPaBHEHHS C HEJbIMH KO3(hQHIHEHTAMH

—D =0, (20)

1
Tlonnoe wactHoe o, =a,,, —I—Jas+2 + ... pasjoxenus VD B

nennyw Apo6b npeicTaBiaserT co60# KOpeHb HEKOTOPOro KBajapart-
HOTO YpaBHEHHs

2
AgiiOsi1+Boy 101+ Copn=

C TeM Xe IMCKPHUMHHAHTOM, Kak y ypasHenus (20) (Teopema 262),
H coraacHo ¢opmynaaMm 28-ii raaswl (cTp. 254) (npun=s—+41, 4A=1,
B =0, C= —D) uMeem:

As+1=Pi'—DQZS= 1, a Bs+1=2(PsPs—1—DQst—1);

B,,,—UueTHOe uHCI0, KOTOpoe MHbl o003HauuM yepes — 2/. Pemasn
KBajpaTHOE ypaBHeHHe AJs o,,, NoayyaeM &, =I+VD, T. e.
pasjioXeHHe @ ., ; B IEIHYI0 JpoOp JO/KHO HMETb TOT e IepHOZ,
Kak B pasjoxenuu (19) umcaa VD, M OTIHYAeTCHA OT HEro TOJBLKO
HayaJdbHBIM YJeHOM. JTO MOXKeT OBIThb TOJBKO NpH [=a,, s+1=
=kn, T. e. s=kn—1. Tenepp ocTaercs TOJBKO BHIAICHHTBH, KaKHe
HMEHHO H3 uucesn P,,_;, Q,_, ABJIAIOTCS pellleHnAMH Y paBHeHus (18).

Teopema 309. ITycme D—yesoe nosodcumenvroe Heksadpammuoe
qucao, k—Qdauna nepuoda pasroscenus V'D 6 yenuywo 0pobo. Mot
noayaum ece pewerus ypassenus (18) 8 yeavix noaoxcumenrvuolx
HUCAAX X U Y, eCAU NOAONCUM: ' '

x=Ppi_y, Y=Qpp- 1

2de n— awboe uamypa/zbuoe aucro, makoe, 4mo kn demwno.

HoxasareancTBOo. B npenuiaymesi TeopeMe Mbl yXe  ycra-
HOBHJIM, YTO Bce IleJible MOJIOXKHTEJNbHBIE DellleHHsA ypaBHeHHs (18)
HaxXO#ATCA cpegu nap BHAa P,,_,, Q,,_,. HaM ocraercs Ttoasko
BHIICHHTb, NPU KAKHX N YHCAA Xo= Py, _;, Y,=0Q,., YZOBJIETBO-
psoT ypasHenuwo (18).

IosHoe wactHoe a, B pasnoxenuu (19) uncia VD umeer Bum:

OLkn =12a0 + 'l}a1+ . e +"_/ak_ll+ ey

T. €.
0y =0 +V D. 21
Cornacno dopmyse (8) 24-it rnasbl

V5= Pkn—lakn'l‘Pkn—ﬂ
Qrn-1%nt Qrn—z’
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TaKk YTO, MOACTaBJsAs CIOJa 3HAYEHHA o, H3 Qopmyad (21), noay-
qaeM:
DQyp—1 +(@0Qsn-1+Qrn—s) Vﬁi“ (@0Prn-1+ Py, o) +
+P,  VD. (22)
IMockoabky VD MppanKoHaJbLHO, M3 paBeHCTBa (22) caenyer:

Pkn—lzaOan—1+an—2’
DQuuo1 =P o1+ Pryoa
YMHOXasl TlepBoe M3 3THX paBeHCTB Ha P,, ,, a Bropoe Ha
Q.,_; ¥ BbUHUTAs, MOJYYaeM:

Pkn—l_“Dan—lzpkn—len 2—Pkn ZQIm 1=(_1)kn'

Crenosateabno, napa P,,_;, Q,_, OYAET SABJSATbLCH pelleHHEM
ypaBHenus (18) Torma u Tombko Torpa, Korja (—1)*=1, 7. e.
OPH YeTHBIX 3HAueHWAX krn. HauMeHbIINMH NOJOXKHTEILHBIMH 3Ha-
UEHHSIMH X4, Yo, YAOBJETBOPAOIUMHU ypaBHeHHIO ®epma (18), ap-
JATCA:

=Py_y, Yo=Qp_y, €CAU k YETHO.

xO—P2k_1, Yo=Qqs_1, €CIH k HeueTHo.

ITpumepn. 1) HaiitTh HauMmeHbluHe ueJble MNOJNOXKHTEbHBEIE
3HAUeHHA X, Y, YAOBJETBOPSAKONHE ypaBHeHHIO xZ—22y?=1,
Pasnaras /22 B uennyio 1po6b, moayuaem:

V22=4+1/l1+ﬂ2+ﬂ4+ﬂ2+1/1 -|-ﬂ8l+...

3nech k£ =6-—ueTHOE YHCJO, NOFTOMY X, = Pj, Y, = Q5 — HCKOMBIE
HaMMeHbIIME 3HAUeHHss x H Y. Bbluvcass, Haxoaum x,=197,
Yo=42.

2) HafiTu HauMeHbllMe HeJible MOJOXKUTEJbHblE 3HAaYeHHR X, Y,
YAOBJIETBOPSAIONIHe YypaBHeHHIO x%— 13y% =

Pasnaras J/ 13 B uennywo Apo6b, HOJIyanM:
Vi3=3+Y1 _}_1/]_}_1/1;}_1/1_}_1/6_}_.“,.
' ]

3necy k=25, HauMeHbilee yerHoe kn paBHO 10, MOsTOMY HCKo-
Mble 3HaueHHA Xx,=P,, y,=Q,. BuuHcagasa, Haxogum: x,=649,
Yo == 180.

CoBepuUIEHHO aHAJOTHYHO ypaBHeHHIO (18) MOXHO pelwuTth ypas-

HEHHUE
—Dy?=—1. (23)

Teopemnr 307 u 308 mepeHocstcs Ha 3TOT cayuail 6e3 BCAKHX
u3MeHeHU#, a B Teopeme 309 BMecTo YCJOBHA UeTHOCTH kn Hamo
noctaButh ycaoBue 24 kn. Takum 06pasoM, npH YeTHbIX 3HAYEHHAX
k nvopaHTOBO ypaBHeHMe (23) HE HMeeT pelleHHI.
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5. NPOBJIEMA ®EPMA

PaccmoTpum nHOdaHTOBO ypaBHeHHe

x4 yt=22, (24)
rle X, Y U Z—HaTypa/bHbIe YHCAa.

Hapectno, 4To uHcaa x, y, 2 MOXKHO paccMaTpHBAaTb Kak JUIHHBI
JBYX KareTOB H THIOTEHY3bl HPSMOYTOJBHOTO TPEeYyroJibHHKA.

I'eoMeTpHyeckH 3ajjaua penieH st HeONpeJeJIeHHOro ypaBHeHHUst (24)
thopMyHpyeTcs Kak 3ajaya HaXxOXKJAEHHSA PAMOYTOJbHBIX TPEYroJb-
HHKOB, Y KOTOPBIX JJIHHBI BCeX CTOPOH — LeJble Uucha.

Ora 3ajzaga paccMaTpHBasack MaTeMaTHKAMH pasjiHYHBIX CTpaH
ewe B ray6OKOH JPEeBHOCTH.

Of6uiue nenuTenH JABYX M3 BeJHUHH X, y, 2 B ypasHeHHH (24)
JO/KHBl ObITh AeJNHTE/ISIMH TpeTbell M3 HMX H MOryT ObITb COKpa-
ueHbl. MBI MOXeM NO3TOMY OrpaHHYHTbCS PACCMOTPEHHEM B3aHMHO
IPOCThIX 3HAUEHHH HEH3BECTHHIX.

Teopema 310, 1) Ecau x, y, 2—nonapo 63auUMHO npoctsie
qucaa, yoosaemeopaoujue ypasuenuro (24), mo us Osyx uucea x
U y O0OHO demHo, a Opyzoe HedemHo.

2) Bsaumno npocmoie uucaa x, y, z (x>0, y=>0, 2>0), us
Komopeix x wemro, yoosaemeopsawm ypasHeruro (24) mozada u moavko
mozda, Koz0a _

x=2ab, y=a?—b? z=qa%+b?, (25)

e0e a>b=>0, (a, b)=1 u u3 uucear a u b o0xo uemnuo, a Opyeoe
HeHemno.

HokaszatenbctBo. 1) Ilpn (x, y)=1 uncina x H y He
MOryT ObiTb OZHOBpPEMEHHO ueTHbIMHM. Ecnu 6w x u y Obau oGa
HEYETHbIMH, TO 2z OblI0 Obl YETHbIM H Mbl HMeNH Obl:

2= gLyt =(2k,+ 1)2 4 (2k, + 1)2==2 (mod 4),
2=2k, 22=0(mod 4), 2=0(mod 4),

TakiM 00pasoM, M3 JBYX UHCEJ X M Y OJHO YETHO, APYroe He-
YeTHO, a CJIEJ0BATE/NbHO, Z HEYeTHO.

2) DocratoyHocTh ycnoBHH. [lpn mobbix @ u b uncaa
x=2ab, y=a?—b% u z=qa®+-b* yJIOBJNETBOPSIOT ypaBHEHHIO (24).
He#dcreutenbHo,

(2ab)? 4 (a®-— %)% = (a®+ b%)2.

Ecau (a, b)=1, (a®>—0b%, a?+b*)=d, 10 d|2a% d|2b% wu
NOCKOJIbKY @ H b pasauuHoii uetHoctH, To (d, 2)=1, d|a?, d|b?,
d=1, 1. e (x, 9y, 2)=1.

Ipn a>b>0 uncna x, y, z HaTypaibHHE. {

Heob6xoanumocTe ycaosui. Hyems x, y, 2, roe 2|x,—
HPOHM3BOJIbHEIE B3aUMHO NPOCThIE HATypaJ/bHbie YHCJa, YAOBJAETBO-
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pAIomMEe ypaBHeHHIO (24); Torza, Kak 3TO YCTaHOBJEHO Bhile, Y H 3

HeYeTHH H .
(3=
Myctsb (z_-|2-_5_;, ﬂ):d, torpa djz u dly, T. e. d=1. Ilpous-

2
' 2ty . z2—y
BeleHHe JABYX B3aHMHO IpOCTHIX YHCeJ - H ) InpeacraBJisieT

co6ofi KBajpar UeJOro YMCJAa, a cJefoBareJbHO (Teopema 46),
KaxJoe H3 3THX YHCeJ TaKiKe ABJAETCS NOJHBIM KBaipaToM, T. €.
NpH HEeKOTODHIX Ledux @ u'b (a >0, b >0) nmeeM:

2—121”= 3, z—y =b?, z=a2+b? y=a®—0b% x*=4a%?: x=2ab,

rae a>b>0. Kpome Toro, u3 (x, y, 2)=1 caenyer (a, b)=1.
[Ipunasas a u b pasHble 3HaYeHHs, YJIOBJIETBODSIOUHE YCJIOBHAM
TEOPEMBbI, Mbl MOMEM IMOJIyYHTb BCe pellleHHs1 ypaBHeHHs (24).

Hanpumep, npu a=2, b=1 noayuaeM: x=4, y=3, z=5;
npu a=3, b=2 noayuaem: x=12, y=5, z=13 v 1. L.

MHorue nHOPaHTOBH ypaBHEHHs, B OTJIHYHe OT ypaBHeHHA (24),
Boo0Ile He HMMeIOT pelleHHH B [eJblX NOJOXKHTEJbHbIX 4YHCJaX.
Hanpnmep, ypasHenune x2+y?+ 2%=0, oueBHIHO, HE HMeET TaKHX
pelleHH#, TaK Kak JeBas YacTb ero NpPH MNOJIOKHTENbHBIX X, Y, Z
6oJibilie HYJA.

CymecTByIOT AHOpaHTOBH ypaBHeHHSI, He HMeIOIMe DellieHHH B
HeJILIX TOJIOMKHTENbHBIX YHC/IaX, XOTS JeBasd 4acThb YpaBHeHHS NPH-
HUMaeT 3HQUCHHs pasHblx 3HaKoB. [IpuMepoM Takoro ypaBHEHHs
MOXKET CJYXKHUTb ypaBHeHHe x*+ yt—22=0.

Teopema 311. ¥pasuenue

x4yt =22 (26)
He pa3peliumo 8 Yeavlx NOoAONCUMEAbHbIX HUCAaX.

JokasaTtenbcTBo. [IpuMeHNM HHAYKIHIO [0 2, NDHAaBas
Z BCeBO3MOMKHbI€ HaTypaJibHble 3HayeHHsd. B HameM J0Kas3aTesbCTBe
Bce OyKBbl OyIyT O3HayaTb TOJIBKO IleJile IOJIOXKHTENAbHbIE YHCTA.

[Ipn z=1 HenocpexcTBeHHO BHIHO, 4YTO YypaBHeHHe (26) He
HMeeT TaKHX peLleHHH.

[MpexnojioxkuM, uto ypaBHeHHe (26) He HMeeT pellleHHH. C LieJibi-
MH TIOJIOXKHTEJIBHBIMH X M Y NPH Bcex z2<Cn, a NPH Z=n HMeeT
TaKoe pelieHHe X=X, Y =1Y,, T. €.

(x5)?+(yo)? =n2. (27)

PaccMoTpuM zIBa cayyas:

1) (%9, Yo, n)=1; TOrza corsacHo npeablAyllell TeopeMe JaHGO
2|xy, au60 2|y,. Ecam 2|x,, 1O (Teopema 310) HmeeM: y;=a?—b?,
(@, b)=1, y,—HeuerHOe uucso. KBaZpaThl HECYETHbIX 4YHCEJ HMEIOT
Bux 42+1, a orciona Jerko BHJIEThb, YTO Pa3HOCTb KBajApaToOB ABYX
B3aHMHO LPOCTbIX YHMCEJ @ M b MOMXKeT paBHATbCA KBajapaTy Heuer-
HOTO Yo, TOJBKO KOFZa @ HeYeTHO, a b ueTHo.
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Hs a®=ys+ b2 upu (a, b)=1 noayuaem, uT0 a=u?-+v?,
b=2uv, rae (u, v)=1. danee, u3 (27) noayuuMm Takxe xp=a (2b)
u (a, 2b)—1 TaK 4TO.-NO TeopeMe 46 umeeM: a==s2?, 2b=1{2, rue
S W t peJsle, a MOCKOABKY b =2uv, To {2%=4uv. BBPU.Iy TOTO 4TO

t\2
(u, v)==1, paseHCTBO <§> = UV MOXeT HMeTb MeCTO (TeopeMa 46)

TOJBKO NpH u=4x;, v=yi. [lojacTarass B paBeHcTBO @ =u*+v?
HaljleHHble BBIDaXKEHHS JJs1 @, 4 U U, NOJydaeM:

X} 4+ yi=st (28)

Us toxpaectBa (27) BUAHO, YTO Xg << N ,H, KPOME TOTO, MBI HMEJH
Bhile s®=a ¥ 2ajx;, TaAK uTO S<<a<xe< n, T. €. PaBEHCTEO
(28) npoTHBOPEYHT TOMY, YTO COIVIACHO NPEAINOJONKEHHIO yDaBHEHHE
(26) He wuMeer peleHHH B LEJBIX NOJOXHUTEIbHBIX YHC/AAX TPH 2 < M.

Ecau 2|y,, To, paccyxpaas aHaJOTHYHO, MOJIYYaeM TO Ke MpO-
THBOpeuHe.

4 4 2
2) (%, Yo, n)=d>1, Torga (%"—) —}-(5;—) =<—dn7> , e LeJfoe
;—2< n, YTO TaKXe NPOTHBOPEYHT HalleMy MpPeioJOXKeHHIO.

IlonyuenHoe B 060HX clyyasX NPOTHBOpPEUHE MOKA3bIBAET, UTO
H3 NIPEJNOJIOXKEHHs] OTCYTCTBHS pelIeHHH ypaBHeHHd (26) ¢ Haty-
panbHBIMH X, Y U z< n cJefyeT OTCYTCTBHE TaKHX peLICHH# U
npu z=n. CorjacHo TeopeMe IV ypaBHeHue (26) He HMeeT TaKHX
peilleHU# NpH BceX HAaTypaJ/bHBIX 2.

Heonnopoanoe auodaHTOBO ypaBHEHHE C JABYMsI HEHU3BECTHBLIMH
¢ OJHOpOJHOf JIeBOH yacTblo cTeneHH, Goabliefi 4eM JABa, OGBIUHO
UMeeT TOJIbKO KOHEUYHOe MHOMKeCTBO pelleHHl (teopema 274). Mro-
riue JHOhaHTOBbl YDAaBHEHHS C TPeMs HEH3BECTHHIMH TaKKe HMeIOT
KOHEYHOe UYHCJIO pelleHWid HJH COBCeM He HMEIT pellieHHil B LEJBIX
yucaax.

Mbl He uMeeM OOLIero MeToza (anroputMa), KOTOPHIA MO3BOJSAJI
6bl aas Jo0oro JaHHOro AuodaHTOBA YpaBHeHHsl pellaTbh BOINpOC,
HMeeT JIH OHO WJIM He HMeeT pellleHHs B LeJIbIX YHCJaxX; HeH3BecT-
HO JaXe, CYLWECTBYeT JH Takof ajroputM. Mpl MoXeM CTaBUTH
BOIPOC O CYIIECTBOBAHUH pellleHHH B IeJNbIX HUJAH HeJbiX [O0JIOXKH-
TeJIbHBIX YHCJAX IJS OTAeJbHbLIX YpaBHEHHH WJIH JJIS HEKOTODBIX
KJ1accoB - InoaHTOBBIX ypaBHeHHH omnpejeneHHoro BHAa. HauGoJee
M3BeCTHAaH M3 TAaKUX 3ajay npobiema, ro3HHKIIasg eme y Pepma.

B opuofi u3 kuur [IHodaHTa paccMarpuBaercs 3ajaua o pasbue-
HHH 3aJlaHHOTO KBaJpaTrd Ha CyMMY JABYX KBaJpaToB, npHueM [luo-
(aHT UMeeT B BHAY KBaApaThbi MOJOXKHTCJIbHBIX PALMOHANbHBIX UH-
cen. Ha mosgx cBoero sxseMmisipa couuHeHu#t [Iuodbanta, Tam, rie
pemwaercsi 3Ta 3ajafa, I1. ®epma sanucan: ,BmecTe ¢ TeM HEBO3-
MOXHO pasJioXuTb Ky0 Ha jgBa kKyOa uau OuxkBajpar Ha naBa Ou-
KBajJipaTa ¥ BoOOLle HEBO3MOXHO pasJiOXKHUTb Kakyi-au00 cTeneHb,
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GoJpliylo 4YeM JBa, Ha JBe CTeMeHH ¢ TAKHM Ke ICKasaTejeM.
fl Hawes MOMCTHHe YIMBHTEJbHOE AOKA3aTeJbCTBO 3ITOrO, HO MOJSs
KHMIH CJMIIKOM Y3KHM, UYTOObl BMeCTHTb ero“. Pepma Tak H He
ofHapojoBa/J CBOe JOKa3aTeJbCTBO, H HaM HEH3BECTHO, HMeJ JH
OH MOJHOEe JOKa3aTeJbCTBO 3TOrO YTBEPXKAEHHST B TOM CMBIC]E,
KaK MBI €ro NOHHMaeM, T. €. AJsS MHOXKECTBAa BCEX HaTypasJbHBIX
yucesa. HecmoTpsa Ha To uto ¢ Tex nop npowso Goaee 300 xer,
yrBepxJenue PepMa, u©acTo HasblBaeMOe NOCJENHeH TeopeMoi
®depma, He J0KasaHO, XOTS U He ONpoOBeprHyTo. McTuhHOe mnoJo-
XKeHHe 3MeChb TAaKOBO, YTO Ajasl Hac €ojiee YMECTHO TOBOPHTb HE O
TeopeMme, a o npobGieme Depma.

IIpo6nema Pepma. Bepuo nu, yto mias a060ro Heaoro
n =3 ypaBHeHHe

tHyt=2 (29)
He UMeeT pellleHHH B LeJbIX NOJOXKHUTEeJbHBIX YHCaax?

Ecan aast Kakoro-nubo n JoKasano, 4To ypaBHeHue (29) He
HMEET pelIeHHA B HeJbIX NMOJOXHUTENbHBIX YHCJIAX, TO TOBOPAT, YTO
yTBepkaeHue PepMa BepHO AJS 3TOrO n.

CnpaBeasinBoCcTh yTBepKjaeHHs PepMa npu n =4 npeacrapaser
cofoil HemocpeACTBEHHOE CJeACTBHe Teopembl 311, Tak Kak JJsd
Takoro n ypapHeHHe (29) MOXHO 3anHcaTb B BHIE

xiyt=(2%)%

Jlerko BuzeTh, UTO ecaH yTBepxiAeHHe DepMa BepHO NPH HEKO-
TOPOM n,, TO OHO BEPHO H JJs BCeX YHCeN, KPaTHBIX Ry ITO
BHITEKAET M3 TOTO, UTO YpaBHEHHe x"ek |- ymek — "% MOXKHO 3amu-
caTb B BHJE (x*)% - (y%)1e = (2")me.

Hns oueHb MHOTHMX YaCTHHIX 3HaueHu# n yTeepXfgeHne depma
0Ka3anoch BepHbIM. BMecte ¢ TeM orpomMHoe uncsio OGe3ycnelmHHX
NONBITOK PENIUTh 3JEeMEHTAPHBIMM MeToiaMH npobaemy Pepma B
ofiieM BHJEe TPHUBEJIO MAaTEMAaTHKOB K MEICJIM, UTO €e pelleHHe He
JIOKHT B paMKaXx 3JieMeHTapHOH apH(pMeTHKH U anrebphl.

Hemopuneckue xommenmapun k 32-it 2aa8e

1. Benuxkuil apeBHerpevecKMil MaTeMaTHK [iHodaHT XKHJ U pabo-
Tan B AJekcaHApuu. BpeMsi ero XHM3HH B TOUHOCTH HEH3BECTHO;
GONBUIMHCTBO HCTOPUKOB OTHOCHT ero K 111 uam 1V peky nameii
apel. To HemMHOTOe, YTO MBI 3HaeM O €ro KH3HH, H3BECTHO TOJBKO
Gnarofaps oJAHOH apH(dMeTHUeCKOH 3ajaue, COCTABJEHHOH B MO3TH-
yeckofi ¢opme Bckope nocie duodanta. B orbere, KOTOpHH mOJy-
YaeTCsl TPH PeHIeHUH 3TOH 3aj]ayd, CONEPKMTCS, B YaCTHOCTH, TO,
uto JIvodautr ymep 84 ner ot poay.

Hduodant Hanucan ,ApudpMeTHKy”, cocTosulyl0 H3 13 KHHT,
Jlopusmp”, TlonuronasnbHule uncna“. bBéabinas uyacTe €ro couu-
HeHHA He coxpanuaacb. M3 13 kuur ero ,Apudmeruku” xo Hac
JOW0 TOJbKO 7 KHHUr. DdJabmasi yacTe H3BeCTHHIX HaM KHHT
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~APHPMETHKH" OCBALIEHA DeIUeHUI0 CHUCTeM Heonpejie/IeHHbIX YpaB-
HeHufl 2-# cTeneHH. Pemasi BecbMa pasHOOGpa3Hble CHCTEMBl Heof-
peliesieHHbIX ypaBHeHu#, JHodaHT npodaBus GoJsblioe MAacTepCTBO M
u3obperaTesibHOCTb. JlHodaHT paccMaTpHBaeT pallHOHAJbHBE, HO,
KOHEYHO, KaK BO BCeH JpeBHErpeueckoil MaTeMaTHKe, TOJABbKO HOJIO-
JKHTEJbHbIC 3HAUCHHS HeH3BeCTHHX. B oTnnuue ot EBkauaa u 60b-
IIHACTBA JPYrHX JpeBHerpeyecKHx MaTeMaTHkoB JluodaHT He.
U3naraeT CTPOrO JIOTHYECKHX J0Ka3aTejabCTB, OOGOCHOBBIBAIOLLHX
npHmeHsieMble UM npueMbl. OCHOBHASA ero LeJdb— JaTh METOJ] HaXO0X-
neHusi pemenuss. OH He cTaBHT cefe 3ajauyy HaXOXKJAEHHS Bcex
pellleHHH HeOmpeJeJieHHOTO ypaBHeHHS JaKe TOra, Korja ux bec-
YHCJICHHOE MHOKECTBO, H BIOJHE YJOBJIETBOPSAETCS OTBHICKAHHEM
opHoro pemeHusi. CounHeHHs: [InodaHTa OKasanM peliawllee BJHS-
HHMe Ha BeCb NOCJAEAYIOIHH NEePHOL Pa3BHTHS TEOPHH. YHCEJ.

2. ®epMa 3HaJ J0Ka3aTeJaLCTBO TOTO, 4YTO KAaXKJOe MNPOCTOe
yucao BHJa p=4n--1 npeacTaBuMO B BHJe CYMMBI JBYX KBal-
paroB, HO COXPAaHW/KCh TOJbKO HEKOTODHE YKasaHUSi O MeTole
ero J0Kasarte/IbCTBA (TaK Ha3biBaeMblii ,MeTOJ CHycKa“).

Ditnep B 1749 r. ony6aukoBas mnepBoe H3 H3BeCTHBHIX HaM
JoxasaTesibeTB TeopeMmsl 299, OH JoKasasa TakiKe, 4TO, eCJIM YHCJIO
BHAa 4n--1 cocraBHOe, 0OHO uJH. BOOOIIEe HE NpPEACTaBHMO B BHJE
CyMMB! JBYX KBaJpaTOB, HJH HMeeT OoJjblle, 4YeM OJHO TaKoe
npeicTaBieHHe. TakHM 06pasoM, eJUHCTBEHHOCTb I1PEACTaBJIECHHS
4yHcsaa BuAA 4n-1 B BHEE CYyMMBl IBYX KBaJApaToB — HeoOXOIHMMoOe
H JOCTATOYHOE YCJOBHE TOTO, YTOOBI 3TO UYHCJAO OBIJIO I1POCTBLIM.

YcaoBHus CylllecTBOBaHHS pelueHu#i ypaBHeHHsd (1) (TeopeMa 298)
6bliH Ge3 J0Ka3aTelbCTBAa W3BECTHH! €llle TOMJaHICKOMY MaTeMaTHKY
XKupapy (1595 — 1632). JokasaTeJcTBO TeopeMsl, JaHHOe DiJjepoM,
OCHOBHIBaJIOCH Ha TeopeMe 299 H TOKjecTBe

(ai +a3) (b7 + b3) = (a,b, - a,b,)2 + (a,b,—a,by)2.

3. TeopeMa 0 TOM, uTO mnpocTele YHcaa Bufa p=_8n-1 u
p=28n+3 npeacraBumbl B Buae x*®+2y%, Obila BhickasaHa Pepma
B 1654 r. u noxkasaHa Diinepom B 1763 r. Dilnep Jokasald TakkKe,
YTO MPOCThiE YHCJAA BHAA p=6n- 1 npeacraBHMbl B BuAe x2-- 3y
Teopusi KBaJpaTHUHHIX (OpPM AJAS JOKA3aTeJIbCTBA TEOPEM TAaKOTO
THna Gblia npuMeHeHa BrepBoie Jlarpanmxem B 1773 r.

4, Ecau Bce (opMBI ¢ JAHCKPHMMHHAHTOM A TNDHMHTHBHBI, TO
JHCKPUMHHAHT A HasbiBaeTcss (yHIaMenTaabHbiM. HauGosnpumnii no
abconoTHON BeJIMYHHe H3 U3BeCTHHX (YHJAMEHTaJbHBIX OTpHLA-
TeAbHBIX JHCKPUMHHAHTOB A, &I KOTOPOTO CYIIECTBYET TOJIbKO
OJHH KJacc,—3T0 A= — 163 (h(—163)=1). HoxasaHo, yto mnpH
—500000 000 << A << — 163 nna Bcex (YHJAMEHTaJbHBIX JHCKDHMH-
HaHTOB A BenuuHHa h(A)>>1, a cpeau pyHIAaMeHTAJbHBIX JAHCK PH-
M#HaHTOB A <<—500000000 cymecTByeT caMoe GoJibliee OJHH
LHCK PHMHHAHT, Tako#, uto h (A) =1 (XeHao6ponH, JIunopyt, Jiemep).
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5. Teopema 303 Obina BhickasaHa bDawe gne Mesupbakom 8
1621 r., KoTopuii NMpoBepHJ €e cnpaBelJHBOCTb IJii MHOTHX HaTy-
paJbHKIX YHCeJ; 3Ty TeOpeMy 4acTo HasblBaloT TeopeMoil Dbaine.
®epMa Ha MOJAX CBOErO 3K3eMIJspa counHeHudi Jlnodanta Hanucas,
YTO METOZOM CNYyCKa MOJYYHJ JOKa3aTeAbCTBO TeopeMnl baine.
[lepBoe H3BecTHOe AOKA3aTeJNbCTO TeOPeMbl INpHHaLJEXHT JlarpaH-
XKy, H [03TOMY MBI Ha3elBaeM ee Teopemol JlarpaHxa.

6. Awurauiickufi mateMatHk Bapuur (1734 —1798) wuspecten
Gosiblle Bcero no cBOHM paGoTaM B TEOPHH CHMMETPHUECKHX MHO-
roYJIcHOB. B TeopuH uHcesn ero UMs CBSI3aHO TOJDbLKO C NOCTaBJIeH-
HOH UM npo6JieMOH O mpeiCTaBJEHHHM 4HCEN B BHAE CYMMH cTeme-
Hel (Teopema 304). Drta npoGiaema, NMoJayudBIUAS €ro MMs, NOCTaB-
JeHa UM B ero counHeHudH ,Meditationes algebraicae”. Ilocae
I'nabbepra psl MaTeMaTHKOB Jajd pasjiHyHble, GoJiee mpoCThle,
uyeM y 'mibbepta, HoKasaTenbcTBa TeopeMbl Baprnra. CpaBHHTENBLHO
3JIeMEHTAPHOE JIOKA3aTeJbCTBO TeOpeMbl OBbJIO JaHO JIMHHHKOM.

7. Teopema 306 — pe3yabTaT paboT psia MaTeMaTHKOB, HAYHHas
¢ Jlarpauxa, paccMoTpeBuiero cayuait n=2. HacTHLIMH cJyyasiMH
TeopeMbl 306 sABaserca To, uTo g(3)=9, g(6)=73, g(7)=143,
g(8)=279. Canyuali n=23 6b1 paccmorpen Budepuxom B 1909 r.,
a cayuya#l n==6—unguiickuMm MateMaTuKoM Iluanau B 1940 r. Ilpu
n =7 peaynbraT TeopeMnl 306 Obin mosnyuedH B pafortax JluKcoHa,
HuBena u PaGerenges. Teopema 306’ npunamiexur JIuKcoHy.
CymectBoBanue g(4) 6b10 j0KasaHo BriepBble JInyBusJem B 1859 r.
Touunle 3nauenus g(4) u g(b) mo cux nop HeusBecTHH. Umuciio 79
HeNlb3sl MpeicTaBHTh B BHAe 18 6ukBazpatoB, Tak uto g(4)==19.
C nmpyroit cTtopoHH, OHJIO JoKasaHOo, uTo g(4)=<35, T. e. 19
=< g(4) << 35 (dukcon). OTHocuTesnbHO g (D) H3BecTHO, uTo 37 <<
=< g(5) <40 (Yenn lI3biHb-KyHB).

Hepasenctso (17) 6bi0 mpoBepeHO Il O4YeHb MHOTHX #, H
MoKa He ObIJIO HAaHAEHO HH OJHOTO HATYpPaJbHOrO f, IJAd KOTOPOTO
OHO OblIO Gbl HEBEPHBLIM.

B 1957 r. Manep mokasas cymecTBOBaHHe n,, TaKoro, 4to ¢op-
MyJa

glm=2"+ 5| —2

BepHa MpH BCEX N == H,.

C npyro# CTOPOHBI, 3JI€KTPOHHO-BHIYUCIUTENbHbIE MALIUHBI J1aJH
B03MOXHOCTb Ctemiaepy B 1964 r. ycranosuth crnpaseliuBOCTb 3TOMH
dopMysbl aas Beex n<C 200 000. :

8. IIpu Bcex n =2 cnpaBelnuBO HepaBeHCTBO G(n) =n-- 1, Tak
uTo oueHka G(n)=O0(nlnn) He MOXKeT GBITh CJAHUIKOM CHJIBHO YJY4-
weHa. M. M. Bunorpanos nokasaJ, uto G(n) <<n(3lnn+11), a Hyn
I'yaH-uau, moab3ysich MeTOgoM BuHorpamosa, moayuua B 1957 r,
01.;2{12(’51: G(n)<n(Blnn-+9) npu n=2* u G(n) < n(3lnn+7) npu
n : .
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CymecTByeT InpeinoJioxenne, uto G(n)<<2n--1 npu n=2* u
G(n)=4n npu n=2% k>1. -

CnpaBefJIHBOCTb STOH THIIOTE3H 10 CHX IIOp He YCTaHOB-
JIeHa .

9. V¥YpaBHenue (18) uacTo HaswmBawT ypaBHenweM [lenns, Tak
KaK MMeHHO IIoJi TaKHM Ha3BaHHeM OHO GUrypHpyeT B Tpylax
S#inepa. Ilennb He 3aHMMaJ/Cst 5THM YpaBHeHHeM, H Ha3BaHHe OBLIO
JaHo DfjgepoM no omnbke, PepMa, N0-BUIHMOMY, NEPBLHIA MaTeMa-
THK, 3HaBLIHH OOMHi MeToJ pelieHust ypasHeHust (18), u mostomy
5TO ypaBHeHHe MHOTHe MaTeMaTHKH Ha3blBaloT ypaBHeHHeM Pepma.
depMa 3HaJ JOKa3aTeJbCTBO TOTO, 4YTO 5TO ypaBHEHHE IpPH JMo6GOM
1eJIOM TOJOXHTEeNbHOM D, OTIHYHOM OT MOJHOTO KBajpaTa, HMeeT
OecKOHEUHOE MHOXKECTBO pellleHHH, HO CBOe JOKa3aTesJbCTBO He
ony6aukoBasa, PepmMa I pensoXuJ aHTIHACKHM MaTeMaTHKaM BpoyH-
Kepy (1620—1684) u Baaaucy B kauecTBe 3ajauM JoKa3aTb YyxKe
H3BeCTHHIH eMy (akT cynecTBOBaHHA OeCKOHEYHOrO MHOXeCTBa
LeJIOUHCJIEHHEIX peleHHH ypaBHeHus (18). bpoyHkep nan Mmeron Ha-
XOXIeHus pemiennii ypapuenus Pepma, Ho Bompoc O yucJe pele-
HHH 5TOTO ypaBHEHH§l OCTaJC y Hero HeBblsicHeHHBIM. HccrenoBa-
Hug DpoyHKepa OblaiH npuBeieHb B TpyAax BanjHca, a 3ateM BOLLIY
BO BTOpOH ToM anrebpn Diinepa. Bmecte ¢ TeM HH Bpoynkep, HH
JApYyrHe aHTJHACKHE MaTeMaTHKH M jaxe JDHJep He J0KasaJjH, 4TO
ypaBHeHHe depma npH JIOOOM LEJOM NOJOXHTENbHOM D, OTIHYHOM
OT TOJIHOIO KBajJparta, MMeeT PellleHHsd B IleJbX YhcJax; 370 Oblio
CIeNaHO TOJMBKO JlarpaHxeM.

MoXHO OTMeTHTb, YTO OTJAeJbHbHE ypapHenust Bupa (18) Bcrpe-
yanuch 3agonaro go pabor Pepma, bpoynkepa u Jlarpanxka. Tak,
HanpHMep, TakHe ypaBHEHHs paccMaTpPHBAJHCh HHJYCCKHM MareMma-
tHKoM VII Beka BpaMerynra, KoTopblii yMmen pelwaTh HX, a ypaBHe-
Hue x%*—2y?=1 BcTpeyaeTcq ellle paHblle y IrpeyecKUX H HHIYC-
CKHX MaTeMaTHKOB NPHMEPHO 3a YeThipe CTOJEeTHs N0 HameH sphl.

10. OtpenpHble LeJOYUC/EHHble pelueHusl ypaBHeHHS (24) Obain
H3BeCTHB! B ryiybokoi zapeBHocTH. OfIHe pelleHHsi ypaBHeHHs (24)
6vutM AaHb B TpyAax EBkaupa u Juodanta. @opmynn (25), Aarouide
LeJIOYHCJIEHHble pPellleHHs ypaBHeHHsl (24), paccMaTpHBaJHCh TaKXKe
JPEBHHMH HHIYCCKHUMH MaTeMaTHKaMH.

JloxasatenbcTBo TeopeMnul 311 6p10 nano Pepma, a sarem Diije-
poM. PepMa B OIHOM M3 CBOMX NHCeM Jal B OOMHX 4epTax JoOKa-
3aTeJIbCTBO TeopeMbl, a ero Apyr Ppenuxap ge beccn no stum
yKasaHHsIM BOCCTaHOBHJ H onybaukosan ero B 1676 r. Ilo Bompocy
0o ToM, uMesn su Pepma nojHOe pelieHHe NpobieMbl, TOJYYHBLIEH
ero HMMsl, MOXKHO TOJBLKO CTPOHTb NOTAJKH, H HMEIOTCS Cephe3Hbie
OCHOBaHHSl COMHEBATbCH B 3TOM.

[TepBoe onybarkoBaHHOE [OKa3aTeJbLCTBO yTBepXKJenus Pepma
ApH n=23 6b0 fano B 1774 r. Diinepom. Becbma BeposTHO, 4TO
He3aBHCHMO OT oOmiero caydasi oHo 6b1o u3pectHo Pepma. Jloka-
3aTEJNLCTBO Diljiepa ObJIO He COBCEM IOJIHBIM: HejoCTaioulee 3BEHO
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6bII0 BOCHIOJHEHO TocJe ony6/JHKoBaHHA JlarpaHxkeMm CBOMX Hcclle-
JAOBAaHHH MO TeOPHH OMHAPHBIX KBaJApaTHYHHX GOpM.

[Mpu n=95 moKasaTenbcTBO yTBepKjeHHsi PepMa OblJIO HaHO
Jexangpom u dupuxye B 1823—1827 rr., a npu n=7—/Jlams
B 1837 r. O6wuil noaxox k npoGiaeme Pepma Obii HameueH B pabo-
TaX HeMeUKoro MaTeMaTHka Kymmepa, KOTOpbIH NpHMEHHJ CO3[aH-
HYI0 UM JJIS1 3TOro TeopHio ajareGpanuecKHx uHncena. IlepBonauasnb-
HbIl pesyJsbTat, nojydenubii Kymmepom, cBsi3aH ¢ apudMeTHYeCKOH
npupojoil uucen Bepuyniu.

Yucaamu Bepuyanau (no HMeHH 1iBeHUAPCKOro MaTeMatiHka $IkoBsa

Bepuynau) HaseiBawotcs uucaa By, B,, ..., onpee/neHHble COOTHO-
IIEHH IMH
1 —
C:nl-lB C;n+1BZ+an+1B3—'“+(—1)n Czn+1B -
1
=n—7. (30)
Ipunasasa B popmy.e (30) n nocnenoBatenbHo 3Hauenus 1, 2, 3, ...,
MOXKHO BBIYHCJATb 3HaUeHHS B
.1 1 1 5
Bl ='€, BZ'—'3_O, B —E’ B4_'3—'7 B5—-'6—6, o

KyMmep f0Kasasj, 4TO €CJIH NPH HEKOTOPOM TNPOCTOM p YHCIHTEJH

y B;, B,, ..., B,~; He menarcs Ha p, TO IpH n = p ypaBHeHHe (29)
. .

He HMeeT pelieHUH B LEABIX MOJIOXKHTENbHBIX YHciaX. B ganbHei-

meM Kymmep M jgpyrHe MaTeMaTHKH 3HAYHTEJbHO YCHJHJH 3TOT
pe3yJabTat, 1 B HaACTOsLlee BpeMsd TaKHM ITYTeM yAaJjaocb, B 4acT-
HOCTH, JOKa3aTb CIPaBeJIHBOCTb YyTBepXKIeHHs DepMma A BceX n
B npefenax ot 3-go 4002,

FJTABA 33
YUCJIOBLIE ¢YHKLHH

1. YUCNO U CYMMA JEJUTENEA

B Teopuu yuces paccmatpuBaioTcs pasHooOpasHble GyHKIHY [ (1),
3HaUYeHHUH KOTOPHIX MPH HATYyPaJbHBIX 3HaUeHHUSX # CBS3aHbI C apHd-
MeTHUYeCKOH NpPHPONOH 1. MHOXeCTEO paccMaTpPHBAeMbiX (YHKIHI
yAo6Hee He OrPaHHUYUBATH 3apaHee KaKHMH-JTHO0 TpPeGOBaHHSIMH,
KpoMe eJ{HCTBEHHOro TpeCOBaHHs: Kaxjas GYHKIHS JOMKHA 6bITh
onpefesieHa AJs BCeX HATypaJbHbIX 3HAUEHHH apryMmenra.

Onpepenenue 88. Pyuryus [ (x) nasvisaemcs uucrosol, ecau ona
onpedenena npu 6cex HAMYPANAbHLLX BHAYEHUAX APLYMENMA X.

CorslacHO 3TOMY OMNpeJieNeHHI0 3HAuWTe/JbHAs 4acTb (YHKUHIL,
paccMaTpuBaeMbiX OOBIYHO B MaTeMaTHUeCKOM aHajH3e, TAKHX, Kak,
Hanpumep, e, sinx, arcigx, log, x,— uhcnoBbie PyHKUUH. O6biuro
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B TEOPHH YHCEJ pacCMaTPHBAIOT YHCJOBBIe DYHKIIHHU, KOTOpPbIe Jil6O
BOOOIIE Onpeie/IeHBl TOJbKO NPH HaTypaJbHEIX 3HAYEHHAX apryMeHTa,
JU60 HyHKRHME, AJA KOTOPHIX HATypaJibHEIE 3HAUEHHS aPryMeHTa
SIBJISIIOTCA XaPaKTePHLIMH TOYKAMH, Onpefe/sSiONUMH BeJHUUHY dYyHK-
IHH H B APYrHX TouKaxXx. B KauecTBe npHMepa TaKHX YHCJIOBBIX
(GYHKIHA MOrYT CJAYXHTb PACCMOTPEHHble HaMH paHblle: (QYHKIHS
Dilnepa ¢ (n) (onpemenenue 35), dyHKuUHs [x] (onpepeneHue 16).
@yHKuHs Dfjepa Boobule onpejesieHa TOJBKO [PH HATYypajbHBIX
3HaueHHAX apry™menTa, a y &yHkuum [x] Bce 3naueHus onpegens-
IOTCSl ee 3HAYEHUSIMH NPH LEJHX X.

PaccmoTpuM cHauasa udciaoBole GyHKUHM T(n) H O (1), 3aBHCA-
IMe OT fJesuTesiel apryMmeHTta. t(n) omnpefensieTcss Kak YHCJIO M0J0-
JKHTEJbHBIX JesuTeslel HAaTypaJbHOTO 7, a ¢ (n) onpele/fercd Kak
CyMMa NOJOXKUTENbHBEIX HefHTejelt n, T. e.

T(n)=31, o(n)=3d. §))

dln din

[Tpumepw. t(l)=1, ©(18)=6, TaKk KaK y uucaa 18 wecTs
NOJMIOKHTENbHLIX Jeauteneii: 1, 2, 3, 6, 9 u 18,
Ecau p mpoctoe, To T(p)=2.

0(]8)==l—|—2—|—3—|—6‘+9—|—18=39; 0(p)=l—|—p.‘

Teopema 312. Ecau p$e-pl:. ... .p% —KaHOHUYECKOE paA3AOdIce-
HUe HAMYypaibHo20 4ucia, no

T(pA-pl- ... - pY)= (o, + 1) (g +1) ... (o, +1). 2)

JdoxasaTteabcTBo. JII060H NONONKUTENLHL ReTHTEND YUC/IA
n=p%.p%. ., .p% (teopema 20) umeer Bui pbipB: ... pBs, rre
0P, <, O0<Py<< g, ..., O0<<P,<<a, u, TakUM O6pPaA30OM, YHCIIO
IOJIOKUTENBHHX ReHTENeH # paBHO yHCsy KoMiaekcoB((By, Bay. . .5 B),
rae B, npuHuMaer o,+ 1 3Havenuii or 0 g0 a,, B, npuHHMaer
@,+1 3sHadenuii-or 0 10 a,, ..., B, HpHHUMAeT a,+ | 3HaueHUH
or 0 1o a, CoraacHo Teopeme VI 4HCJIO TaKHX KOMIJIEKCOB PaBHO

(a;+1)(ay+1)...(a;,+1), T e.
T(p4pY .. pE)=(+ D2+ 1) ... (a+1).
MMpumepn. t(1000000)=7(28.58)=7.7=49, 1(48510)=

=1(2-32.5-72.11)=2.3.2.3-2 =72,
Teopema 313. Ecau p$rpl: ... pYs— KAHOHUYECKOE pPA3AONCEHUE

Hamypaasvrozo 4ucara, mo

a,+17_l ﬂ,+1__l a.+1__l
P Py Ps

a G & = . L] . — §
o(phpP ... p%) i1 vy R Ry u 3)
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JokasaTeaAbCTBO.
o(pppy...p)= ¥ d= F phph ... ph=

angr e <Bise
0<By<ay
(L P4 P24 P (L Py Py P2
e (L Py P2 ). @)

HeficTBuTeIbHO, NepeMHOKas 4MCJa, CTOfALIHE B CKOOKax, B mpa-
BOH uacTH, Mbl moJyuuM caaraembie Bufa pfipf: ... pbs, rre B, npu-
HuMaer 3HaueHus ot 0 jo a,, f,—oT 0 g0 @y, ..., f,—or 0 5o o,
NpHYEM KamJoe TaKOe cjaraeMoe CyMMbl B JeBOH uactd (4) noay-
YHTCA OJHH H TOJbKO OAHH pa3. UToObl mnoayuyuth dopmyay (3),
OCTaeTCs TOJbKO KaxKJbl MHOKHUTEJb N1PaBoi YacTH 3alHCaTh B BHJIE:

(.1L+1__1

‘ P
Ldpitpit ... +pfi=———-

ITpumep. o (19800)=0(28.32.5%.11) =

2t—1 3%—1 59—1 1121

5= 31 51 Ti—1 2540

Teopema 314. Dynxyuu tv(n) u 0 (n)— MYIMUNRIUKAMUBHLIE
dynKyuu.

HNoxasarteabcTBo. Ecan a=p% ... p% u h~_—q‘151 q?z——
KaHOHHYECKHE DPa3J/IOEHHs! B3aUMHO NPOCTbIX 4uce]l a u b (Bce p;
M ¢;—TpocThie uYHcaa), To p% ... p%gh ... g —xaHonHueckoe

pasjgoxenune abu t(ab)=(a;+1)... (e, + DB+ 1) ... B;+1)==
=1(a) T (b), :

pl:1+1+1 ptsz,+1___1 q§1+1_1 qlti;+1_1

pr—1 C e =0(a)o (b).

o (ab) = ps—1 g —1 qt

CyMMa cOOGCTBEHHBIX IOJIOXKHTENbHBIX JeJHTeJeH HaTypasbHOro
uHcaa n OblBaeT MeHbHle, YeM n (,HeJAOCTATOYHBle 4Hcaa“), a Obl-
BaeT H GoJabuie, ueM 1 (,,H3GBITOUHBIE YHCJIA").

HHorpa, npaBia odeHb peIKO, BCTpedaloTCs YHCJAA, Y KOTOPBIX
cyMMa COOCTBEHHBIX NOJNOMKHTeNbHBIX JIeJHTeJeil B TOYHOCTH paBHa
caMoMy 3TOMy uHcay. TakHe 4Hcaa moJaydyuad Has3BaHHE ,COBEp-
HIeHHBIX YHucea“. BMecTe ¢ caMMM 4HC/IIOM 7 CyMMa MOJIOKHTENb-
HBbIX JeJHTelleH TaKOro 4mcjia n paBHa 2n, Tak 4YTO Mbl MOKEM
JaTb chaenyloulee OnNpejeseHHe.

Onpeneaenne 89. Yucio n Hasvieaemcsa cogepuienHbiM, ecAU
o (n)=2n.

CoBeplueHHbIE UHCJIa PacCMaTPHBAJIHCD elle MaTeMaTHKaMH [Tuda-
ropefickodi 1wkoJsel B VI Beke 10 Hawed 3pbl. EBkaHA Hawen dop-
MYJly, NO3BOJISIIOIYIO HaXOJHMTb UeTHHle COBePLIEHHBIE YHCJ/a. Dijep

317



JloKasaJ, 4to ¢opMmyJia EBKJIHAA HCUEDNEIBAET BCE MHOMKECTBO HeT-
HbIX COBEPLIEHHHX uYHcesl. Mmu MoXeM 06befMHHTb pe3yJbTaThl
Epkauna u Dilnepa B Buje ciaefyiomed TeopeMbl. '

Teopema 315. Yemnoe uucro n seasemcs coseptuerroim moz2da u
moabKko mozda, xKoeda ono umeem 6ud:

n=2r1(2k_1), (5)

rae k=2, a P=2*—1—npocmoe uucao.

JloxasaTeabcTBO.

1) JocTatoynocTbh ycaoBHA. Ecmm P=2%—1—mupo-
cTO€e 4HCJ]0, To 2%~1 P— KaHOHMYECKOE pas3JIOXEHHe f, H COrJACHO
dopmyse (3) mmeeM:

o(m=2=L(P+1)=(@*—1)2*=2n,

T. €, n—COBepLIEHHOE YHCJO.

2) Heo6xoaumocTpe ycaoBusa. IlycTb n-—ueTHOe coBep-
eHHoe uucgo. [penctasuM n B BHAe n=2*-1pH, rpe b — HeueTHOe
yHcao, k=>2. [TockoNbKY O (¥) —MYJIbTHINIHKATABHAS GYHKIHSI H
(2¥1,b)=1, 10

o (n)=0 (2 Yo (b)= (2 —1)0 ().

ITo ycaosuio o (n) =2n=2*%b, Tak uro
(2t —1) 0 (b) =2%b. (6)

W3 pasenctBa (6) BugnHo, uro 2*—1|2%, u Tak Kak
(2¥—1, 2%=1, 10 2*—1|b, b=(2*—1)c, rae c—cobCcTBEeHHHI
zeauteab b. ITloacraBasis B (6) BMmecTo b Bennunny (2*—1)c n
cokpamas Ha 2F—1, monyuaem: ‘

o(b)=2"c=2*—1)c+c=b+c. )

Brime 6bi1o orMeueHo, 4to ¢|b m c¢<<b. Ecam 6w ¢ He pab-
HsaJock 1, TO y b 6uio 6m O KpakHell Mepe TPH NMOJOXHTENbHBIX
penaureas: b, ¢ m 1; o(b)=b+c-+1, YTO NPOTHBOpEUHT paBeH-
ctBy (7). Takum obpasoM, ¢=1 u b=2*—1 umeer corsacuo (7)
TOJIKO JiBa NOJOXKHTeJbHREIX Jenutens: b m 1, T. e. b—mpocroe
uyucao. Toria

n=2F1p=2k-1(2k_1),

rae 2% —1= P—npocroe unuco.

IMpocTeie uncna BHga P =2%—1 MH Ha3sBalHM NPOCTHIMH YHC-
namH Mepcenna. Beuo jokasano (ctp. 35), uTo umcao Buaa 2F —1
MOXeT OBITb NpPOCTHIM, TOJBKO KOTAa CaMO K—IIpOCTOe YHEJO.
Taxum o06pasoM, 4YeTHbIe COBepllieHHble UYHCJAa 1 HMEIOT BHI:
n==2°F"1(27—1), rge P=2F-——1—mnpocroe 4HCJO.

Kaxpaoe mpoctoe umcio MepceHHa P =27 —1 paer HaMm HEKO-
TOpOe COBepilileHHOe YHCJIO0, M, BHIYHCJAS TNOCJeN0BaTENbHblE YHCAA
MepceHHa, Mbl MOJyyaeM Bce YeTHhHIE COBEpILEHHbIE YHCJA.
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¥YKkaszauuble Ha crpanuue 35 3Havenus p=2, 3, 5, 7, 13, ...,
pH KOTOPHX 27 —1—mpocThie uyucaa MepceHHa no dapmyne (5)
(k=p), naot copepuieHHHe YHcaa: 6, 28, 496, 8128, 33550336, ... .

Camoe 6oJblIOe H3BECTHOE IO CHX NOpD YETHOE COBEpUICHHOE
yycJo 211212 (211213 __ 1) coOTBETCTBYET caMOMY GOJIbUIOMY H3 H3BeCT-
HeIX ydces Mepcenna 21213 —1. Jlo HACTOsAIIEr0 BpeMeHH HEH3BECTHO
HH OJHOTO HEYETHOTO COBEPIUEHHOIO YHCJ/a, H eCTb OCHOBAHHS Npel-
nojiaraTh, YTO HEYETHHIX COBEPHIEHHHIX 4YuCeJ Booluie He cylie-
creyeT. HecmoTps Ha Goabmoe uucio paboT, HAYIIHX B 3TOM
HanpasJIeHHH, JOKa3aTh 3TO NOKA He yJIa/joch, W mpobieMa cyuie-
CTBOBAHHSI HEYETHBHIX COBEPIUEHHBbIX YHCENl OCTAETCs CpeflH HepelleH-
HblX TPYAHBIX 3334 TEOPHH YHCEJ.

MHorue MarteMaTHKH, OCOOEHHO B pAaHHHH I€PHOJL Pa3BHTHUS
TEOPHH YHCeJ, PACCMATPUBAJIH TaK HAa3blBaeMble , JPYKeCTBEHHbIE®
uhcjga. Uucaa a u b Ha3BIBAIOTCS JAPYKECTBEHHHIMH, €CJH CyMMa
coOcTBEeHHBIX JenuTeneil a paBHa b, a cyMMa cOGCTBEHHHIX JeJiH-
Tened b paBHa a, T. e. 0(@)—a=0b, o(b)—b=a, wim o(a)=
=0 (b)=a+b.

Hanpumep, uucna 220 u 284 obpasyior mapy apyKecTBEeHHBIX
yhces. Bompocy 06 OTHICKaHMH Nap TakMX 4YHCeJ paHblle yAess-
JOCh JOBOJIbHO MHOTO BHHMAaHHf, HO COBpEMEHHasi TEODHS UHCEJ]
MaJji0 MHTepecyeTcss 3TOd 3ajadei.

2. ®YHKLUHUSA MEBUYCA

BaxHyi0o poJab B TEODHH UHCeN HrpaeT 4YHCJI0BAsT (GYHKUHS
Méoéuyca, o6o3HauaeMasi O6HYHO Hepes [ (n).

Onpenenenne 90. Pyuxyueit Mébuyca nasvisaemen pynkyus p (n),
onpeae/zeuuaﬂ C/zeayrotqumu YCA0BUAMU:

1) p -
- 2) p.(n)-(—— 1), ecau xanouuueckoe passozcerue n umeem 6ud:
n=p; ...

3)1p.(n) 0, ecau p |n, M. e. ecAl 8 KAHORUHUECKOE PA3AOJCEHIe N
8xodum xomsa 66t 00un npocmoil muoxcumeAss 8 cmenenu, 6oavuied,
4em nepeas, o

[TpumepHl p.(90)=p(2='3"-5)=0, R{(77)=pn((7-11)=1,

B (56) =p(28.7) =0, p (105) =p(3.5.7) =—1.

n_ |1, ecau n=1,
dEMMd)—{ ®)

Teopema 316.

0, ecau n>1.

HDoxasarteabctBo. 1) Ilpy n=1 cymma paBHa p(l)=1,
1o OmpelesieHHIO.

2) Ecam n>1, TO cCymecTBYeT KaHOHHYECKO® pa3JOXKeHHE
n=p% ... p%. Jlaa moGoro fenutens d|n, copepxallero Xorsi Obl
OJHO NMPOCTOE HHCJO B cTeNleHH, OoJblled, yeM mepBasi, W (d)=
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no3ToOMy B cymMe (8) MOXKHO OCTaBHTh TOJBKO ,ue.nme.rm nponsne-
JeHHd P, ... pg, T. €.

Y= X p@=pD+ 3 p)+ 2 B (pipy)t -
“*, @i pa 1<i<s 1<t s

=1—Cl4+C:—...+(—=1)°Cs=(1—1)*=0.
Mpumep. Mpn n=84, p()+p@+p@) +pr(N)+p6)+
(14 +p @)+ p(42)=1—343—1=0.

Teopema 317 (Mébuyc). Ecau f(x) u F(x)—uucrossie ynx-
" yuu, makue, ymo 04a 06020 HamMypasbHO20 n

S/ @& =F ), ©
TO :
SF(%)r@=fm. (10)

din
JokasaTteanbcTBo. M3 paBenctBa (9) cienyer, uto

DF(F)n@=Xpr@ LI,

din din |
d

Kaxnoe f (8) 6yner BcTpeuatbes B ABOHHOH CyMMe clipaBa ipH BeeX d,
n

TaKHX, YTO 6\ , T. €. npd dd|n, d\ 5 - . [losToMy coOupas cnarae-

MEE C OJHHMH H TEMH e 3HaueHHAMH O, NoJyuyaeM:

S e ZIO=3FO) JuE)=/),

din
d, :
Tak Kak p(d) paBHa Hymo ans Beex 8, kpome 8=n, a npu

le
8 =n Mb moayuaeM onHO cJjaraeMoe, paBHoe f(n) (TeopeMa 316).
®opmyay (10) HasbiBaloT o6pameruem ¢opmyab (9) cyMMHpo-
BaHHA MO JEJNHTENIM.
Npumepn. OG6pamennem cooTHoweHHs T (n)= Y1 sBAAercs

din
dopMmyaa E" (71—) p(d)y=1.

din

O6pamerueM ¢opMyan (Teopema 118) Z @ (dy=m saBagerca
: :
tdopmyna "

> 2 (d)=q(m). | (11

dim
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3ty dopMyny npu m>1 MOXKHO npeo6pasopaTh CAEAYIOUXHM

o6pa3zom:
(P(m)'— Z P'(d)_m H (l ____)

dim pim )
Tax 4TO MOJIy4aeM eme OJHO HOBOE J0Ka3aTesbCcTBO TeopeM 116 m 117,

3. JA3ETA-OYHKIIH PHMAHA

BaxHelimue uHc/aoBbie (YHKIHH, pacCMaTpHBaeMble B TEOpPHH
4HCces, HEeNoCPeACTBEHHO CBfA3aHHE ¢ (YHKUHWeH, NOJyuHBUIEH Ha-
3BaHMe p3era-pyHKUMH PuMana. CucTeMaTHueckoe H3YYeHHe 3TOH
&yHKIMH GbI0 HayaTo B TPyJaX HeMelLKoro MarteMathka PuMmana
BO BTopo# mnoJsoBuHe XI1X Beka.

Onpepeaenne 91. [sema-pynryuet Pumana [ (s) Has3vieaemcs
dynkyusa, onpederennas npu s-o—i—tt ede o>1, Kak cymma
abcoaromno cxodaujezocs pada:

Lt gtgtpt. o

£(s)= Zis, (s=o+it, o>1). (12)

B Kypcax MaTeMaTHUeCKOIo aHaJiH3a JOKa3biBaercs, 4to §(s)
IPH HATYpaJbHEIX YETHHX § BbIpaXKaeTcs pallHOHAJLHO yepes X,
Hanpumep:

Isera-pyHkuns PHmana sBisieTcs HacTHLIM CJydaeM TaK Hasbl-
BaeMbiXx psagoB IlupHuxJe, T. e. pAalOB BHAA

~
25

B Teopuu -uyucen OOGBLIYHO paccMaTpHBAIOTCs PAldbl [InpuxJe, rae
B KauectBe f(n) GUrypHpYIOT passiHuHbIe YHCJIOBHE QYHKIHH. MHO-
rHe TakHe psAbl BhIpaXKalorcs yepes [ (s) C NOMOIILbLIO CpaBHHTENBHO
npocThiX GopMyJl.

(13)

[Mpumep. Ilpu meficTBuTEABHBIX S > 1 2 T—gl=§"’ (8)-
=1
JeficTBUTeIbHO, BO3BOASA B KBajpar aﬁgo.mo'mo cXoaamuica
npu s>1 psan (12), moJtyyaeM: ,
Cz (S)— 2 2 2 2 (nln’)s 2 ms

=1 Iu n.=1 A=1 np=1 m=1

‘ ; / 321
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TaK KaK B JIBOHHOH CyMMe KaXJoe YHCIO M =nn, nOJIyyaercs

CTOJIBKO pa3, CKOJIbKHMH crocobamu m NPeACTaBHMO B BHAE IpoO-

H3BeJeHHA ABYX MOJIOXHTEJbHBIX JeauTesed, T. e. T(m) pas.
Teopema 318. ITpu delicmaumensrom s> 1

m_ 1 :
AERNAOR (14)

M

3
1l

1

u(n

HDoxasaTtenbcTBO. Pag 2 cxomuTcsi aGCOJIIOTHO MpH

n=1
s> 1, Tak Kak Ip‘rfg)‘g%. ¥YwMHOXasA npu s>1 srtor psajx Ha ab-

COMMIOTHO cxomaumuiica pax (12), nonyuaem:

®

4C))

0503Ha'{HM nn=m, Torja m OyJeT NPHHHMATb BCe 3HAYEHHSA
or 1 10 oo. Iaa Kaxjaoro takoro m n 6yjJerT NPHHHMATH 3HAUEHHUS,
papHble BceM JeJMTeJsM #1, TaK YTO MOJYyYeHHOe paBeHCTBO MH
MOXeM 3anucaTb B BHJeE:

@

() D= D Nem =1, (15)

m=1 n\m

TaK Kak corJacHo teopeme 316 Y p(n) pasna mymo mns Bcex m,
nim
KpoMe m=1, npH KOTOpOM moJy4aeM cjharaemoe, pasHoe 1. Ilpm
s>1, ¢(s) >0, Tak urto, mens o6e yacTd paBeHcTBa (15) Ha [(s),
nosnyyaem (14).
IIpy s=2 nmosyyaeM, B YaCTHOCTH:

Yo L
%)

IMMpumeuaunue, Popmyna (14), Tak Ke KaK ¥ pe3yabTaT MNpefBYMEro
npHMepa, BepHA M NPH KOMIJIEKCHHIX 3HAYeHHSIX s=0 - if, ecmd o> 1.

.

ile

Hcemopuneckue xommeumapuu K 33-it zaase

1. Eskaun B 1X knure  Hawan“ nokaswiBaer, uto Bce Ymcaa,
YJOBJETBOPSIOIIHE YCJAOBHAM TeopeMbl 315, fBASIOTCS CcOBepIIeH-
HBIMH (OCTATOYHOCTb YCJOBHH). Diinep xoKasas, uYTO, KPOMe 4H-
ceJ, YIOBJETBOPAIOLIHX YCJAOBHSIM TEOpeMHl, HeT JPYrHX YeTHHX
COBepHIeHHBIX 4YHces (HeoOXOAHMOCTb YCJIOBHIA).

HeueTHble cOBepIIEHHBIE YHCJIA, €CJIH OHH CYLIECTBYIOT, AOJIKHH
HMeTb CPaBHHTEJIbHO MHOrO DPa3/JIHYHBIX NpPOCTHIX JednTesiell H GHITh
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BecbMa GOJIBIIMMH NO BEJHYHHE, a3 HMEHHO HMeTb HE MeHee 15 iIE-
CATHYHHX 3HAKOB.

2. CoBepleHHble YHCJIA SIBJSIOTCS NPOMEXKYTOUHBIMH Me)xny TaK
Ha3hiBaeMbIMH HEeROCTATOYHHIMH H H3OLITOUHBIMH uHcaaMH. Yucyo n
HasbiBaeTcsl HEeROCTATOYHHIM HJIH H3ObITOUHEIM, CMOTPS IO TOMY,
6yner au o (n) MeHblie HAH Goabuwe 4eM 2n. HeueTHnle uymcaa
ObIBAlIOT KdK HeJOCTATOYHBIMH, TaK H H3OBITOYHBIMH; CaMOe MaJieHb-
KOe CpPeRH HeueTHHIX H36GBLITOUHLIX YHCeJ — 3TO uHcjao 945.

Hasectno, uto ¢yHkuns A (x), BoipaxKaiomas YHCJI0 H36LITOUHBIX
4HCesJ, MEHbIUHX HJH pPaBHBIX X, YAOBJETBOPSET HEPaBEHCTBAM:
0,241x << A(x) << 0,314x, Tak urOo OCOJBLIKHCTBO YHCEJ SBJSETCS

HefoctatouHbiM. B 1933 r. 6bl0 M0Ka3aHO CyIlecTBOBaHHe Npejea
OTHOWIEHHS ﬁx(—t—) HO BeJIHUHHA 3TOTO Npejiejia NOKa He ONpejiesieHa.
3. Eme D#nep nan 60 nap ,apyxectseHnbix” uncen. Cpenn
aTHX mnap 34 TakHe, B KOTOophix o06a uHcjga ueTHbe, H 26 map,
B KOTOPHIX ofa uHcJa HeUeTHble. B HacTosiee BpeMs U3BECTHO
yKe HECKOJIbKO COT Nap APYXeCTBEHHHLIX YHCeJ, ONHAKO CPelH HUX
HeT HH ORHOH, B KOTOPOH OJHO uucJio ObLIO 61 YETHBIM, a JApYroe
HEUETHBIM, H HEH3BECTHO, CYINECTBYIOT JH EOOOILE TaKHE MNaphl.

4. HeMenkuil MaTeMaTHK u acTpoHoM Mébuyc (1790—1868)
H3BecTeH Ipexje Bcero Kak reoMerp. OH nepBbll CHCTEMaTHYecKH
paccMoTped cBolicTBa GYHKUHH W (n), noayuusiledl ero umsi. OyHK-
uus u(n) BcTpeuaeTcs BHepBhle B ero pabore 1832 r.; dakTuueckH
B HesIBHOM BHJe 5Ta (YHKUHS pacCMaTpHBajach ellie A0 STOrO
DiSepoM.

5. UspecTeH ueJplfi paAl TeopeM, aHAJOTHUHHIX TeopeMe 317,
Jamux ofpanieHHe CYMM pas3JIHYHOTO BHAa (CM., Hanpumep, ¢op-
myasl (9) u (11) 34-ii raaen). OcHoBHYIO posib B opMyJaax obpa-
IIeHHs1 MTpaioT cBoicTBa (yHKUMH- MébGuyca, chopMynHpOBaHHLIE
B TeopeMe 316. CyMma neBOH uacTH ToxjecTBa (8) urpaer poJb
paspbIBHOTO MHOXHTeJifi, II03BOJISIIOIEr0 ‘B HEKOTOPOM MHOXKEeCTBe
3HaYeHHH 7 BHJEJSITb Te, KOTOphle paBHH 1.

Cymmy ) f(d) wuHOraa HashBAIOT YHCJIOBHIM HHTErpajioM OT

d/n )
dynkuun f(n).

6. bepurapx Puman (1826—1866) —oauH H3 KpynHeHRmux He-
menkux MaTtemaTukoB XIX Beka, ocTaBHBHIME }yHIaMeHTaNbHbIe
pa6oTh B Pas3JHYHBIX OONacTAX MaTeMaTHKH H ee NPHJOXKeHHH.
Oco6enHo GoJbiioe 3HaueHHe KHMEIOT ero paboThl IO “TeOpPHH ¢YHK-
AN KOMIJIEKCHOTO NEPEMEHHOTO M IO - TEOPHH pAmoB. Memyap
Pumana ,,O uucje NPOCTHX YHCeJs, He NPEBOCXOASAIHX JaHHOH BeJiH-
YHHBLI® sIBJifieTc OCHOBOH BCero ja/ibHefllero pa3BHTHS ‘COBpEMEH-
HOH TEOPHH NpPOCTHIX YHCEN. B STOM  Memyape Puman paccmatpn-

Baer A3eTy- q)ym(umo L(s) = Z —5 CHauaJia Jiist KOMIJIEKCHBIX 3Ha-
n=1
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ueHufi §=0 - if, TaKHX, 9YT0 G =>!, a 3aTeM aHaJIUTHYECKH IIpO-
JOJUKAeT ee Ha BCIO KOMIUIEKCHYIO IJocKocTh., OH ycTaHaBJHBaeT
'OCHOBHHIe CEOHCTBa 3TOH (YHKUHH, B TOM 4UHCle (YyHKIHOHAJbHOE
ypaBHeHHe, jalolllee HENOCPeJCTBEHHYIO CBAI3b MeXAY § (S) B { (1 —s).
ODyHKIHOHANBHOE YpaBHeHHe A5 [ (S) NMOKashBaeT CBOEro 'poja

‘ o o 1
CHMMETPHIO 5TOH (YHKUHHM OTHOCHTENbHO MpSMOH 6 =-5. PuMan

| YCTaHOBMJI CBfi3b MeXJIy TNOBeJeHHeM ([ (s) B Tak Ha3biBaeMoi
KpHTHYecKOl moJoce 0= o =<1 M pacnpefeseHHeM NPOCTHIX YHCEJI.
PuMaH BbiCKasaJ runortesy, 4To B 3TOH moJioce Bce HYJH [ (S) Jexar

1
-5 - EcTb Bce ocHOBaHMS npeanoJaraTb, YTO 3Ta
runoresa PumaHa BepHa, OIHAKO JAOKasaThb ee He ynaJoch. Jlokasa-
TeJbCTBO THiloTe3bl PrMaHa najio 6bl BOSMOXKHOCTb PELIHTh Pl Bax-

HBIX npoé.neM, BO3HHKAIOWIHX [IPDH H3YUCHHH NPOCTBHIX YHCEI.

Ha MNpSAMOH C =

FTABA 34
CPEJHHUE 3HAYEHHUS YHUCJIOBbIX ¢YHKLHUH

1. CPEAHEE 3HAYEHHME YHCJA JAEJHTEJIEN.
CPEJHEE 3HAYEHHUE CYMMbI AEJIMTEJIEHA

[as MHOTHX YyHCJ0BBIX (YHKIMHA, pacCMATPUBaeMblX B TEOPHH
yHceJ, XapaKTepHO, 4YTO IMPH YBEJHYEHHH apryMeHTa 3HauyeHHs
(GYHKIUH MeHSIIOTCS KpaliHe HeperyJaspHo. Hanpumep, dyukuus © (n)
I COCTaBHBIX N, COCTOSIHX H3 JOCTaTOYHO 60JbUIOre 4YucJa
NPOCTHIX MHOXHTeJIel, MOMXKeT MPHHHMAaTb CKOJIb YroAHO O0JIbLIHE
3HaueHHMS W BMecTe C TeM JJs BCeX NPOCTHIX 3HaueHHH n nMeeM
T(n)=2

Ecnn BMecTo Takux ¢YHKUHA paccMaTpMBAaTh MX CPeHHE 3Ha-
ueHHs Ha cerMeHte [l; N], TO OObIYHO OKa3bLIBAeTCs, YTO STH Cpej-
HHe MEHSIOTCS JOBOJIBHO TJafKO H MOI'YT OBIThb € AOCTaTOYHO 60Jib-
LIOH TOYHOCTbIO anMpPOKCHMHPOBAHH CPaBHUTENbHO [POCTBIMH BbIpa-
JKEHHSAMU.

Onpenenenne 92. CpeOnum 3Haqenuem 4qucrosot ¢gyrnxyuu [(x)
Ha ceemenme [1; N] (N yenroe) nasvigaemcs eauduna

F)+F@)+ ...+ V)
N .

HayneM c¢ paccMOTpeHHMs mnoOpsiKa pocTa CPeJHUX 3HaYeHHH
HEKOTOPBIX YHCJMOBHIX (YHKIHH, BBeJeHHbIX B NpeAbAylled rJabe.
Teopema 319. Cpednee 3snauenue yurxyuu < (n), svipaxcawuied
4UCN0 noroNcumenvruix Oeaumeseld n, na ceemenme [1; N] pasno:

In N+(2C—l)+O<V_)
20e C—3daeposa ROCMOAHHAA,
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JlokasaTeabcTBO. T(n) paBHO rmc.ny TOYEK C LeJIEIMH 110JI0-
XK HTeAbHBIMH KOOPJAHHATAaMH Ha rHnep6oJie Xy =rn, T. €. YHCAY pelle-
HHA ypaBHEHHS Xy=~n B LeJbX MNOJOMKHTENbHHX YHCAAX X, Y.

JlelcTBHTeNIbHO, JAJAs KaXkJAOro jeiutens d uHcCaa n mnapa

n
((d, '?i)) npecTaBnsier coGofi pemieHHe STOFO YPaBHEHHS M, Ha-
060pOT, KakKJ0€ pelleHHe YPaBHEHHS Xy =N B NOJOXKHTEJIbHBIX HeJNbIX
YHCJaX X H Yy OApeNesisieT B KayeCcTBe SHAUEHHsS X HEKOTOPHIH BMOJHE
onpejeneHHbll fesutesib d. [ToCKONBKY KPHBBIE Xy=n NpH pas-
HBIX n He HMEKOT OOGIIHX TOYeK, TO, NpHAaBas n 3Havenus 1,2, ..., N,
NOJy4HuM, 4TO CyMMa
T()+T(2)+... +T(N)

paBHa OOIIeMY YHCAY TOYEK C LEJbIMH TNOJOXHTENbHBIMH KOODJH-
nataMd B obiacth xy<<N, x>0, y>0. Uncao Ttaxux Touek

B TeopeMe 55 Obl10 06o3HaueHo uepe3 S(N), H COrJacHO TOMY, UTO
TaMm OBLIO NOKasaHO, MOJyyaeMm:

N
() FT@)+... +1(N)=2, [AZ.]=
k=1
=NInN+@C—1)N+0(VN),
T. e. JeHCTBHTEJNBHO

THT@E T lnN—|—(2C——l)—I—O<V—) (1)

[Mpu Goabmux N BenHuHHa 2C—l—1—0<7ﬁ) HHYTOXKHA 0O

20-1+0 (3

InN

cpasreHuo ¢ InN; lim =0 H Mbl foyyaeM acHMI-

TOTHYECKOE PaBeHCTBO
N
1
i Z T(n)~InN.
n=1

Mo:xHO cKa3aTh, uto npu Ooapwmnx N Ha JOoMmO KaxJIOro M3
nepBbix N HATYPaJbHBIX YHCEN B CPellHeM MNPHXOLHTCS NPHMEPHO
In N penureneil.

Teopema 320. Cpednee 3Hauerue ¢ynm;uu o (n), seupaxcaroued
cymmy Oeaumeset n, Ha ceemenme [1; N] pasno

nﬂ
5 N+ 0 (In N).
JlokasateabcTBo. Tak Kak BMecTe ¢ d BeJIHUHHA 6=%
TaKxKe npo6erae'r Bce HOJIO)KHTeJlebIe ne.nu’re.rm yHcaa n, To

Zom) EZd EZ———Z Y EL®

n=1 din n=1din n<N
;;=.o(modd)

325



3amensis n 4yepes sd, BHAHMM, 4TO, KOTJa n npoGeraeT 3HaueHHfd,
KpaTubie d M MeHbliMe, ueM N, BeiUuMHA § npoGeraer uenble 3Ha-
uyenust ot 1 go HaHGONBILIEro LeJOro YHCN2, He MPeBOCXOASIIETO

%’—, T. €. O [%], H, TaKHM 0o6pasoMm:
7]
=St e

x<SN s=1
n=0 (modd)

3 (2) u (3) nonyuaem:

Yom= LR []([¥]+1).

[2’] <[ ]—{—l TaK HTO [-jd!] " [—Id!]—{—l OTJIHYAIOTCS

N
OT —~ Ha BEJAHYHHY, MO MOAYJIO MEHDLLIYIO HEM I, T. e

d
[%]:7’}+0(1), [%]+1=%+0(1),

rie Ka)xnoe 0(1) no MOAYJIO MeHblle yeM 1.

Sow- 23] ([ +1)-+2

=1

Ed,+ 2"“’+0(N>=%’ Liowinn, @
d=1

£ (3ro0)

=1

Tak Kak (Teopema 54)

N

320
d

d=1

3aMeTHM Terepb, UTO

2 d’< Z d(d—-l)

2 (em—a)=% O

d=N+1 d=N+1
TaK 4TO
u 1 c 1 - 1
Ya=Sa— X a=Tio(4). ©)
d=1 d=1 d=N+1

M3 pasencrs (4) u (6) momydaem:

M=

o (n) =15 N*-O(N In N), 7

n=1



Tax 4To

o) 4+o@ ... foN) \

OTKyJa noJqy4aeTcs TaxKxke aCHi\lﬂTOTquCKOG PaBEHCTBO

N
%E o(n)~:;12N.

Has nepsoix N HATypasJbHbIX 4HCEJl CPeRHAA BeJHYHHA RelH-
2

TeJlel NMpPHMEpHO paBHA %N.

2. CPEJHEE 3HAYEHHE ®YHKUHH IAJEPA

Teopema 321. Cpeluee 3unauenue pyuxkyuu Idaepa ¢ (n) Ha cee-
menme [1; N] pasuo %N—}—O(ln N).

HokasateanctBo. Iloassysice dopmyaoh (11) 33-# raasnl,
noJiyyaem:

N N N o
Som=XaLrf-3f T
n=1 n=1 dn d=1 nssN

n= ¢ (mod d)

Ipn JOKa3aTeNbCTBe npeAbAyIeH TGOPEMbI GB1710 nonyqeao

TOXAeCTBO (3) ‘ . ‘ |
o E(EI ]

n<N
n=0 (mod d)

Som=t S n@[2]([5]+1).

' N N N7 ,
3aMenssi, KaKk U B NpelblAylel Teopeme, [7] " [T] + 1 na

Lo, (10()]<1) nmeen:

N N
T om=gNu@(g+0M) =%

ala

TaK 4TO

n=1 d=1
N @
N2 d d
+0<N2 f~'”§d”> O(N)=7<Z“§z’— > “fp)>+
d=1 d=1 d=N +1

+O(NInN)=3 N*+0(N1nN),
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Mul BoCTIONIb30BAMIHCH 31IECh TEM, UTO BBHAY OHEHKH (7) 4-f rnasu
# ouneHkHu (5) HacTosieHd rJyaBbi

N N -] ®
BO > 2—omnw), | X 2O < ¥ d,i<w‘-,
d=1 d=1 d=N+1 d=N+1
a corjacHo teopeme 318 Zp‘d(zd)—g—:?)=%.

d=1
N
Jens monyueHHoe mns ) @ (n) BulpaxeHHe Ha N, NPHXOAHM
n=l
K paBeHCTBY
1 2)4-... N 3
¢()+q)()j-vl- +of )=R§N+O(\nN). ®)

Tlonyuennbld pesysibTaT MOXKHO BHIPA3HTh TaKXKe B BHJe Cle-

Lyioulefi TeopeMel.

Teopema 321'. B noayceemenme (0; 1] ommuowenue uucaa weco-
Kpamumorx Opobell (papeesoix Opobel) co 3HaMeHameasmu, MeHb-
wumu uau pasHoimu N, K obwemy wucay ecex Aexcauyux mam 6po6ea
C MAaKuMu e 3HAMEHAMEeAAMU CMmpeMUmci K npedeay, pasHomy

6
—=0,6079...
1%
HelicTBHTeNbHO, AJS JNaHHOrO b 4HMC/IO HeCOKpaTHMBIX Apobeit
a
— B moaycermente (0; 1] paBHO 4YHCAY NOJOXKHTEJNbHBHIX @, MeHb-

b
IIMX HJH PaBHBIX b H B3aMMHO mpocTeiXx ¢ b, T. e. pasHO @ (b).

IlpunaBas b smawenus 1, 2, ..., N, nonyuum, uro obmee
yncao A(N) HeCokpaTHMBIX Jpo0el B 3TOM MOJycerMeHTe CO 3Ha-
MeHaTensiMH =< N BelpaxKaercs corJacHo (8) B Buze:

ANY=¢(1)+9 @)+ ... +9(N)=5N*+O(NInN) =
=2N(N+1)+0N InN).

B moaycermente (0; 1] Munl umeeM b gpobefi co snameHareseM b,

a MMeHHO Jpolbu:
12 b
TR IR —b—

O6mee umcno B(N) Bcex npoGelt co 3HaMeHaTeJsIMH b<C N
B noJaycermenre (0O, 1] pasHO

N
B(N)=X,b=- N (N+1).
b=1

Hens A(N) na B(N) H MepexoAs K npelesly, HaXxOIHM:

tin 488t [0 ()] ==t
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_ Oror pesysbTaT MOKa3hHIBAaeT, YTO HeCOKpaTHMble HApoGH cocTap-
AsiotT npumepHo 60%, or uMcia Bcex ApoGeH, T. e. MX NPHOJH3H-
TeJIbHO B 1oJTOpPa pasa 6oJiblie yeM COKpaTHMBIX,

3. YHUCJIA, CBOFOAHBLIE OT KBAJPATOB

Onpenenenne 93. Yucao Hasvisaemca cs0600HIM om Ksadpamos,
ecau OHO He Jeaumcst HU Ha OOuH Ksadpam npocmozo ducia, m. e.
ecau e20 KAHOHUYECKOe Pa3A0JeHue umeem aud: n=pp,...p, eoe
Pu Pas «.., Ps— PA3AULHBIE npOCMbIE 4UCAA.

O6o3naunM uepes Q(x) uucjo cBOGONHBIX OT KBaJpaToB 4HCceJ,
MEHBUIHX HJH DaBHBIX X.

Teopema 322.

ew="3" [Z]ne®.
k=1

JNokasarteabcTBo. [lokaxkeM cHavyana ¢opmyay

Y Q(5)=1x. (©)

nng—

Kaxaoe 4uc/o n Mel NpeACTaBHM, H [IPHUTOM €IHHCTBEHHBIM 00-
pasoM, B BHJe n=k®s, rae k®—nauboabLIHi KBajpar, Jeasiuui n,
a s—uucJo, cBoOoJHOE OT KBaApaToB. Mbl MONyYHM BCe HaTypaJb-
Hble uHcsia, ecad OylleM uHcaa, cBoOOJHBIE OT KBaAparToB, YMHO-
xarb Ha 12, 22, 32, 42, .. | CocraBuM Tabuumy:

12.1/12.2(12.3] — {12.5{12.6[18.7} — | — {12-10{12.11| —~ [12.13|12.14/12.15] — 11217 — [12. 19| —

13 - | =} - | —

rjie B k- CTpOKe BHINHCAHbl Npou3BeleHUs k% Ha uHciia, cBOGOAHHIE
oT kBazpaToB. CorJjacHo CcJeNaHHOMY Bbillle 3aMEUAHHI0 Kaxloe
HaTypallbHOe YHCJIO BCTpPeyaeTcsl B 3ToH TabJuile ONHH H TOJBKO
OOHH pa3, Tak YTO BCero B Tabauue (moA ueproil) wumeerca [x]
4YHCeJ, He HPeBOCXONALIHX X.

“ X
B nepBoii cTpoke umeercsa Q -I-;) yHCeJ, He NPeBOCXOASLIHX X,

o X
BO BTOPOH CTpOKE HMeEETCH Q (52 YyuceJ, HE npeBoCXoadAmux x,
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" T. A. IeficTBuTenbHO, NpH MO60oM 2 B k- CTpPORe ‘uHCed, He
NpPeBOCXOAAUIHX X, CTOJNBKO, CKOJIBKO cym,eCTByeT gHce S, CBOGOA-

X
HBIX OT KBajparoB, TaKHX, 9T0 k2s<Tx, s<ﬁ , T. €. Q <F> quces.
Takum 06pa3oM, NO/KHO BHIIOJHATHCH PaBEHCTBO

Q(F)+e(F)+ - +Q(H)+...=Ix,

X i =
rae Q F) OTJIMYHO OT HYJS TOJBKO MpH E<V'x, T. e. CoOTHO-

wenHe (9) jpoxasaHo.
Tenepp nmepefineM K J0Ka3aTeJbCTBY CaMOH TeOpeMEI.
Q (x) MoxeM sanucaTb B BHJE:

QW= 3 Q <n2>2u(k) (10)
n<Vyx kin

TaK Kak corjacHo Teopeme 316 cpeiy Bcex UJeHOB B NMPaBOM yacTH
paserctBa (10) coxpansiercss TONBKO ciaraeMoe ¢ n==1.
B unenax npaBoil wacTu paBeHcTBa 10 3HaueHusa k JeJHTeNH n,

T. e. k<n<]/)7, TaK 4YTO 2 mNpHUHMMaeT 3HAYeHHs B Npejenax
or 1 mo Vx.

Jasa kaxporo takoro & uMeem n=0(mod k), n<< Vx, N03TOMY,
MeHA NOPSAJOK CYMMHPOBaHHS B npaBofi yactH paseHcrBa (l10)
H, noJjaras n=4ks, nojyuaem:

QW= X pw) X Q&)= T rw X Q(w)

k<Vx a<<Vx r<Vx
n=0 (mod k) L= k

Coraacno gopmyse (9) HMeeM:
Z ()= [7]
s {;

~—~H OKOHYATEeJbHO IIOoJyuaeM:

Q= X [#]nw. (1)

rsVix

I[Mpumep. Bouucaute Q (100), T. e. uncjao uuces, cBOGOAHBIX
OT KBaJpaToB, cpeiy NepBLIX CTa HATypaJbHBEIX 4YHCeJ.

cto0-ion- 18] 9]~ 2]+ [] ~[9] + (5] o1
Teopema 323. , o
QW=gx+0(V/x). | (12)
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HokasarteabctBo. W3 pasencrBa (11) cosepmienHo auaso-
THYHO TOMY, KaK fIpH JIOKa3aTejbcTBe Teopembl 321, nosbsyschk

OUEHKOH:
k
H()‘ - 2 = 0( )

k>Vx

k>Vx
H Teopemoil 318, mosyuaem:

QW= X []pw=x X 184 <
k

E<Vix E<Vx

:x<°° mk)_ ) u(k)>+0(]/x) Tl +0(V¥)»:
k=1 E>Ve

6
—x+0(Vx),
dopmyna (12) nokasbiBaeT, 4TO OTHOMIEHHE YHCJAA YHCEJ, CBO-

60]_1HbIX OT KBalJpaToB, K YHCJY BCeX HATypaJbHbIX YHCEJ B OTpeE3-
Kax HaTypaJIbHOro psajga TO Mepe YBeJUYEHHUd MOJIHHBI OTpe3Ka

6
CTPEMHTCS K mnpeleny, paBHOMY —=0,6079..., 1. e. uucea, cso-

OoHBIX OT KBajpaToB, 6oJble, YeM YHCes, IeJNsHIUXCSl Ha KBaj-
paTsl Kakux-JaH00 NpPOCTHIX YHCes.

Hcmopuueckue xommenmapuu x 34-is 2aa8e

1. Teopema 319, sBadwomascs HeNMOCPeACTBEHHBIM CJIeJCTBHEM
TeopeMBl 55, npuHagnexutr dupuxje. BopoHOH yaydiniua ocraToy-
Hbiii uteH B dopmyse (1) (cM. 4-10 raasy). Jlyuwas uspecTHas
B HAcTOsflee BpeMs OlleHKa Z t(n) (Mu BsHb-nueb, 1959 r.)

HMeeT BHI:

N 13
N (n)=NInN+(@2C-—1) N+0(N?6”).

2. B 10 BpeMsa Kax cpelHee 3HauYeHHe (YHKOHH 7T (n) Ha cer-
menTe [1; N] yBeauuuBaercsi, MaJjo OTJHYasch oT InN, cama 3Ta
yHKIHS MeH7eTCs upe3BHYAHHO HeperyJasapHo. Jas Bcex mpocThix
3HaueHHuil n 3Ta GyHKNUSA paBHA 2, H BMecTe C TeM ObLIO JOKa3aHO
(Burepr, 1907 r.), 9t0 mis Mo6oTo e >0 cymecrByer GeCKOHeYHOe

- e 1"
MHOXECTBO M, TakHX, uto T(n)>2 nlan - Burepr mokasas
TaK¥e, YTO TPH J11060M e >0 gnsa Bcex n HallPlHaﬂ C HEKOTOporo,

(1+8) 120
HMeeT MeCTO HepaBeHCTBO T (n) < 2 ﬂlﬂ"
3. Bennunna t(n) paBHA YHCJAYy peLIeHHH YypPaBHEHHS XX, =N
HedblX MOJIOXKHTEe/bHBIX YHCJAAX X,, X,. PaccmarpuBaercs Oodee
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ofmas ¢GyHKUHA T,(n), paBHas YHCAY pelleHHA ypaBHEHHs
X Xg...X,=n B UeJBIX NOJOXHTEAbHBIX HHCAAX, T. €. paBHAR YHCAY
NpeACTaBJeHHA n B BHAE NPOM3BEJEHHS kB HaTypaJbHHX MHOMKHTe-
nefi. DyHKIHA T(n) ABAAETCS YACTHHIM cayuyaeM QYHKUHE T, (n),
a HMeHHO T (n)=r1,(n). 3. Jlangay B 1912 r. pokasana, uro

N k=1
2_:1k(n)=NPk(lr1 N)+0(Nk+1 “), (13)

rge P,(In N)=c,In*" N 4-¢, In*-2 N 4 ... 4c,_,—MHOrOUJEH OT
In N cremenn k—1. PeaynbraTr BopoHOro—uactumii cayuail ¢op-
Myanl (13) npu =2,
B nanpuefinieM mns ocraTouHoro ujneHa B (13) npn pasnHuHbIX
k OblIH NOJIy4eHbl HECKOJbKO GoJsee Toynble onenku. Hanpuwmep,
14

npu k=3 ocraTounpiit usen B (13) 6bi1 3amenen Ha O \ N%9 )/,
4. B Hacrosiiiee BpeMs H3BecTHa Jyuwas, ueM (7), OLeHKa
2 o (n), a umenHo paborsl H. M. Kopofosa (1958 r.) maaum BO3-

n<N
MOXHOCTb Ji0Ka3zaTtb, 4YTO

2
Y om="N2 40 (N(lnN)s).
nSN
5. Teopema 321 6bina jpokasana Bnepsbie MeprencoM B 1874 r.
B mnactosmee BpeMss Ha ocnose pabor H. M. KopoGosa moay-
YeHa cjelylomas OlleHKa:

2
Zcp(n):%NH—O(N(]nN)”).
n< N
6. Teopema 323 6bina ony6nukoBana Bnepsrie B 1885 r. eren-
6ayspoM. B HacTosimee Bpemsi mpuMeHeHHe TeOPHH (GYHKUHE Komn-
JIEKCHOTO TEPEMEHHOI0 JaJio BO3MOXHOCTb MOJyUuTb 0oJiee TOUHYIO
OLIeHKY OCTaTOUHOIO 4JIeHa.

FJIABA 3

PACNPEAEJIEHHE MNPOCTbIX YHCEJ
B HATYPAJIbHOM PAAY

1. HEPABEHCTBA YEBBIIIEBA AJil ®YHKUHH, BbIPA)KAIOUIER
YUCJI0 NMPOCTBIX YHCEJN B 3AJAHHBIX NMPEAEJIAX

CymecTsoBaHHe GeCKOHEUHOrO MHOMKECTBA MPOCTHIX YHCEJ IOKa-
spiBaeTcs (TeopemMa 21) cOBceM NPOCTO; OZHAKO BONPOC O TOM, Kak
YacTO CpelH HATypaJibHBIX YHCEeJ BCTpevalorcsi NMpocThie H KaK mpo-
CThie UHCJIA paclpeAelieHH Cpeid HATY PaJIbHLIX, OKa3biBaeTCl BeCbMa
cnoxubM. Ilpencrasum cefe, uto GyjeM nocieioBaTeNbHO mepeGH-
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paTh BCe HaTypaJibHhie YHC/1a B NOpsjKe HX Bo3pacTaHHs. Byayr
JIH IIPH 3TOM NPOCTHE YHCJIA BCTPEYAThCS CPABHHTENBLHO PaBHOMEPHO,
OYZeT JIM YHMCJIO BCTPEUAIOUIMXCA MPOCTHIX YHCEN MONYHHATBCH Ka-
KHM-JIH060 3aKOHAM HJH OKaMXerTCs, YTo OHH GecNOpsAOYHO pasbpo-
CaHBl cpely HATypaJbHBIX YHCeJ?

Yucao mpOCTHIX 4WHCEN, MEHBUIHX HJH PABHBIX X, MB 0GO3HaYHM

uyepes 7 (x), TaKk YTO
n(x)= X 1.
rsx

Jns kaxJoro XaHHOrO X MOXKHO, IOJB3YSCh, HampHMep, Teope-
Moit 23', BbinucaTh BCe NpPOCThie YHCJAA P <X U ONDENEJHTb HX
UHMCJIO, T. €. BBIUHCJUTBL T (X); OXHAKO MBl He MOJYYaeM NPH 5TOM
npejcTaBjieHde O TOM, Kak MeHseTcsi ¢yHKuHsA 7:(x) C¢ yBejauue-
HHEM X, T. €. NpeAcTaBJeHHe O TOM, KakK ObICTpO YBeJNHUYHBAeTCS
YHCJO TPOCTHIX YHCeJ, ecad 6paTb Bce OOJbliiMe OTpPe3KH HATY-
paJbHOrO pdia.

Teopema EBkianga o GeCKOHEUHOCTH MHOXKECTBa MPOCTHIX YHCEJ
(TeopeMa 21) MoxkeT 6HLITh 3amucaHa B BUJE

n(X)~— o0 mpu Xx-—» oo.

OpHako 3Ta TeopeMa HHYEro He TOBODPHT O TOM, Kak OBCTpO
NpH yBeJHYEHHH X pacTeT BeJHuyuHa w (x). B 3ToH rsase Mu! cra-
BHM cebGe B IepBYIO Ouepelb 3ajauy — aTb OLEHKH NOpsJKa pocTa
hyHKOHH T (X).

B 1808 r. Jlexangp ony6aHKOBaJ HaMAEHHYIO UM SMIHDHYECKH
dopmyay
X

™ (X) R 5 =T08366

Jaomyr npub/mKeHHble 3HAYeHHUS (QYHKIHH = (x) NpH 6GOJBLIHX
3HaueHHax x. Ha camoM gnene, Kak OblIO JOKa3aHO Mo3xe, 6oJee

6GJIH3KOE K HCTHHHHWIM 3HAueHHAM ﬂ(X) Ja€T BblpaxcHHe Tnx—1’ a

eue Gojee GJM3KHE 3HAYCHHS K 7t (¥) npH OGOJNBLIHX 3HAUEHHAX X
JaeT (YyHKIHA
X . N
dt
S g
2 .

Taycc eile B IOHOWIECKHE TFOJAB BBIYUCJSAJ CPEJHIOI MJOTHOCTh
NPOCTHIX YHCeJs B Ipejeiax WMeBHINXCH TOrAa TaGJHIl, H STH BBIYHC-
JIEHHS1 TIOKAa3blBAJIH, YTO HMEHHO BhipaxceHHe (1) asnsercs ¢GpyHKLUed,
XOpOIIO annpoKCHMHpYOmed & (x); ONHAKO-CBOM coobpaxeHUS OH
onyG6AHKOBaJ MHOTO MO3XKe.

B 1848 u 1850 rr. mosiBMAMCH fBe 3aMmeyaTeJbHbe pPaGOTH
1. JI. Ye6oiueBa, B KOTOPHIX HCCJIENOBAJCSA BOMPOC O MOpsJKe
pocra Q)yﬂm.um n(x). B paGore 1850 r. UeOnuler na0Kasan, YTO
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(x) npe GONLIIMX X -SaKJIOUeHa = MEXAY JABYMS BeJIHYHHAMH:

mx H bmx rfe @ H b—noNoXHTeNbHbLle NOCTOsAHHbe, Yebhilen

NOKasaJ, YTO B KayecTBe a@ M b MOXKHO B3ATb 3HaveHHsa a=0,921,
b=1,106, tak 4yro @ u b cpaBHHTeJbHO Oauskk K 1. B naiabpued-
mwux pabotax OunlM NOJYYEHbl W APYrHe 3HayeHHs a u b, Goaee
6auskue K 1.

Mp joxaxeMm Tteopemy UeOwllieBa, OrpaHHYHBasCh, ORHAKO,
TOJILKO J0Ka3aTeJIbcTBOM CYUWECTBOBAHHA TMOCTOSHHEIX a4 H b
(0<<a<<1l, b>1), He cTpeMsicb MOJYYHTb M HHX BO3MONKHO
6nuskde X 1 3HaueHHst, TaK KaK 3T0 OLIIO Obl COUPSMEHO C TEXHH-
YECKHUMH YCJIOMHEHHSIMH JOKasaTesbCTBA.

Teopema 324 (Yebpnues). Cyujecmsytom 0Ose nocmosHnHole a u b,
maxue, umo 0<<a<<1, b>1 u 021 6cex x==2 sbinoansawmca He-
pasencmsa

X X
am<ﬂ()€)<bm. (2)

NMpumevanne Ouesky 7(x) <bi— 1 S MH 6yneM Ha3bBaTb ouenxon 7 (x)

CBepXy, a OleHKy I (x) > al—;—;——oueﬂxon 7 (x) cHu3y.

HoxasatenbcTBO. Mbl ycranoBuM mpexjie Bcero HyMXHble
HaM 1A JajbHefillero OHEHKH CHH3Y M. CBepXY BbIpaMeHH:

T (x)—2T (-’;-), rae | o
T(x)}:ln’{x]!‘:'zlrnp ( [ﬂ 4 [;,)‘%] +> : %)

— ¢ yuKuHs, paccMaTpHBaBllasicss HaMH elle B 4-it raase (ctp. 5l).
Ilpu n=3 nmMeeM:

T (2n)—2T (n) = Z Ink— Zlnk_ln"+1+1 i N

k=n+1

o+ = () Ine, ®

n s n
TaK KaK KaxJoe cJjlaraeMoe BHJA ln——"sl'~=ln (1-}-—8-)21112, a

nepeoe H3 HUX ln-l— =1n4=21n2.
C apyrofi cTopoHHI,
! n n n n n
O =Cla<14+Clat ... +Clat ..+ ClR= (1 1) =27,

TakK 4TO HMeeM:

T (2n)— 2T (n) =In &2

<2nln2, . ®)
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BoabMeM npousBoibHOE X ==6 ¥ NoxGepeM n Takoe, uTo
2n<<x<<2(n+1).
HOns taxux x sennunana T (x) aubGo paBHa T (2n), aubo Gosbuie
ueM T (2n) na BeauuuHy Iln(2n-+1), a T(%>==T(n), TaK 410
T(2n)——2T(n)<T(x)——'2T<%><T(2n)——2T(n)+ln @n-1),
OTKYJa, NOJb3YSACh oueHkamu (4) W (D) M TeM, uTo n+1 >% , no-
Jydaem:

T(x)—2T<%> >(n+1)n2>22y (6)
T(x)—2T(-’2‘-><2n1n2+1n @n+1)<xln2+
+in(x+1) =0 (x). (N

1) Ouenxka n(x) cuusy. dopmyna (3) nokasniBaer, 4TO

a7 (5)= X mo([2]-2 [3])+
([ [5])+)-

TaK KaK NPH p >> X BCE CJaraeMble BO BCSKOM cJydae obpauiarorcs
B HYNb.

CroGkd BHAa ([;,%] —2 [;’;—é]) upu p*>x paBHH HYJIO, TaK

uro Ko3hpHuHeHT NpH Inp B mpaBoil 4acTH MOXKeT OHITh 3amlHCaH

B BH]JE
k=3

o3 ([5]-2 [5]):

Inx

rae p°<<x, T.e. shnp<linx, sémp
Cornacuo Teopeme 51 B mpaBoil wacTd ToXKZecTBa (8) Kaxpmas
ckobka He Goabine |, a 4YHCJIO TAaKHX CKOGOK, KaK MBI TOJBKO YTO

. Inx Inx
[oKasaju, He Gojbule yeM— , TaK 4TO apél "Top’ B M3 TOXK fe-

, Inp
ctBa (8) nmosmydaem:

. 1
Tw—2T(3)< X npfii=lnx X I=n(miz (9
p<x psC X%
CpaBuuasi mepasenctsa (9) u (6), mmeem:

:n(x)lnx>lrl2

X In 2
T. €, :n:(x)>aﬁ]—x, rfe a=-5-.



‘DTO0 HepaBeHCTBO JOKa3aHO INpH "¥>=6, HO OYEBHAHO, YTO,
HECKOJIbKO YMEHBUIHB 4, MOXHO CJeJlaTb er0 ClnpaBelJHBHM Jum
BceX x == 2.

2) Onerka n(x) cBepXxy.[lockosbky Bce claraeMnie B npa-
BOH HacTH ToxfectBa (8) HeOTpHIATENbHH, TO, OCTABHB H3 HHX

X .
TOJILKO Te, Y KOTOPHIX p>>-5 , MH BO BCAKOM cCjyuae, He YBeJH-
YHM CYMMY.
X
ITpu 5 <<Pp<<x HMeeM:

([F1-2 5D+ (5] -2 [=])+ =1 w0
HefictBute/IbHO, NPH TAaKHX p H xz=6, 2p0>x, p? > >x,

Tak uto B JeBoli uactd (10) ToMBKO [ ] OTJIHYHO OT HYJ4,

npHueM AJIs1 TaKHX p HMeeM: [—J
W3 pasencrea (8) nomyuaem:

Tw—2T (5)= X lp=hy X 1=
- —:-<p<x —<< P X
= (:rt (x)—=m (—;‘—)) In —;— 1y

IMpubasnas xk JeBol H npaBoii uacTaM HepaBeHcTBa (l11)
n(x)In2, 1. e. BeaHuHHY, MeHblIyl0o 4eM xIn2, H mnoab3ysdch
oueHkod (7), nosydaem: :

(x)Inx—n (-;i) In%<T(x—2T (g) +xIn2=0 (x),
TaK 4TO CYLIeCTBYeT MOCTOSIHHas ¢, Takas, YTO NpPH BCeX x>=2
7 (x) lnx—n(%) ln—“;—scx. (12)
Oas moforo x>==2 MOXHO HAaUTH HACTOJNLKO GoOJbuioe s, 4TO

2"—3< 2, Tak uTO W %) =0. [locnexgoBare/bHO MOJb3YSCh HepaBeH-
crBoM (12), monyuaem:
n(x)lnx< cx—l—n( ) In & <0x+cf—+n (f-) In %é. o<
<cx+c—+ —!—023_1—!—:5( ) In 2s<
<cx(l+§+§+.. .)=2cx, ‘
T. €., NOJIOKHB 2¢=0, nonyéaeM'
n(x)<<b Inx"
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Ilng Toro uro6H NONYUHTH 3HAYEHHS a H b, Gouee Gauskme k 1,
I1. JI. Ye6hitueB BMeCTO T(x)—2T( ) 6pan BuIpaxeHHe

Pt (3)-r (5)-7(£)+7(5). oo
PaccmaTtpnpas (13), o nmosyuHa cHauaja OLEHKH A5 (pym(mm
& (x)= Z Inp,

noJyuuBlliedl Ha3BaHHe q)yﬂxuuu l1e61>uueraa, a 3aTeM Y:Ke mepeles
K OlleHKaM = (x).
Hs rteopemb UebhieBa, B YaCTHOCTH, CJAeJlyeT, 4TO NpH YBelH-

n{x
YeHHH X OTHOMIeHHe +)—+O.

JlefcTBHTENBHO, COTJIAaCHO HepaBeHcTBaM (2) HMeeM:
a 7 (x) b

1
TaK YTO TOCKOJbKY MPH YBeJHUEHHH X Beanuuna — —0, 1o u
%) _ o,
X

Cpend nepBBIX CTa HaTypaJbHBIX YHCeJ cojepxXaTcsa 25 npocTHX,
T. €. IPOCThiEe YHCJA COCTABJASIOT 3lech 25% HaTypaJabHhX. Cpeau
nepBOH THICAYM HATYpaJbHEIX YHcesa uMeloTcs 169 npocthix (16,9%).
TabaHubl NPOCTBIX YHCEN NOKAa3blBAIOT, YTO NPH YBeJHYEHHH NPO-
MeXYTKa paccMaTpHBaeMbiX HATY paJjbHbBIX UHCE JOJS NPOCTHIX YHCE
yMeHbliaeTcs. 210 caMo no cefe He HCKJIOYAJO, OAHAKO, TOTO, YTO
MpOCThle YHCJA H NpH GOJIbLIHX X MOTJIH BCe Xe COCTaBJATb XOTS Obl
He MeHee 0,000001% or uucnma HaTypaJbHBIX uHces. Teopema
Uebbimiepa NOKa3biBaeT, YTO Ha CaMOM Jiesle 3TO He TaK H OTHOLIe-

HH ( ) MIpH YBEJHUYEHHH X CTaHOBHTCA MeEHbIIE Jawboro Hartepen

sanaHHoro LI ER

Teopema UebbimieBa no3BoJIseT CPaBHHBATL HHCJIO MPOCTHIX YHCEJ
B 3allaHHBIX TpefesaXx W YHCJO YHceJ Kako#-iaubo Apyrodl moj-
MOCJEJOBATENLHOCTH HATYpaJibHHIX 4KcesJ. BosbMeM nocienoBaTelib-
HOCTb NPOCTHIX YHCEJ H, HATPHMep, NMOCJAEl0BATEbHOCT BCEX KBall-
paToB HATYpPaJbHBIX UHCEJ:

2,383,656, 7,11, 13,17, ...
1, 4, 9, 16, 25, 36, 49, ...

Cpean mepBHIX cTa HATypaJibHBIX YHCEJ HMEIOTCA 25 MpPOCTHIX Y
10 xBajpaTOB, TaK YTO NPOCTHIX YHCeJ BHauaJe 60Jblie, yeM KBaj-
patoB. UTo nosiyynTcs B 3TOM OTHOLIEHHH, ecJd OpaTh AOCTAaTOYHO
GoJiblie OTPe3KH HaTypajbHOTO psafa? Kakux uucen 6y per 6oabiue:
NPOCTRIX HJH KBaZpaTOB?

O6o3HaunM uepes K (x) YHCJIO KBaipaTOB HATYPAJbHBIX UHCEJ
B npegenax or 1 xo x, T. e. 4Hcea k2, TakuX, 4To l<<R ’<Cx.
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Hucno TakMX uMceNl paBHO YHCJAY HATypaabHbiX K, TaKHX, 9TO

l<k< V—x T. e. K(x)= [Vx]
HOJIbsyﬂCb HepaBeHCTBOM YeOhineBa (ouenka (2) cHusy), moJy-
yaeM:

X
7 (x) “Tnx V¥
K@~ [y=]~ %tx-
Vx 7 (x)

inx ’ a CJegoBaTesqbHO, H K(x )HeOI‘paHH‘{eHHO YBeJHUYHBAIOTCA

NpH yBeJHYEHHH X, TaK YTO & (X) CTpeMHTCS K OeCKOHEYHOCTH
OnicTpee, yeM K (x). TakuM o6pasom, NpPOCTHIX YHCes B 3aJaHHBIX
JIOCTATOYHO OOJIBIIKMX OTPe3kax HaTypaJbHOrO pPsifia 3HAYHTENbHO
6osibie, yem KBaJlpaToB.

HOJIbsyHCb TeopeMoii UebbIlieBa, MOXKHO MOJYYHTDb OLEHKY BeJIH-
YHHBI MPOCTOTO 4yucjaa ¢ HoMepoM r. OKasblBaercs, 4TO r-¢ Hpo-
CTOE YHCJO npejicTaBssieT co00#l BeJHUMHY nopsyjka rlnr.

Teopema 325. Cyuwecmsyiom 08e noaoxcumensrole NOCMOAH-
Hole ¢ u d, makue, umo 0as ecex npocmeix 4duces p, (r=2)
umeem Mecmo COOMHOUIEHUE

crinr<<p,<drinr. (14)
IloxaaaTeJIbCTBo. CornacHo Teopeme UeOblineBa HMeeM:
aps <mn(p)< b, (15)

TaK YTO, NOCKOJIbKY [0 oOmnpefieieHHt0 5 (p,)=1r (YHCJIO NPOCTHIX
YHCeJ, MEHbIUMX HJM DaBHBIX 4YeM r-e MpoCToe WHCJO, PaBHO r),
H3 HepaBeHCTB (15) mosmyuaem:

pr<—rinp, (16)

p,>'—bl-r1np,>-:;r1nr. (17)

inz
‘—/.: l'IpH yBeJIH‘lEHPIH 2 CTpeMHTCH K HyJIlO, TAK 4YTO l'IpPI' J0CTa-

TOYHO OOMBIIOM p, MMeeM ln p,<an, [MoacTaBasifi 3Ty OLEHKY
Inp, B HepaBeHcTBO (16), BO3BOAST 3aTeM B KBampaT M JoOTapHOMH-
pysl, mojiy4yaeM TpH I >>T:

p,<rVp, p,<r® Inp,<2inr.
W3 HepaBenctBa (16) nosyuaem Tenepb
pp<—rlnp,<Zrinr. (18)
O6benunss oueHk® (17) u (18), uMeem npu rz=r,
arinr<<p,<dyrlinr,
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1 2 ,

THe ¢y=7 , d, == . Tloctosnube ¢, ¥ d; MOXHO 3aMEHHTb NOCTOSA-

HbiMH ¢ ¥ d, Tak 4TO oueHKa (14) BeqHuHHH p, OyJeT yxe BepHa
npH BCeX p,, HauHHas c 3.

IOaa Toro 4yToObl OXapakTepH3oBaTh TYCTOTY HEKOTOPOH MOAMO-

CAeJ0BaTeAbHOCTH HATYpajbHbLIX HHCEJ
aln a2, a3y » s ey an, s 50y

YacTO HAYWHAIOT C TOTO, YTO PACCMaTPHBAIOT BONPOC O CXOXMMOCTH
HJIH PacXOJUMOCTH psiia OOpaTHLIX BeJHYHH:

1 1 1 1
Z‘Fa‘*’g%— . .+En-+.

UapecTHo, uTO pAX BeJHUHH, OGpPaTHEIX BceM HATYpaJbHbIM
ypcaam, T. €. TAPMOHHYECKHH DPaA

[RILERRE SRR PR (19)

pacxomurca. Ecau B page (19) BbiGpocuTb AOCTaToOYHO GoablUoe
UHCJIO YJIEHOB, TO BMECTO 35TOTO DPsJia MOMXKET TNOJYYHThCS CXOAf-
muics. pan. HaanMep, ecqd B (19) octaBHTb TOABKO UJeHbl BHIA

3> TO TOJYYAIOUMHACH IPH STOM Pk

Igtatedmt..

KaK H3BeCcTHO, OygeT CXOILHHIHMCH
PaccMOTPHM DsIA BeJIMUKH, OOPAaTHBIX IIPOCTHIM YHCHAAM, T. €. DA

L R NP (20)

U JIOKaXeM, UTO OH PacXOZHTCA. DTO NOKaxeT, YTO, XOTs I POCTHE
YHCca B HATypajbHOM PsAJLY BCTPEYaloTCSl BCe pexe, HX BCE Ke
HaCTOJIbKO MHOTO, YTO CyMMa o0paTHEIX BeJHUHH MOXeET JaThb CYMMY,
IIPEBOCXOASAILYIO JioOYlo Hanepel 3afaHHYIO BEJHYHHY.
Pacxogumocte psaja (20) Owsa JokasaHa BhepBhle JDHJIepPoM
B 1737 r. HdoxasatenbcTBo Dfijepa OblJIO OCHOBAHO Ha PaccMOTpe-

1
Huu GecKOHeuHoro mnpousBefeHns 11 <1—F> npu s—1 H npeg-
P
‘cTaBisfeT co6OH NepBbIi NpHMep INDUMEHEHHS MeTOJOB MaTeMaTH-
YeCKOTrO aHajH3a K TEOPHH NPOCTHIX 4YHceJ. Mbl jajnM 31ech fOKa-
3aTeJIbCTBO, OCHOBaHHOE HA MpUMEHeHHH HepaBeHCTB YUeOwinesa.
Teopema 326. Psd eeauwur, obpamHuolx npocmolm wucAam, pac-

xodumes.
JdokasarteabcTBOo. Paccmorpum PR

l A . i N
21n2+3ln3+41n4+"‘ BTTRREE (21
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b
Sxf:x=1nlnb—1nln2 NpH YBEJHYEHHH b cTpeMHTCH K Gecko-
]

®

HEYHOCTH, T. €. S;c—d{;—x pacxoaurcs. CorsiacHO H3BeCTHOMY HHTET paJib-
2
HOMY NpPH3HAKy CXONHUMOCTH psnoB psaf (21) Takike pacxomgurcs.
CpaBHuM Teneps psf (21) ¢ psgom

1 1 1 1 1
gy trhgte bt &2

B Teopeme 325 6bi0 HOKasaHo, uTo p, << drinr, (r =2), oTKyjda
CHeNlyeT, uTO
11,1
p,” d rlnr’ _
T. €. ujeHbl pafa (22) O6osiblle COOTBETCTBYIOLIHX YJECHOB pacxo-
Jaauierocsl psiga (21), yMHOXEHHBIX Ha MOCTOSTHHYIO T Cornacno

TeOpeMe O CpaBHeHHH PHIOB C TOJIOXKHUTENbHBIMH CJaraeMbIMH
psan (22) pacxomurcs.

B 1845 r. ¢paHunysckuii MatemaTuk DepTpaH BbicKasaJs Ipenmno-
JIOXKeHHe, uTo NpH JoboM x>1 MexJy x H 2x Bcerja Ha#zercs
XoTa OBl OJHO NpOCTOE YHCJAO. DTO MpPeANOJIOXKEeHHe MNOJYYHIIOo
Ha3BaHHe mnoctysaara Deprpana. B 1852 r. YeGwimwes gokasaJd cnpa-
BeJJIMBOCTL 3TOr0 NOCTYJaTa H nojyuus 6oJjiee CHJbHBI pe3yJbTaT,

a HMeHHO JOKasaJ, 4YTO NpPH JOCTATOYHO O60JbIIHX X H 6>§

BCErJa CYIIECTBYET NPOCTOE YHCJAO p, Jexallee MeXay x H Ox.
Mbl panum pesyabrar YeGblineBa B HeCKOJBKO ocsaGrieHHO# dopMe.
Teopema 327. Cywecmeyem nocmosnnana 6, maxas, 4mo mexnoy
x(x=1) u 8x scec0a umeemca no kpaidnell Mmepe 00HO npocmoe
HUCA0.
HdokasateabctBo. CorJacHO HepaBeHCTBaM (2) HMeeM:

o
7 (8x) —mu (%) > am(%x)—-—b o= ml—fr(a_x) {(a6—b) In x—b1n8}. (23)
Ecau B3aTh 6>%, TO NPH JAOCTATOUHO 60JIbIIIOM X = x, BbIpa-

KkeHHe (23) OyJleT NOJOXKHTENbHBIM, T. €. MEXAY X H Ox JeXur
no kpafiHefi Mepe ofHO mnpocToe yHca0, HeckobKO yBeJHUYHE §,
MOXHO cJesnaTh TaK, u4To 7t (dx)—m (x) Oyher NMOJIOXKUTENbHBIM H
A 1 << x < x,.

2, 0B30P JAJIbHEAIHUX PE3YJIbTATOB

PaGotei Ye6hiieBa NOCTaBHJAH Tepel, MaTeMaTHKaMH 3ajauy
J0KasaTb, UTO B HepaBeHCcTBax (2) a M b moryTr OHTb NMpH JocTa-
TOYHO GOJILUIOM X B3ATbl CKOJIb YrofHo GJM3KMMH K 1, T. e. moay-
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YHTh ACHMNOTOTHUECKYIO dopMmyay

n (%) ~ (24)
Bripaxaiomyo, uto lim L 1.
£ (L
Inx :
LIe61>1me13 B 1848 r. rxokasaj, uTO ecaH npexesl OTHOIICHHS
n(x): l ~ CYUIECTBYeT, TO OH MOMeT GbiTb paBeH TOJBKO 1 (CM. Te-

opemy 331). OcHoBHasi TPYJAHOCTb 3aKJlOYaeTcs B TOM, YTOGHI ycTa-
HOBHTb CYIleCTBOBaHHe 3TOro mnpegeta, H UeGwimeBy He yZIanoch
sToro cpesath. CymlecTEOBaHHe 9TOr0 mpefiejla U TEM CaMBIM JIO-
Ka3ateJbCTBO (PopMyJibl (24), noayuyuBlledl Ha3BRaHHE aCHMITOTHYeC-
KOr0 3aKOHa pacrpejesieHHsI NPOCTbX yuceJ, 6blyIo nosyueHo B 1896 .
He3aBHCHMO Jpyr or gapyra Apnamapom u Baane-Ilyccenom. Tot
(aKT, YTO AN TeOpeMBl, KOTOPYIO B TedeHHe MHOTUX Jer 6esyc-
NeNIHO MBbITaJUCh JI0Ka3aTh KPyMNHeHIIHe MaTeMaTHKH, GEHIO HOJY-
ueHO Ccpa3y JZBa J0KasaTeJbCTBa, He fIBJsETCS caydaldHOCTHIO. JlO-
KasaTeJbcTBa AjaMapa u Baage-IlycceHa ocHOBaHB Ha NpHMEHEHHH
TEOPHH (YHKIHH KOMIJEKCHOTO NEPEMEHHOro, a HMeHHO Ha pac-
CMOTPEHHH n3eTa-¢pyHkuuH Pumana §(s) (cM. 33-10 riaBy) npHu Kom-
IJIEKCHBIX 3HaueHHAX s. Mjes takoro nmojxoma K npobseme pacnpe-
JieJIeHHs TpOCTHIX 4ucea Gbiia nana B. Pumanom B 1859 r. (cM.
HCTOpHUeCKHe KOMMEHTapuu K 33-# rJjase).

[Mpumenenne ¢yHKUMH {(S) s MONYYEHHS] ACHMITOTHYECKOH
¢dopmMyan (24) ocHOBaHO Ha TOM, YTO MNpPH s==0 4 if (0 >1) sTa
hYHKLHA MOXKeT OHITb NpejicTaBJieHa B BHJE

L) =I0—, (25)
T

rJie MpOH3BeJieHHe PACNPOCTPAaHEHO MO BCEM MPOCTHIM 3HAUEHHAM p.
CootHomenue (25) mpu neficTBUTENBHEIX § > 1 ObIIO H3BECTHO elle
Ditnepy (1748), n ero o6buHO Ha3mBalOT ToxAecTBOM Oittepa Ko Bpe-
MeHu nosiBienus B 1896 r. paGor AnamMapa u Bade-Ilyccena passu-
THe caMoil TeopHH GYHKLUHA KOMMJEKCHOTrO MEePEMEHHOTO JAOCTHIJIO
TaKOH CTajAHH, YTO Cle]aJI0 BO3MOXKHBIM, HCHOJb30BaB HAeH PuMaHa,
JOKa3aThb aCHMITOTHYECKHH 3aKOH pacnpefesIeHHsl MPOCTHIX UYHCeJ.
Pa6orer PuMana, Apamapa u Baane-Ilyccena nokasasu, 4To

dt
Int

2
BeJieM 3JeCh TOJBKO (OPMYJHPOBKY OCHOBHOH TeopeMnl AJjaMapa

u Baane-Ilyccena.
Teopema 328,

Jaer GoJsee TouHOe NpubJHXKeHHe K T (X), leM . Mol opn-

nw~{g (26)
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. x
df
l'Iocxo.any, KaK. JIeTKO MOXKHO . J0KasaTh, S—t Fx (bopmy-

aa (24) sBasiercsl HeNnoOCpPeICTBEHHBIM c.nencnmeM dopmyanl (26).
YcraHOoBNeHHe aCHMNTOTHYECKOTO paBeHcTBa (26) He HCYepIThl-
BaeT npoé.neMbI H3yueHuss pocta GyHknuu n (x). OcHOBHOM 3a11aqeu

31IeCh SIBJISIETCS - OUEHKA MOZYJIS pPasHOCTH MeXAy = (x) HSIM

CymecTBeHHble pe3yJ/bTAaThl B 3TOM HallpaBJeHHH GhlIH nonyqeﬂbx
H. T'. UynakoewiM. TIpH 3TOM 6biIM MCTOJB30BAHBI OLEHKH COOT-
BETCTBYIOIIUX TPHIOHOMETPHYECKUX ~CYMM, TOJyUeHHBIE METOJIOM
M. M. Bunorpagosa. Ilocaennue paborsi M. M. Buuorpagosa u
H. M. KopoGoBa jaju cJefyIOMYIO OUEHKY:

3

m 01— { ] <orems v @
2

TIe ¢ ¥ a—HEKOTOPEIe TOCTOSIHHBIE.
B npexenax H3BeCTHhIX B HacTosimee BpeMsi TaGJIHI 3HAYeHHH
X

dt
n (x) BeJHUYHHA Sm OOBIYHO NpPHHHMAaeT 3HauYeHHs, HeCKOJbKO
5 .
6oabline ueM 7 (x), onHako B 1914 r. anrauiickuit MaTeMaTHK JIuTa-
x
C dt
By JOKasaJ, 4TO (pyHKUHS Sln_t npuHAMaeT GeCKOHeTHOe MHOXKe-

2
CTBO pa3s 3Ha4YeHHs, U MeHbliHe M OOJbllHe YeM T (X).

B rteopuu uucen NOKasaTeJeCTBAa, OCHOBAHHBIC HAa MPHMEHEHHH
TCOPHH (YHKIHH KOMIJEKCHOTO MepPeMEeHHOro, MPHHSATO YCJOBHO
Ha3nBaTb ,HesjeMeHTapHLIMH®. Takum 006pasom, J0Ka3aTeNbCTBO
Ha3plBaeTcs ,3JieMEHTADHBIM He B CMBICJIE ero MPOCTOThI, a B TOM
CMBICJIE, YTO OHO OCYIIECTBJAETCH, OCTaBasiCb B paMKax JAeHCTBH-
TeJbHOTO NepeMmenHoro. lloka3aTtesnbcTBa TeopeM Uebbillera B 3TOM
CMBICJIe SBJSIOTCH ,,3JIEMEHTA PHBIMH.

Mruorue MaTeMaTHKH J0 HeJaBHEro BPeMeHH COMHEBAJIHCb B BO3-
MOXKHOCTH IOCTPOEHMS ,3JIeMEHTapHOro“ JOKa3aTeJsbCTBa aCHMIITO-
THYECKOro 3aKOHa paclpeleseHUs NPOCThIX YHCEN; OINHAKO 3TO MHe-
HUe oKasanaoch oOmubouHbiM. B 1949 r. HOpBeXCKHH MaTeMaTHK
A. Cennbepr u Bernrepckdii Martematuk II. Dpaéwm ony6ianKoBa.H
»1eMEHTapHOE" J0Ka3aTeJNbCTBO 3TOTO ACHMITOTHYECKOrO 3aKOHa.
AcHMOTOTHUECKHI. 3aKOH paclnpeleseHusi NMPOCTHX Yhces MO3BOJseT
MOJYYHTb Pe3yJbTaT 3HAUUTEJbHO GoJiee CHJBHBIH, YeM KOKa3aHHbIA
YebbimeBbiM noctyaat bBeprpana.

M3 dopmynsl (24) nerko mosyuHTb MPOCTOE CJIEACTBHE, UTO MPH
MPOHU3BOJILHOM CKOJIb YTOOHO MaJjioM & =>>0 JJs J1060T0 X = Xy, T. €.
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45t mo6oro NocTaTodHO GOJIBIIOrO X, CYMIECTBYET MO Kpaiiued
Mepe OJIHO NPOCTOe YHCJO, Jiexalee Mexay x u (1-4-e)x.

B macTOsliee BpeMS B 3TOM OTHOIIEGHUW H3BECTEH S3HAUMTEJBHO
6oJiee CHIIBbHBIN De3yJIbTAaT, a HMEHHO JOKa3aHO, YTO CYMIECTBYeT
¥ <1, Takoe, YTO NpPH JOCTATOYHO OOJbHIHX 3HAYEHHAX X MEXKAY
x 1 x-+x" BCcerza JieXHWT no KpaiiHedl Mepe ONHO HPOCTOE YHCJO.
OnpenenenyieM Takoro BO3MOXHO MeHbLIUEro 3HaueHdUs ¥ 3aHUMa-
Juchb MHOrHe MaTeMaTHKH. Hanpumep, B 1936—1937 rr. B pesyas-
tate paGor H. I'. Uyzakosa u HMurama pns & Gbuio nosyueno

48 38
3naueHe -+e, a 3aTeM Jame gTe EcTb npeArnosioxeHue, 4To,

Ha caMoOM JeJe, NpH BCeX JAOCTAaTOYHO 6oabIIHX X CyIiecTBYeT 1O

KpalHeH Mepe OJHO NPOCTOE YHCJO, Jexallee MeXxay x B x4
OJHAaKO J0Ka3aTb 3TO NOKa He YJasoch.

3. OUEHKH HEKOTOPbLIX CYMM C HPOCTHMH YHCJIAMH

®opmyaa (3) He JaeT BO3MOXKHOCTH NOJYYHTH HENOCPeJCTBEH-
HOe JI0Ka3aTeJIbCTBO ACHMOTOTHUECKOrO 3aKOHAa; BMecTe ¢ TeM H3
3TOH QOpPMYJIbl MOXHO NOJYYHTb ACHMITOTHYECKHE OLEHKH HEKOTO-
PHIX CYyMM, 3aBHCAIUX OT pacupejesieHus mnpocThX yuces. Mu
OCTAHOBHMCSl Ha OLIEHKax cymM

In Inp 1 )
ﬂ;x ﬂz P

Hawm nonano6utca npu 3ToM cileflyiouias Teopema.
Teopema 329.

; Ink=xlInx—x-40.(Inx).
h<x o

JoxasatenbcTBo. COrJacHO U3BECTHLIM OLEHKAM HHTEr pajia
(reopema XX) umeem:

b
mb—a)< §f(t)dt <M (b—a),

rae m u M—COOTBETCTBEHHO HaHMeHbliee H HauboJ/Ibllee 3HaUCHHUA
HelpepbiBHOH GyHKUMH f(f) B cermeHTe a=<f<<b.
Ipu f(f)=Int nmeeMm:

k k+1
{ ntat<ine< § Inzar. (28).
k-1 k
Iycrs [x]=n. IlpunaBaa B HepaBeHncTBax (28) umcay k 3Have-
HEA 2, 3, ..., N W CKnajbiBasg, NoJydaeM:
n+1 n+1
glntdt <Y Ink< glntdt”< finear. (29
k<x 1
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Jlerko BHIETb, YTO MOCKOJBKY N < x << n+ 1, 10

n+1 x+1

| S lntdt—Slntdtl:s S Intdt<In(x+1)=0(Inx),

H aHaJOrHYHO ]
]§1ntdt--glntdt]=0 (Inx);
Torja us HEPaBeHCT:B (29) HaXIOIlHM‘
E lnk_Slnta't+0(lnx)—-xlnx-—x—|—0(lnx)

k<lx

Teopema 330,
3 BP _lnx4+0(). (30)

D
P x

HdoxasatensctBo. CormacHo dopmyJe (5) 4-# raasel U Te-
opeMe 329 umeeM:

iy lnp{[%]+[b%]+. =3 2 Ink=lnx+0(D). @)
P X ksl x
Ho

;-zmpmww---}szlnp<%+%=+~'>=

plx plx

lnn i =0 (1), (32)

n(n

Déx

inn
TaK Kak pﬂﬂz n(n—1) CXORHTCA.

Mnl uMeeM TakKe cOryiacHO HepaBeHcTBaM (2) UebeleBa OueHKY
b 4 X :
o< Z Inp (—p—— [—5]) < 2 Inp<n(x)-lnx=0 (x),
p=Ix DX

TaK 4uTo

3 X e [5]= B 0w @)

p<x p<Tx
Ha (33), (31) u (32) nmonyuaeM Temepb
D ";f’ Inx+0 (1),

p<Cx
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T. €. CYWeCTBYeT NOCTONHHAA ¢, TaKas, 4To

T B oinxtr,  |r@)l<c @Y

p<<x
[TpyiMenas oOuYeBHINOE TOXIECTBO
f@)g(wy+Fu+1)(g(u+1)—g )+
+i(@+2) (@ @+D—g@+ 1) +... +/ () @) —g—1) =
=g () (F (@) —F @+ 1) +g@+ ) e+ D—f@a+2)+...
cooFg =D (F—D)—=f )+ g )] (v) (35)
B noJb3ysck Teopemodl 330, Mbl Temepb AOKAaMeM yiKe YINOMSHYTYIO
Bpimie TeopeMmy II. JI. UeGbluieBa 0 TOM, YTO Tpeiesi OTHOILHEHHH
n(x) X ﬁ He MoXeT OHITb OTJIMYeH OT 1.

Teopema 331, (I1. JI. UeGeuuen.) Ecau npu ysesuuenuu x om-
HOWeHuUe n(x):l—r% cmpemumca K onpedeieHHoMy npedeay, mo amom
npedea pasen 1.

IHokasaTteabcTro. [Ipeanosoxum, uro lim (ngx))

=y<<l;
In x

TOTAa AJA AOCTaTOYHO GOJbIIOTO Lejoro yHcaa N mnpH Bcex t, Ta-

KuX, uto N <<t << N?, Oynem umeTb n(t)<y11nit , TIe Yy, =—5— +Y<l

1, eciu k—npocToe 4HCIO;
0, ecqd k£—coCTaBHOE YHCJO.

[Npumensas Toxaectso (35) mnpu f(¢)= ln—t, gt)=n(t), u=N

v= N2, a TakKe NpHHMMas BO BHHMaHHe, YTO COlJIACHO TeOpeMe 324
Int
BeJTHUMHA :n(t)—flt— OrpaHHUEHHA, TMOJyuaeM:

n(k)—n (k—l)={

LI A N L
N<Cp<IN® k=N+1
Ni-1
n () (E D) 4 (V) B () Y =
k=N .
NY-1 k41 Ni~q Rt1
=Y | ’““’dt+0(1)— > [aotayt
k=N k k=N &

Nt

+0(1)= S (1) ””“dt+0(1)
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. Mul BocmoNB30BaMHCh 37ech TeM, uTO (GYHKHMA T (¢) HOCTOSHHA
B uurtepBane (k; k-+1). Ilockonbxry = (£) << Y153 ‘ ; IpH BCeX t, Ta-
KHX, 4T0 N << f =< N?%, Temeppb noJsyuaem:

Nl
Inp Int—
> <yS Bl at4+0(1) =
N<p<IN? N
=y, (INnN—In2)+0(1)=y,In N+ 0 (1). (36)
C znpyroii cropouml, corsacHo popmyae (30)
Inp_ v Inp_ § lnp_
P E p - p
N <psI Nt p<I Nt ps<IN
=InN:—InN+0(l)=InN+0(1). (37)

CpasuuBas ¢opmyae (36) u (37), umeeM: In N +0 (1) < y,In N +4-

+0(1), (1—y)InN<O0(1), InN= o( Y) 0(1),T.e. In N—
OrpaHHYeHHAs] BeJIMYHHA.
Ipeanonoxenune, uto lim 20

PN (__
in x

peunto. CoBepLICHHO aHAJIOTHYHO MPHBOIKT K MPOTHBOPEUHIO H Npej-
(X
noJioxkeue, 1o lim ( )

x> | =
lnx

X
K -~ MOXeT paBHATbCHA TOJBKO I.

Ionb3yscy Teopemo#t 330, ¢ momompbio npeoGpasoBanust AGens
MOXHO NOJIyYHTb ACHMINTOTHYECKHE OLEHKH WeJOro psijaa ApYTHX
CYMM C npocThIMH yucjaMi. OcoGeHHBbIfl HHTEpeC NMpPEACTaBJSET Clie-
Aylomas oueHka, CYIMECTBEHHO YTOYHAIOMAA TeopeMy 326.

Teopema 332,

<1, npuBeso Hac K NpPOTHBO-

> 1, T. e. npefen OTHOWEHHs 7t (X)

S t—minx+B+0(g5), (38)
p<lx
20e B—nexomopas nocmoanHas.
P

1
Hokasateanbctso. Ilpu g(f)= Eﬂp— HMeeM:
psit

gk)—g(k—1) 1 —:;, eciu k= p-—TpOCTOE HHCJIO;
Ink { 0, ecin k—cocTaBHOE YHCJIO.

Mpumensis Toxgectso (35) nmpu u=2, v=[x] (x=2), a Takxe
NpHHUMas BO BHMMaHHe, YTO corJyiacHo TeopeMe 330

g([x]) _Infx]+0(1) __
In[x] Infx] 1+O<1nx>
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noJy4yaem:

(g (t)—g (k—1) =

M
Q| -~
i
El'ﬁ-
ol
+
M
Ih‘

pPx k=s
[x]-1
1 g(x]
= k};g(k) (_E ln(k+l))+ln[x]
[x]~1 k+1 dt )
= §g<k)§ﬁm+l+0(m)=
[e]-1 k1

T o (i) = 1ro(gl) -
2

____5%(115 +1+O(lnx>

Mbl BOCTIONIB30BaMMCh 3J€ch TeM, 4TO g(f) MOCTOSIHHA B HHTep-
Bane (k, k-+1), u Tem, uro (Teopema 330)

Cawd 1 (dt _ (o)

Inx/°*
[x] [x}

amensisi g(f) BoipakenuneM Int--r(f), rae |r(¢)|<<c[ouesn-
Ka (34)], monyuaem:

§ x (:l)sdtt_i_l_i_o(i%;):

p<x 2

o fdi\_ (rde
=nnnx+(y—nnn2+ggﬂ;f)—-:L&t+o(mX). (39)
.08 X

Hmeem:

md‘:L=qi% (40)

r(t dt
tin?¢ t1n2¢ nx Inx

@D
o t)dt )
Heco6cTBenusift unTerpan rt(l_n)“’t- cxXoAguTcA, Tak yro B=]—

2

— Inln 2+Srt(1t2t —HeKOTOpasi NOCTOSIHHAN BeJHYMHa, U u3 (39)

u (40) HaxozmM OKOHYaTeJNbHO

\ 2 l;-:lnlnx-l-B-l-O(i;llj) .

P x
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Buuucaenue mnocrosauno B nokasano, uto B=0,26149....
Onenka (38) nokaswiBaeT, 4TO, XOTA psAA BeJHYMH, O06paTHHIX NpO-
CTBIM YHCJaM, PacXOJHTCH, CYMMa STOTO- psila 06pasyer MeJJIEHHO
pactymyio Beauunny. Hanpumep, npu x = 100 000 000 (cTo MuJIHO-
HoBl) BeqHuMHa Inlnx MeHewe uYem 3, a ecau YBEJHYHTh X emle

B XeCsiTb pas, TO B 2 %noﬁaamca 6onee 45000 000 caraeMbix,
p<lx
KOTOpble, OJHAKO, yBeJuuaT 3Ty CyMMy MeHblue, yeM Ha 0,2.
PaccMotpum ¢yHkuMio v (n), BbIpaxKaloulylo 4YHCIO pa3J1H‘IHle
npocThix fenutesiei n. COraacHO ONpeNeNeHHIo ecll n==p}* ... ps’—
KaHOHMYeCKOe pasnoxeHue n, To v(n)=1s. Hanpumep, v(600)—
=v(23.3.5%) =3, v(n!)_n(n)
Mpl noctaBMM 3ajauy oOnpejesieHHS CPERHETO 3HaueHHs STOM
QYHKIIHH.
Teopema 333. Cpeanee 3Hadenue ynxyuu v(n) Ha ceamenme
[1, N] pasno

lnlnN—l—B—i—O(lnN)

20e B—nocmosnnas meopemol 332.

TaxuM o6pasoM, B CpelHeM Ha Kaxjoe U3 mepBbix N HaTypasb-
HBIX 4HCeJ NPUXOAUTCHA COBCEM HEMHOFO, a HMeHHO npuMepHo Inin N
PasJIMYHBIX TIPOCTHIX JAeJuTeJed.

JokaszaTenbCcTBO.

Srw-EXi-E Z - [B- 2 ()

n=1pln pgNnErzéN p<N p<IN

rae |0,|<<1l, Tak uTO, mONb3ysich HepaBeHCTBaMH (2) YeGbiluesa
(oueHka cBepxy), moJyuaem:

| 36, |< X t=a)=0(35)

p<IN p<IN

a Tenepb Ha OCHOBaHHH TeopeMbl 332 mMeeM:

ZNv(n)=NZ ;—+0(mi,v) NlnlnN+BN+0( ) 41)
n=1 p<N

Jlens neBylo W mpaByio yacTu paBeHcTBa (41) Ha N, noayuwaewm:

| 1
TV'Z v(n)-lnlnN+B+O('—N)
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4, GOPMYJIA MERCCENS

ACHMNITOTHUECKHH 3aKOH pacnpefieJieHHsi TNPOCTHX YMceJ Jaer
npefcTaBjeHHe O MpuMepHofi BeqnuuHe 7 (x) NPH GOJBIIMX 3HAUeE-
HUAX x. HaxoXJeHue TOUHHIX 3Hauenuit TOH OGyHKuHHM npu GoJb-
IIUX 3HAYeHHsSIX aprymeHTa COnpsXKeHO ¢ AJTHHHBIMH BBIYHCJICHHAMH.
Mul oCTaHOBHMCS 35eChb HA HEKOTOPBHIX TOUHHX (opMyJiax aast m (x),
NO3BOJISIOIIMX BBIYHCJATh 3HAYeHHMs 3T0fi (QYHKIHMH, He COCTaBass
npeiBapHTENbHO Tabauibl caMuxX mnpocTbiX uucen. Haunem c¢ Toro,
YTO ONpejesHM OJHY HOBYIO TeOPETHKO-YHCJOBYIO GYHKIHIO IBYX
apryMeHTOB, KOTOpO#H YHO6HO NoJb30BATHCS MPU BHIYHCJICHHH 3HA-
YeHHH 7 (x).

O6o3naunum yepes @ (X, y) YHCJIO YHCEJ, MEHBIIHX MJIH PaBHBIX X,
He JeJSIIMXCS Ha NpOCTHe YHCJa, MeHplIWe HJM paBHbBE Y, HIH,
HHAYe TOBOPS, YMCJO YMCeN N << X, B3auMHO npocTeix ¢ [y]l.

Teopema 334. Ilycmsv p; =2, p,, ..., p,—NPOCMble HUCAL, MEHb-
wue uau pasHole yem y; moeda

Oxy= ¥ [5|r@ (42)

dipy...py i )

Hoxasatennctso. CornacHo TeopeMe 316 umeem:

1, ectt (n,p,...p)=1
> u(d):i 0, ecnin n genutcs xoTd OH Ha OMXHO

41(npy.. - br) M3 TPOCTHX YHCEN Py, ..., P,
D, y)= X 1= X 1= A p@=
n<lx n<_x n<x di(n,p,...py)
(n, [yl =1 (n,ps...pe)=1
Y @ Y = ¥ [F]r@
dip,...p, n<lx d|py...py
n=0 (mod d)

[Tpumep. BuUHCAUTL YHCJIO 4YHCeJ cpepd mnepBhix 1250 HaTty-
paJibHBIX YHCeJ, He JeJANHXCA Ha MPOCTHE YHCHa << 7/ 1250.

3/1250 =10,7. .. . IpocraMH unCaAaMH << 10,7 Asasiotcs ducaa
2, 3, 5, 7. I'lo dopmyJie (42) naxoaum -

© (1250, J/T250) = ¥ [E?]p(d):[lﬁﬂ]_[l.%;_o]_

‘ 42367
— [0 — [ — [452] - [52] + [530) [ 0] + [ 20 +
+ [%] + [%9] - [%5‘0]_[%9] "[1*72%]—[%%9] + [‘—22%9] — 287.

B caepyromelt Teopeme MB JalHM (GOPMyJy, KOTOpas OCYIIecT-
BJISIET MOJCYET HHCJa MPOCTHX YHCeJ METOJIOM .3paToceHOBa pemiera.

349



Teopema 335. Ecau py, p,, .. .,p,—npocmse uicra <V x, mo

n—a(VD+1= ¥ [5]|p@.

dips...0

Jokasarteascreo. O(x, I/E) BHIpaxKaeT YUCJ0 HHCe << X,
He JeJAIMXCA Ha NMPOCTHE uHcaa < )/ X, T. e.cornacho Teopeme 23°

OTJIHYaeTCs OT YHMC/MA NPOCTHIX YHces, Jexamux mexay Vx v x
(BkaIOUasa x, ecI¥ X —IMpPOCTOE YHCJO), TOJBKO OXHHUM UHCJAOM 1.
TakuM o6pa3zoM, NoJb3ysACh ellle NpelblAylled TeopeMo#, HoJyyaem:

n)—a (VD) +1=0xVD= ¥ [§]r@. @9

dlpy...pyr

[TpousBeienne p;-py- ... - p, 0603HauuM uepes M. Dopmyay (43)
MOXKHO 3allHCaTh B pPa3BEPHYTOM BHJe:

ax)—a(V x)+1=[x]— ZM [pi]—l_ ZIM [TZ,]—

pi Pipj

- ¥ [ x ]+ (4

PiP;Pr
Pipjpr\ M o

Ota dopMyaa JaeT YMCJEHHBIH IOACYET YHcaa' HPOCTHIX UHcern,
Jexamux Mexay VX M x, moayuaeMBX B mpotecce npHMeHeHUs
petiera JDpaTocdeHa. Brimuinem Bce HaTypaJbHBE HHC/AE << X — HX

6yzer [x]. BoiuepkHeM uHcaa, KpaTHbie p;, — HX OyfeT [pi] ; Kpat-
4 . &Ry N

Hble Py, —HUX Oyger [i], U T. A. OO YHCel, KPaTHHX p,, — HX
X
b

JloGaBuM 4HC/IA < X, KPATHbIE BCEBOSMOXKHEIM p;p;, TZe p:p; | M,
T. e. J06aBHM Z [L] yhces. BrluepkHeM uMcsa <X, Kpart-

pigim £PiPs
Hble BCEBO3MOXKHBIM p;p;Dg, TH€ p;p;pg|M, T. €. BboUEpPKHeM

X
yuces, U T. A.

Du%‘ M [pipjpk]

IlpaBas vyacTb paBeHcTBa (44) BbHIpAXKAeT YHCJAO 4YHCEd N <X,
OCTalolIUXCA NocJe BCeX 3THX BblUEPKHBAHUH H jJo6aBieHUI.

[ToacunTaeM 3TO K€ YHCIO OCTAIOIIMXCH YHCeJ IPYTHM Croco-
6om. Ecau cpenu umcen p,, pp, ..., p, HMeETCA S HPOCTHIX JENH-
Tesell uucaa n(n<<x), To n: OblJIO BHIIMCAHO OJMH pas, BHYEpK-
uyro C, pas, no6asneno C; pas, BoiMepkHyTo C, pas ¥ T. I

Ilockoapky

Gyner [pi] , T. €, BCEro NpousBelieM Z [ ] BblU€PKHBaHUE.
r
Pl M

1-C 4 Ci— . ..+ (= 1y Cs=(1—1)"=0,
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TaKOe 1 BbYEPKHBAETCS CTOJIbKO pas, YTO, HECMOTPS Ha BCe. JO-
GaBneHHs, OHO  He coxpaHuTcsi. UHcna n<<x, He JIeJsiHec HH
Ha OJHO W3 WUHCENX Py, Py, ..., P,, COBCEM He BRIYEDKHBAIOTCS H
coxpausiiorcs. Takum . o6pasoM, nocje BceX BhLUEDKHBAHHH H JO-
6aBaeHHll OCTAaHYTCS Te H TOJILKO T€ YHCJa, KOTODble He JeJATCH
Ha Py, Py, .-, Py, T. €. OCTaHeTCSA 1 M MpPOCTHIE YHC/IA P, TAKHE, UTO

x<<ps<<x. Udcno sTux ocraBmmxcs wyucea paBHO 1 -7 (x)—
—xn(V'x). Mbl nonyuaeM, Takum o6pa3oM, Apyroe ZOKa3aTeJbCTBO
ToxXaecTBa (43), HarmsigHO mOKasbiBaomlee CcB3b (GopMynasl (43)
¢ peumeroM JpartocheHa.

ITpumep. Ilpu x=45 mpPOCTHIMM YHCJIAMH, MEHBIIHMH HJIH

paBubiMH V45=6,7, ..., sBasotcs 2, 3 u 5. _
9 w0111 €] [$] ~[£]+ [£] 1]+

5] [5]-n

Ilpumenense ¢opmyanl (43) NPUBOAUT K IJIMHHEIM BHIYHCICHHSIM,
TaK KaK CyMMa B NpaBOH 4YacTH COAEpPKHUT OOJbILOE YHCJAO CJa-

raeMbix. Meficcenr B 1870 r. nan dopmyay, B kotopoil 7t (x) BHpa-
1 1

xKaetcs He uepe3 O\ x, x2), kak B (43), a uepes ®\x, x3/. Ora
tdopmysa ropasmo ynoGHee, ueM ¢opmyna (43) misi BHIYHCJEHHS
3HayeHH# = (x).

Teopema 336 (Meiiccens).

rw=0les)— T «(5)+

x3<p<x’
1 R! 1 ! 2
+§<n(x2)+n(x3)—2><n(xﬂ)—n<xs)+1>. (45)
JokasaTeabcTBo. 1Hycn: Psits Psioo e pt——ngocrble

uhcsa, JeXallue MEXAYy X° M X*, TaK 4TO §=7(x?), t =mn(x?) H

1 1

pe<<x*< Psi1 < Psra<< ... < ptgx’.
OGo3nauuM uepes M MHOKECTBO uHceN < X, He JeJSINUXCA Ha
1

npocthie uHcaa p << x 3. OueBHAHO, YTO 4HCJIa, Bxofsuue B M, He
MOTYT WMeTb TPeX WJIH 6osbiie MPOCTHIX JeJHTeNel.

)y LeM. 1

2) B M BxopaT Bce NpOCThie YHCJA, JekKaluiHe MeXAY x3ux
(BkJouas x, ecqH X—IIPOCTOE UYHCJO). t-Inc.no TakHX NPOCTHIX UH-
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. S U -
cesl paBHO n(x)—n(x3)=mn(x)—s.

3) CocraBuble uUHc/]a, BXonsmwue B- M, He MOryT HMerb GoJbiie
ABYX MpOCTHIX KeJHTENeR, T. €. OHH HMeIOT BHA p;p;, (P;<<p)),
IZe, NOCKOJbKY P;p;=<< X, LJIs HaHMEHbLIEro H3 3THX IBYX APOCTHIX

MHOXHTeNIeH p; HMeeM:
1 1

L p<Xx?, p,-<p,-<;:—,. (46)

s xaxporo p;, TAe S<TIi<Cf, YHCJO MPOCTBIX YHCeN p,,
yEOBJETBOpAOMHX YCAOBUAM (46), paBHO
X

n(%[)—ﬂ(Pt)+l=“(;)"‘i+l’

{

a ofllee YHMCJIO COCTABHHIX UHCesl B M paBmO
< x) A (x) (s+1—1) (t—s)
n{—)—1t 1 = |l ) —
[3;1( (Pi + 3 2 A p 2
ARSI TS
1
Taxkum obpasom, mas @(x, x3)—obmero umcia uucen B M

nosyuaem GopMyJy:

.9

O, x)=14n @) —s+ 3, = (7)‘“% (s4-t—1)(t—5)=

x3<P<x2
=mn(x)+ E n(%)~—é—(t—|—s—2)(t—s—|—l),
1 1
‘|r3<p<xr2 ‘

1 1
OTKYJa, 3aMeHsAs S U ! HX 3HAUeHHAMH 7 (x?) H & (x?), mojydyaem
aaa m(x) dopmyay (45).
[Ipuwme p. HaiiTu ynes0 npocThiX YHuces B npefenax ot 1 no 1250,
B npumepe wHa crpasnue 349 Obvio  HailleHO,  4TO
@ (1250, 3/ 1250) = 287. Mexny 3/ 1250 =10,7... u V1250 =235,3...
JAexaT npocThie uucsaa 11, 13, 17, 19, 23, 29 u 31; n(10,7) =4,
n(35,3)=11. Haxoxzum mpu x=1250: ‘

E o n(3) = () (B () 42 () +

x¥<pgx?

1250 1250 1250 V
7 (1250) =287 — 1354 o (11 +-4 —2) (11 —4 4 1) =204,
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BuiuncieHHsi 3HaYeHHH QYHKIHHA (x) OOBYHO OCYLIECTBIAIOTCS
- ¢ momomwbio GopMyJnl Meiiccens HAH aHanorHyHnLix GOpMyJ TaKoOro
’ 1

posa. MspecTHn Gopmysb, Beipaxaiomue g (x) gepes ®(x, x7)
OpH n>>3, 4 3HaueHHs] X (y) OPU CPABHHUTeJbHO HeGOJILIIHX SHA-
YeHHsX y; OJHAKO 35TH (GOpPMYJH OYEHb T'POMO3JKH.

Hcmopunecxkue kommenmapuu k 35-it zaase

1. Eme B 1798 r. JlexXanap B nmepBOM H3JaHHH CBOeH KHHTH
sEssai sur la théorie des nombres“ ony6JnKoRas npUGIUKEHHYIO

dopmyny pasa m(x) B BHIe m. Bo BropoM wusnanuu 3toit

KHHUTH OH YTOYHHJ CBOW ¢GopMyJy, B3sAB B KauectBe A uucao 1.

2. Taycc cBod cooOpaxeHHs O BeJHYHHe (QYHKUHM = (X) NpH
GOJIBIIKMX 3HAYeHHAX Xx coobwuJ Toabko B 1849 r., a onyGiuKOBaHH
oHH 6biM B 1863 ., yXKe nocje paborsl Pumana.

3. MNaguytuit JlpBonu Uebbiie poausics B 1821 r., C 1837
no 1841 r. yuuaca B MockoBckoM yuHBepcHTere. B 1846 r. samu-
THJI MAaTHCTEPCKYIO JHCCEpPTalLHIO N0 TeOpHH Bepodtuoctell, C 1847 r.
u 0 KoHua cBoeit Xku3HH (1894 r.) pa6otan B IlerepGyprckoM yHH-
pepcutere. [louTH ¢ caMoro HauaJa cBoed Kusuu B [lerepBypre
cran paCotaTh Takxke M B AKajieMHH HayK, Kyga Obl1 H36paH
B 1853 r. agmionkToM, a B 1809 r. akazemuxkom. [lomuMo cBoux
3aMeyaTeJbHbIX paCoT no Teopuu yHces, UebbleB H3BeCcTeH CBOUMH
(dyHAaMeHTa bHLIMH paboTaMH MO MaTeMaTHYECKOMY aHaJH3y, Teo-
pUH BepOATHOCTEH H NMPHKJIAJHOH MaTeMaTHKe.

B 1849 r. I1. JI. Ye6niues Hanucas kKuUry ,Teopusl cpaBHeHHi“,
DTa KHHMra npeacrabiaseT coOOH OpHUrHHAJbHBIA H BecbMa TJyGOKHH
JJis TOTO BpeMeHH KypC OCHOB TEOpUH uHces. B kauecTBe oaHOro
u3 fonosHeHH# K stoMmy kypcy I1. Jl. UeGnilues naer cBoii Memyap
,,O6 onpeeseHHH 4HCJ/a NPOCTHIX YHCe, He IPeBOCXOAAULHX AaHHOH
BeJIMUMHBEIY. B 3TOM MeMyape, ONyGJHKOBAHHOM TaKiKe OTAENBbHO,
B YAaCTHOCTH, JOKa3niBaeTCsl TeOpeMa O TOM, UTO Npefies] OTHOWEHHS

X
 (X) K- HE MOXeT ObiT OoTAHYEH OT .

Pa6ora I1. JI. YeGbimena , O npocThix 4yHC/Iax“, B KOTOPOH AaHkI

HepaBeHCTBA BHAA (2) 415 QYHKIHH 7 (X) M JOKa3aTeJbCTBO MOCTY-
aata beptpana, ony6iukoBana IlerepGyprckoit Akanemueil Hayk
B 1850 r.
"~ 4. Tloctynar, noqyuHBIIHA Ha3BaHue noctysata beprtpana, Gbia
cpopmyanposan BeprpanoM B caepyomedt ¢opme: Ilpu n =3 cyme-
CTBYeT POCTOE YHCJIO p, Takoe, 4T0 n < p=s2n—2. BepTpan npo-
BEPHJl CHpaBeJJHMBOCTb 3TOTO nocTyjaata npH Bcex n << 3000000
H MPHMEHHJ €ro NpH AOKasaTeJbCTBe OJHOH TEOPEMbi TEOPHH T'PYMI.
YeOuimeB gaer 6oJiee CHJAbHBIH pe3ysabTaT, a MMEHHO, OH JOKasaJ,
YTO YHCJO TPOCTHIX YHCEN B TAaKOM HHTepBajie HeOrpaHHYEHHO
yBeJIHYHBAETCA NPH YBeJHYEHHH BeJHUYHHH n,

12 A. A. Byxwra6 ’ . 353



5. Pesyaprar I1. JI, YeGbilueBa 0 TOM, 4TO NpeieJ OTHOIUEHHS
X
(%) K % He Moxer (ecaH oOH cyllecTByeT) OTJAHYaThcsa OT I,

noJjiyuaercsi y Hero Kak CJeACTBHE H3 ciefyiomefi TeopeMu: ,Ilpu
NPOU3BOJNILHOM CKOJIb YIOAHO 6OJbHIOM k M JMOGOM CKOJb YrOAHO
MaoM o >0 ¢yumecTByeT GeCKOHEUHOE MHOMKECTBO X, TaKHX, HTO

X
x dt x
—a——<n(x —S— o —
In*x () . It Inkx

dt
BenuuuHa uHTErpana Sln_t Jaer GoJjiee TOYHOE MNPUOJIHKEHHE

K n{x) (npu ROCTATOYHO GOJIBIIHX X), HeM ﬁ, Kak OB Mbl
HH BbIOHDAJH NOCTOSIHHYIO BeJHYHHY B.

Eme Puman gpaa c¢opMyJy, ycTaHaBaHBAaIOIYIO HENOCpPeACTBEH-
HYIO CBfI3b MeXAY 7 (x) M HyJsaMH - (S), JexaluldMy B KDUTHYECKOH
nosioce, Popmyna Pumana 6eiia nosmocThio oGocHoBaHa B 1894 .
MaHroabaoM.

X

dt
Ecrb npeamno/ioxenue, 4T0 MOAYJ/Ib Pa3HOCTH MeXAY 7t (X) H

Int

2
3HAUUTE/BHO MeHbIlle, yeM 3TO JaHO B dopmy.e (27). [lpeanoaaraior,
YTO MOAYJb 3TOH DPa3HOCTH NpeicTaBJ/sieT co00H BeJHYUHY NOPAAKa

O(V xInx). Takas nouTH npefenbHO XOpowas oueHKa n(x) Gyzer
nonyqeﬂa ecan Gyger uoxasaﬂa rnnoresa Pumana (cM. ctp. 324).

Oueﬂxa Pa3HOCTH Mexny & (x) H Sl 3aBHCHT OT TOrO, Ha-

CKOJIBKO JaJeKH OT mpAMoil o= 1 Hy.rm E(s).

6. [loxasaTeJbCTBO AaCHMNTOTHYECKOTO 3aKOHA pacnpefiesieHHs
npocteix uuces, aaHuoe A, CenbGeprom u Il. DpaéuioM, ocHoBaHO
Ha HCHO/b30BaHUH TOXKJECTBA

gln’p"—F % Inplng=2xInx+0 (x), (47)

rie p " g mpoberaioT npocTble 3HaueHHs. ToxaecTBo (47) moay4HIo
HasBanue ToxpectBa Cennbepra. Co BpemeHH Bhixofa paboThl Cenb-
Gepra u Jpaéila NOABHJIOCH HECKOJbKO pPa3/H4YHbIX BapHAHTOB
3/IEMEHTapHOrO J0Ka3aTe/bCTBA AaCHMITOTHYECKOTO 3aKOHA pacrmpe-
JleJieHHs TPOCTHIX YHCeJ,

7. B 1940r. IL Bpnem JOKa3aj, 4To- llm———p"‘l“pp" <c<l,
T. €. Pa3HOCThb MeXJy COCEJHHMH TPOCTHIMH UHCJIAMH Py — Py AN
GeCKOHEUHOTO MHOXeCTBA 3HaueHHH k MeHbuie, YeM cln py, rhe c < 1.
C apyroii cTopoHsl, 6bl10 HOKa3aHO (Spném, PaukuH), 410 cyue-
CTByeT HEKOTOpas NOCTOSiHHAaA b, Takas, 4to A OGeCKOHEYHOro
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MHOXKeCTBa NPOCTHIX YHCEN p, 6YIeT BHNOJHSATLCS HEPAaBEHCTBO

_ inin pk'lri Inin lnipk
Pr+1 pk>blnpk (InIn ]npk)a >

B KauecTBe b MOXHO B3siTh b=eC—e, rae C—nocTosHHas Dilnepa
(cM. ctp. B3), € > 0—npou3eosbHO Majasi EeJHYHHA.

8. Teopema 332, Tak ®e kak u Teopema 330, Oblna jnoOKasana
B 1847 r. MepTeHCOM. IIpuMeHeHne MeTONOB TeOPHH (PYHKUKH
KOMITJIEKCHOTO NEPEMEHHOTO0 TO3BOJHJO 3HAYHTeJbHO YTOYHHTH
OlleHKY (38). MepTeHc J0Kasas Takke, 4TO

1 e C
I (1—7) ~
p<x
rge C—nocTosiHHag Jiijepa.

9. Teopema 333 usBectHa us paGotul ['apau u Pamanyakana (1917).
Ecau Bmecro ¢dynkuuu v(n) B3aTh GYHKUHIO €2 (1), PABHYIO YHCRY
NPOCTHIX JAEJHTeNeHR n, CUHTAss KAKABIA U3 HUX CTOJBKO pas, CKOJIbKO

pas oH BCTpe'-laeTCH B KaHOHMYECKOM PpasJOXeHHH 'n (HampHMep,
9(1200) ©(24.3.5%)=7), TO TakxKe HMeeM:

_ B Ny
3 @m=NininN+BN +0 ().

npHYeM MNOCTOSHHAS ‘BI=B'+Z’;—(—’51—_—T), rae B—noctosunas
P

TeO peMEI 332.. : :

10. Teopema 835 BcTpeuaercs Bnepame B BHfe ¢0pmynb1 (44)
B KuHure Jlexanapa ,Essai sur la théorie des nombres”. Ilocae pa-
6ot Meficcessi- passiynbie GOPMYJIbl, BhipaxKaromue 5 (x) ¢ NOMOMbIO
¢yukunu O (x, y), 6bu1H noctpoenn Poresem (1899) n Unnona (1905).

FJIABA 36

PACNPEAEJIEHHE MMPOCTBIX lll’lCEJI B APHCDMETH‘IECKHX
NMPOTPECCUAAX. AJJIMUTUBHBIE 3AJAYH

1. TPOCTBHIE YHCIIA B Apn'qiMET_nq_EcKon ‘nporPEccnu'.

JIlns GoJbINMHCTBA Pe3y/AbTaTOB, O KOTOPHIX 6y)1eT WATH pedb
B HacTOsIERd rjaBe, JOKa3aTeJbCTBA BECbMa CJIOKHBL, H MBI He GYReM
HX NPHBOJHTH. OcnoBHas 3afjaya 95TOH TJAaBEH— JaTh OYepK COBpe-
MEHHOTO COCTOSIHHA TEOPHUM MPOCTHIX UHCEJ C TeM, 4TOGbl UMTATEJH,
sanHTepecoaaaneCﬂ paccMaTpuBaeMoit npoﬁnemamxou oﬁpamnncr:
K cneuHaibHoOu JIHTEpAType.

B npeamaymeit rJaase Mol paCCMOTpeJlH EOI‘lpOCbI CBfI3aHHHE
C pacnpejeseHHeM NPOCTHIX YHCEN B HaTypaJbHOM pﬂ)ly Kak cJe-
LYIOIIYIO CTyfeHb H3YYeHHS NPOCTHIX YHCEJ eCTeCTBEHHO NOCTaBHTb
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3afayy M3y4YeHHsl MX pacnpefleieHHsi B pas/iMYHBIX HOANOC/eJ0Ba-
TeJIbHOCTAX HaTypaJbHOro psja. Haubosee npocTHMH GeCKOHEUHBIMH
AOANOC/IeIOBATebHOCTSIMH HATy PaJIbHOTO psifia ABJSAIOTCA apHpMe-
THYECKHE TIPOI'PECCHH.

Ecou B3aThb, HanpuMep, NpOTpeccHIO ¢ pasHocTbio 10:

7, 17, 27, 37, 47, 57, 67, 77, 87, 97, ..., (1)

TO B Hauaje cpelH €e UYJEHOB BCTpPeUaeTcsl CPAaBHHTEJIbHO MHOTO
NPOCTHIX YHCeJ (NMOAYEPKHYTHle 4JeHBl); OyAyT JM MPOCTHIE YHCJA,
cojiepaKariyecsi B 3TOH NporpeccHH, o6pa3oBLiBaTb GECKOHEUHOE MHO-
JKECTBO HJIH HayHMHas C HEKOTOPOrO MecTa NpocThle yHcJa 60Jblle
yX&e BcTpeuaTbCs He GyAyT?

OxkaspiBaeTcsi, W 3T0 GblJIO BOepBbie J0Ka3aHo B 1837 r. Jupuxue,
4YTO He TOJbKO B nporpeccHH (1), Ho H BooGuie B 060l nporpeccus,
Y KOTOpoi#i Haua/bHHI 4YJEH B3aHMHO TNPOCT C Pa3’HOCTbIO, COJep-
JKHTC GecKOHeYHOe MHOMKECTBO NPOCTBIX UHCeJ.

Teopema 337 (Hupuxne). Ecau (k, [)=1, mo npoepeccus

I, [+k, [+2k, [+3k, ... (@)

colepacun 6GeCKOHEHHOE MHONCECME0 NPOCMBLX YUCEN.

Ycaoeue (k, l)=1 cyuiecTBeHHO, TaK Kak ecJu (k, [)=d>1,
TO BCe YJieHbl TOCJeJOBaTeJbHOCTH (2) zesATcsi Ha d H MPOrpeccHs
TOrAa COJEPIKHT camoe 6oJsbliee OJHO NPOCTOE YHCJIO. MB! IPMBOIHM
3Ty TeopeMy 6e3 okasaTesabcTBa. JlokasarenbcTBo, AaHHOe JIHpHXJe,
OCHOBAHO Ha PACcCMOTPEHHH OCOOBIX TEOPETHKO-YHCJOBLIX (QYHKILHH
X (n), Ha3biBaeMbIX XapakTepaMH (XapakTephl IO MOAYJIO k), H TaK
HasbBaeMbix L psagoB JlupuxJe

8

L(sX:

NpH KOMIJIEKCHEIX 3HaYeHHUSIX apryMeHTa s.

XapakTepoM 1Mo MOAYJ/IIO % Ha3bIBaeTCs YHC/IOBAf (bymmuﬂ X (n),
takas, uto: 1) X (1)=1, 2) X(a) =0, ecau (a, k)5=1, 3) X(ab) =
=% (a) X (b) nns MOBHIX @ U b, 4) X(a) X (b), ecnu a=b (mod k).
MoXKHO JIerKo JOKa3aTb, YTO BCE OTJIHYHBIE OT HYJIS 3HAYEHHS TaKoil
GyHKHHH TNpeACTaBAAOT CcO60H KODHH CTeneHH ¢ (k) H3 eJHHHIbL.

JokasaTe/ibCTBO HCNOJNB3yeT TO, YTO XapaKTepbl HMEKOT GAHO H
TO e 3HaueHHe JJs1 BceX 4YHCeJ, CPaBHHMEIX 1O MOAYJIO 2, T. e.
JJs BceX 4YHCeJs, NPHHaMJeXKauluX OJHOH H TOH 3Ke NpOrpPecCHH
C PasHOCTLIO k.

B 1949 r. A. CennbeproM Obijio ONyGJHKOBAHO 3JeMEHTapHOe
BROKa3aTesJbCcTBO 35TOH TeopeMul. /i OTAe/BbHBIX YacTHHIX Clyuaes
TeopeMa JlupHxJe MoxkeT ObITh 1OJIydeHa COBEPLIEHHO SJIEMEHTApHO,
H Mbl PacCMOTPHM HeCKOJIbKO NPHMEPOB TaKHX J0Ka3aTeJibCTB.

Teopema 338. Mrosxcecmeo npocmwix wucea suda 4t + 3 6eckoredno.
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HoxkaszateancTBo. [IpeanosoxuM, 4TO CYHECTBYET TOJLKO
KOHEUHOE MHOMKECTBO NPOCTHIX uHcesJ BHAa 4f- 3, TOrga MOXHO
B3ATb yHcJO N, paBHOE MPOM3BEelIleHHIO BCEX TaKMX IPOCTHIX WHCeJ.

U3 x=1(mod4) u y==1(mod4) crepyer xy=1(mod4), no-
95TOMYy TpOH3BEJEHHE NpPOCTHIX 4YHcean BHRa 4f-4 1 He Moxer paB-
HATbcA 4N —1 (4N —1 £ 1 (mod 4)). Takum o6pasoM, uHciao 4N —]
JOJIKHO HMeTb MO Kpa#Hefl Mepe OJMH TIPOCTOH JeJHTesb p BHJA
4t 43, T. e. JO/IKHO CYIleCTBOBaTb NPOCTOE HHUCJIO P, TaKOe, YTO
p|[N u p|(4N—1), otkyza noayuaem p|l, B To Bpems Kak p=3.

ITpeano.ioxeHHe, YTO CYLIECTBYET TOJBKO KOHEYHOE YHCJIO MPOCTHIX
yuces BHJAa 4¢3, npHBeJO HAc K NPOTHBOPeYHIO; 3HAUMUT, MHO-
KeCTBO TAKHX IPOCTHIX YHces] GecKOHewHO.

CoBeplIeHHO aHAJIOTHYHO JOKa3hiBaeTcs GeCKOHEUYHOCTb MHOMKe-
CTBAa NPOCTHIX YHcenm BHAa 6f--5. M3 npeanonoxkenus, uto cyie-
CTBYeT TOJBKO KOHEUHOE MHOXKECTBO TAKHX UHCEeJ, CJeNYeT Cyile-
CTEOBAaHHe XOTH OBl OAHOTO MNPOCTOro UMcjaa p, Takoro, uto plN
u p|(6N—1), rae N—npousseiieHue BCex NPOCTBIX 4YHCeJa BHAA
6¢+5, u Torma p|l, 4To He MOXKeT HMeTb MecTa.

Heckoabko cloxHee JOKasbIBaeTCs CJeAyloilasli TeopeMma. :

Teopema 339. Mruooecmeo npocmutx wucea suda 4t + 1 beckorewro.

JokazartenbcTBo. IIpeanosoxuM, UTO CYIIECTBYET TOJBKO
KOHEYHOE UYMCJO MNPOCTHX uuces Buia 4f 4 1; Torza MoOXHO B3ATH
N paBHBIM TNpOM3BeJIeHHIO BCeX 3THX 4HceJ. BosbMeM JmoGoi npo-
croii geautens p uucaa 4N2?-+1. Hs rtoro, uto p[dN?41 caenyer
(2N)2 =—1(mod p), T. e. (—Tl)=l, p=4t+1 (teopema 207).

ITockoabky N—mnpousBefeHHe BCeX MPOCTHIX UHcesa BHfa 4141,
TO p ABAseTcsl OAHHM M3 Jeauteneit N, p/N u p/4N%?-+41, orkyza
nosiyuaeM p|l, B To Bpemsa kKak p>l. Ilpeanosioxenne, 4ro cy-
IeCTBYET TOJbKO KOHEYHOe YHCJAO INPOCTHIX uHcesl BHIA 4f 41,
NpHBEJO HAC K HPOTHBOPEUYHIO, T. €. MHOXKECTBO TaKHX NPOCTHIX
ypces GeCKOHEYHO.

Teopema 340. Muoscecmeo npocmuix uucea éuda 6t 11 beckoneuro.
JokxasateabcTBO. IIpennoyoxuM, 910 CYLIECTBYET TOJIBKO
KOHeyHOe UHCJIO TNPOoCThiXx uHcesa BHAa 6f 4 1; Torga MOXKHO B3fIThb
yucao N, paBHOe NMPOU3BeleHHIO BceX STUX 4Hces. J]ioGoe HeueTHOe
npoCcTOe YHCJIO P MOXKHO 3anMcatb B Buie 12¢+r, rae r=1, 5, 7

pau 11. BruucauM cumsoa Jlexanapa (._’;_3);

(5= () =™ ()=

r=1 ’_.'_1.(_’_)={ 1, eci r=1 nm r=7,
=(—=1)2 (—1)* \3 —1, ectn r=>5 uam r=11.

Takum oGpasoM, (:pé) =1, ToJbKO ecH p==1 (modS6).
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BosbMeM 06oi mpocToft fenutenas p uuciaa 4N2-4-3, umciao p He-
YeTHO H

(2N)? =—3 (mod p), (‘73) —1,

T. €., KaK Mbl TOJbKO 4YTO AOKasaJju, p uMeer BHA 6f- 1, u, cie-
joBatesbHO, p|N.

U3 p|N u p[4N?-3 caenyer p|3, p =3, 4TO NPOTHBOPEUHT TOMY,
uyto p=6f-}-1. ITonyueHHOe MNpOTHBOpPeuHe [OKA3LIBaeT GeCKOHeU-
HOCTh MHOXECTBa MPOCTbIX uMcea Bupa 6f 1.

O603nauum yepes 7, (k, X) YHUCJIO MPOCTHIX YHCEJ B MPOTrpeccHH (2),
MEHbIUIMX HJH paBHBIX x. Teopema JlupuxJ/e 3ak/iouyaeTcsi B TOM,
uyto npu (&, I)=1 u x — oo Bequunna =, (k, xX) — oco. ILas GpyHKUHH
n, (k, x), Tak Xe Kak A GYHKUMH 7 (x), cTaBUTCS npobiema ompe-
JieJIeHHs1 TOPSiiKa POCTa NpPH YBeJUUEHHH apryMeHTa X.

Metofipl, ¢ MOMOIIBIO KOTOPBIX OB OMNpefie/ieH MOPSAJOK POCTa
7i (x), ObLIM MepeHeceHbl HA cJydYaH NPOH3BOJILHOH apudMeTHUECKOH
NPOTPECCHH, Y KOTOpOH HayajpbHBIl WjJeH H Pa3sHOCTb— B3aHMHO
npocTele 4Yucaa, H Obljla JOKasaHa clefyiomasi Teopema.

Teopema 341. ITpu aw0bbix NOCMOAHHLIX, 63AUMHO npocmbix R u |
umeem Mecmo acuMRMmMoOmu4ecKoe paserHcmso:

1 [ odt
I, (k, x) NW Y

2

20e @ (k) —pynryus Jizrepa. 3

M3 sToit Teopembl BHITEKAET, YTO

1 x
“t(k»x)"’mm, (4)
a Takxe BBHAY dopmyJiel (24) 35-# rjaBel, uTO
' 1
w, (R, x) ~ 0 v (x). | (5)

Ouenka (3) Toudee, yeM (4), B TOM CMbIC/Ie, YTO Pa3HOCTb MEXKAY
JeBofi ‘M npaBo# uacTAMH B (3) N0 MOAYJIIO MeHbILE, 4eM B (4).

3HauuTeNILHO TPyAHEe H3yUeHHe NoPsAAKa pocTa QYHKUHY &, (R, X),
Korga & pacter smecTe C x. Banbie pe3yJIbTaThl B 3TOM OTHOLUCHHH
6bl1M noJtyyens: B mocsaefuue roan K. A. Pomocckum, Tarypsasa u
.- K. ®orencom. .

ACHMOTOTHYECKOE paBeHCTBO (D) MOKa3blBaeT, 4TO B Kamxaoil
u3 nporpeccuii kf--I, Tako#i, uro (R, /)=1, comepkurcsi B H3BecT-
HOM CMbICJIe OJIHHAKOBOE KOJIHYECTBO NMPOCTHIX YHces. [leficTBHTENAbHO,
WIC/AO  TIpOTpeccHii ¢ pasHocThio kR, rrhe (k, [)=1, pasHo ¢ (R), u,
KaK NOKa3bpiBaioT paBeHCTBO (5), Ha J0MO KaxAofi H3 HHX nOpH-

XOMHTCS PHMEPHO s 4ACTb OT ofimero 4Hcia HPOCTBIX WYHCE,
Jexamux B npefenax ot 1 jgo x.
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IlokaskBas, YTO B KaXIOH Takel MNPOTPECCHH COAEPKHUTCA
BeCbMa 3HAYMTEJbHOE KOJHYECTBO NPOCTHIX uHcesa, GopMyan (3) u
(4) BMecTe ¢ TeM HHYEro He TOBOPSIT O TOM, KaK JaJeKo OT HauaJja
NpOrpecCHH HAyHYT BCTPeyarbcsl NPoOCThle YuCaa. B 9TOM OTHOmeEHHH
upesppiYadHO MHTEPeCHHI pesyabTaT Obll noJyueH B 1944 r.
10. B. Jlunuukom. Teopema JIMHHHKA ycTaHaB/AWBAaeT TPAHHLY AJs
HaHUMEHbIUErC NPOCTOTO yucJa J060#H 3ajaHHOH IIPOTPECCHU.

Teopema 342 (JlunHuk). Cyujecmsyem HOCMOSHHOE HUCAO Cq,
maxoe, umo npu moboix e3aumuno npocmeix k|l (1 <l<<k) Hau-
MeHbuiee npocmoe 4ucA0, npuxadielcauiee npozpeccuu

L I+k, I4+2R, 143k, ...,

He npesocxodum Keo.

ApmpMeTuqecxue NPOrPeccCHH  MpeJCTABJAIOT - COGOH 3HAYEHHS
Juneinofi gyHruun f(f)=+kf4-1 npu t==1, 2, 3... Ecan BMecTO
JIMHHEHHOH (YHKIHUHK B3ATh JAPYTYIO (pyHKumo f(t) TO MOXHO TaKxe
CTaBUTb 3aauy: COIEPKHUT JHU NOCJeA0BaTe/bHOCTh

fay, 1@, £y, ... - (6)
6eCKOHEUHOE MHOMKECTBO NPOCTHIX lmce.zﬁ ‘
Hanpuwmep, ecan B3ATh [ () =121, To MOXeT GHTb nocTapJeHa
3ajlaya: COJEpIKHUT JH I‘IOCJIeIlOBaTeJleOCTb yhgcen Buaa {241, T.e.
N0C.J1e10BAaTeNbHOCTD

92, 5, 10, 17, 26, 37, 50, 65, 82, 101, ..., %)

6ecKOHEYHOe YMCJO MPOCTHIX YHCes?

Bhauajsie 31ech nonajaercss JOBOJbHO MHOIO IPOCTHIX YHCeJ;
cpenu nepBnix 3000 usneHoB 9TOM nociefoBartesibHOCTH HMeeTcs 300
NPOCTHIX 4YHucesJ. BDyayT Jd- npocTele - YHCRa BCTpPeuaTbcs B 3TOH
NOCJ/IeIOBATe/IBHOCTH H JaJjblle, Kak Obl aJIeKO Mbl HU YULIH OT ee
Hayasna? CoBpeMeHHasi TeOpHA UHCEJ INOKa He CyMeJa PelHTb 3TOT
BONIPOC, H, TaKUM 00pa3oM, HEHW3BeCTHO, COAEPXKHT JH IIOCHEA0Ba-
TEJbHOCTD - (7)  OeCKOHEUHOe YMCJAO [POCThHIX YHCesJ HWAM HauHnHas
C HEKOTOPOro MecTa npocrble uncaa GoJiblue He 6y11y'r B Hell Bcrpe-
yaThCsl.

He. Hajgo. ,uymaTb 4TO pr,E(HOCTb 3TOH npoﬁ.ueMbl cBS32HA. C Ka-
KOii-T0 OcoGeHHOCTbIO GyHKUMH fZ-+1; mpobaeMa Oyjer €TOJb: Ke
TPYAHOM, €C/H aHaJOTHYHBIA BONPOC NOCTaBHTb H iid APYTOFO
HENPHBOAMMOTO Haj TNOJieM PallOHaJbHBLIX YHCeJ MHOrouyJjeHa 2-i
crenenn at®*-+bi+c, rae (a, b, ¢)=1. Eme TpyaHee CTaHOBHTCSH
npoGaeMa, ecau mepelTH K MHOTOUJeHaM O6oJee BLICOKOH CTENeHH.

Ilo cux mop HM Ma OJHOI0 MHOTOUJIeHa C - UEJLIMH x08¢¢m-

LHeHTaMH
f(t) —~a‘,z"‘—{—alt"‘1 + ves +a

creneHd n> 1 He yjajoch YCTaHOBUTL cymecmoaaﬂne GeCKOHEUHOr o
yHCcJa HPOCTHIX yucea B mochejoBaresbHocTH (6). TakuMm 061)3130M
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COBPEMEHHOH TEeOpHH YHcesJ YAaeTcs HCC/eJOBaTh pacipeelieHHe
OpPOCTRIX YHCeJ TOJbKO B apuUMeTHUeCKHX NpPOrpeccHAX, Aa H TO
RaNeKo He MOJIHOCTBIO.

2. NPOBJIEMb! AJJHUTHBHOA TEOPHU NMPOCTHIX YHCEJ

3HauuTeNbHBIE TPYAHOCTH BCTPEYAIOTCSE M B TAK HA3bIBAEMBIX
aJJIMTHBHLIX 3ajJaYax C MNPOCTbIMH YHCJAaMH, T. €. B 3ajayax, B
KOTOPBIX NMPOCTble YHCJ/Ja BCTPeYyaloTcsl B KauecTse cjaraeMblx. Hau-
GoJiee M3BECTHA M3 5THX 3a4a4— 3HaMeHHTast npobseMa oapaGaxa —
Ainepa. :

B 1742 r. Tonba6ax B mucbMe K Diiniepy nocTaBHa npoGJemy
10Ka3aTh, YTO KamJoe HeUeTHOe YMCJO MOKeT GbITb NpeACTAaBJeHO
B BHJe CYMMBl TpeX NPOCTbIX YHCeJ (HeueTHble uHc/Ia GepyTcs, Ha-
yHHas ¢ 7). DiJep B OTBETHOM NHCbMe BbICKa3aJ THIOTE3y, YTO
HMeeT MecTO ropasjo GoJjiee CHJIbHOEe yTBepXJeHHEe, a HMEHHO, YTO
KaxJoe yeTHoe YHC/I0 (HauHHasA c 4) Moxer ObiTb NPEeACTABJICHO
B BHJE CYMMbl [BYX TMpOCTbIX 4YHCeJ. DTH NpPo6jeMbl MOJYYHJH
HasBaHHe NpobieMbl loabjabaxa—itnepa.

Koneuro, ecan Obi yAasoch pemnTb 3ajayy, IOCTaBJEHHYIO
DiislepoM, TO OTCI0Ja CHpPaBeVIHBOCTbL TeopeMbl l'osbiabaxa moayya-
Jach Obl KaK OYeBHAHOe cJelcTBHe. [lelcTBUTENbHO, JI060€ Heuer-
HOe YHCJI0 BHAA 2N -1 =7 MOXKHO NpeAcTaBHTb B BHJe 2N+ 1 =
=342(N—1), rae 2(N—1)=4; Tak uYTO H3 Pa3JOKHMOCTH
2(N—1) Ha cyMMy JIBYX NpPOCTHIX BBITEKAeT Pa3jioKHMoOcTb 2N - |
Ha CYMMY TpeX NpOCTHIX YHces. BMecTe c¢ TeM peileHHe npoGJeMbl
Fonba6axa He JaeT BO3MOXKHOCTH CleJaTb BBIBOJ O CPaBelJHBOCTH
yrBepxaeHns Ofjepa. Takum obpasom, npobieMa Diiepa Tpyauee
H, KaK MOTOM BHIACHH/IOCH, SHAUMTENBHO TPYRHEE, HeM npobieMa
Fonbn6axa

ATH ABe TIPOGJEMBl MOXKHO 06beLHHHTD obwel (popmynnposxou.
,JJOKasaTb, YTO KamjJoe HarypajabHoe uuciao N > 1 MoxkeT O6wIThb
[OpeACTaB/eHO B BHIE CyMMbl He GoJiee ueM TpeX IMPOCTHIX YHCeN“,

B TeueHHe MOYTH JBYXCOT . J€T, NPOINEAUHX MOC/Ee NEPEenHCKH
lonbabaxa u Dinepa, a UMeHHO K Havanay XX Beka, 5TH - npo6JeMbl
Ka3aJHCh COBEPUIEHHO HEJOCTYNHLIMH, a BMECTE C TEM UHCJeHHble
BBIYHCJIEHHSI TIOKa3blBaJH, YTO HATypaJsbHble YHCJA4 B Npelejax Mo
HECKOKHX MHJITHOHOB OGBIYHO pasniaraloTci Ha CyMMY nByx HIH
TPeX NPOCTHIX YHCeJ Haxe HECKOJbKHMH CHOCOGaMH.

H3BecTHbl#t cnenHaJHCT N0 aHAJHTHYECKOH TeopHH uncea 2. Jlan-
Jay B 1912 r. nocraBHs BONpPOC O TOM, YTOOBI JOKA3aTh, YTO KamKAoe
HaTypaJbHOe uucio N >>1 MoxeT GbiTh NpeicTaB/eHO Kak CyMMa He
GeJsiee Hy XoTf Gbl MHJ/UIHOHA HJH Kakoro-jau6o JApyroro onpeje-
JIEHHOTO YHCJa IMPOCTBIX UYHCes, OJHAKO H B TAKOM BHJAE 3ajaya
B TO BpeMs MpeJiCTaBJAJACH Ype3BbluaiiHO TpYIHOMH.

[lepBhifi peayabTaT B HanpaBfieHHH pelueHHsa npobiemut [oabi-
6axa ObW1 cHeNaH saMeyaTellbHRIM  COBETCKHM  MaTEMaTHKOM
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JI. T'. [luupennMatoM, Kotopniéi B 1930 r. gokasan crpaBelHBOCTD
TeopeMbl B TOH (opMe, KoTopas Gbliia npepioxena Jlanpay. Teopema
[Iunpensmana MoxeT ObiTh copMyaHpoBaHa B ciaepyioueir ¢opme.

Teopema 343 (llnupennman). Cyuiecmeyem nocmoanxas k,
makas, umo Kascdoe HamyparbHoe 4ucao, Goavusee wem 1, moocem
6oimb npedcmaeneno 6 aude cymmel He OGonee k npocmoix Hucen,
m. e. 0aa mobo2o Hamypasvrozo N (N > 1)

N=py+ps+ ...+ P

ede p;—aubo npocmele Yuciqa, aubo Hyau.

Yucno £ y Ulgnpesnsmana Gbl10 JOBOJBHO BeNHKO; OAHAKO B HA-
crosimee BpeMss MetofoM IlIHHpenbMaHa cnpaBeRJIHBOCTD TeOPEMEDI
JOKa3aHa NpU CPaBHHTENbHO HeboAbIINX 3HaueHusix k. Ecau Gpath
HaTypaJabHble yucaa N = N, T. e. 6paTb HaTypaJbHble YHCHA, HAYH-
Hasi ¢ Hekotoporo, To Meron LlHupenbMaHa mno3eoJisieT noxaaaTb
CIpaBeJJINBOCTb TEOPeMbl TpH 2= 18.

Pa6ora J1. I'. lllnupenbmana, sBuBIIafACcsA B TO BpeMs CeHcaumneid
B MaTeMaTHKe, HHTepecHa OCOOGEHHO TeM, YTO pa3paGoTaHHblE HM
MEeTOJbl CTaJIi OCHOBOH HOEOrO HaripaBJIeHHs TeOpHH uMces. Meroj
HIHupesibMaHa HAaXOAHT NPHUMEHEH e HE TOJIbKO B 3afaue I'onbabaxa —
Siinepa, HO U B APYTHX aAJAMTHBHEIX RpobaeMax. MHTepecHble pe3ysib-
TaThl, CBSI3aHHBIE ¢ NpHMeHeHHeM MeToja UInupesnbMmana, noaydua
H. 1. PomanoB, Hcc/iefoBaBUIHi MHOMXKECTBO UHCEV, NPEACTa BHMBIX B
BUJe CyMMbI npOCToro yhcsla ¥ YMCAa BMJA q” npH 3aJaHHOM 1EeJIOM
a>1.

B 1934 r. cosepmeﬂﬂo HCKJIIOUMTEJIbHOrO ycrexa B pellieHHH
aJIHTHBHBIX 3ajJau € TIPOCTHIMH UUCJIaMH JOOUJICs aKajeMHK Hpan
Martseesnu Bunorpagoe. EMy yaanoce nosHOCTBIO peliuTh npobaeMy
Tonsp6axa p/s Bcex uHces, HAYHHAA C HekoToporo. JlokasaHHasi uM
TeopeMa MoxKeT OuITb cOpMYJHpOBaHa ClelyiOIUM 06pas3oM.

Teopema 344 (Bunorpapos).  Cywecmeyem nocmosnHoe wucao N,,
makoe, 4mo ace Heyemmusle wucia, OGoavwiue wem N, mozym Ooims
npedcmasienst 6 8ude CYMMbL MpPEX NPOCIMbIX WUCeA.

Takum oGpa3oM, mpobaema I'ospabaxa pelleHa Ans BCeX 4HCes,
3a HCKJIIOUEHHEM, GhITL MOXKET, KOHEUHOro X uucya. MoxKHO 6blJ10 6bi
OpTaHU30BaTh NPOBEPKY Teopembl ['onbAGaxa M ANs 4HCes He Ipe-
Bocxoaammux N,, OJHAKO 3TO NOKa He ciesaaHo. [TonyueHHoe anas N,
3HAYEeHHE HACTOJIbKO BEJHKO, YTO JaxKe LJIs COBDEMeHHBIX OBICTpoO-
JeHCTBYIOIMX 3/JEKTPOHHBIX BBHIYHCJHTENbHBIX MallIKH NOTpe6oBaIoch
6bi CAMIIKOM 00JIbLIOE KOJHYECTBO BPEMEHH,

‘Pewsenne WM. M. BusorpagoBuiM npo6Jembl I'onbabaxa sIBHJOCH
ype3BhIYalHO BaXKHBIM COOBITHEM B Pa3BHTHHM aHAJIMTHYECKOH TEOPHH
yncen. [1pu pemennn 3Tofi npobaembl M. M. Bunorpanos npuMeHua
CO3JaHHLIH HM BecbMa MOLLHEIH MeTOJ, OCHOBAaHHHIA HAa TPHMEHEHHH
KOHEUHBIX TPHUrOHOMETPHUECKHX CyMM. DTOT meToj Hawes cebe mpu-
MeHeHHe [pH pelleHHH MHOTHX TPYAHBIX 3ajJau TEOpHH YHces,
B YaCTHOCTH, MHOTMX aJRHTHBHHIX 3alay C IPOCTHIMH YHCJIAaMH.
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Merton BuHOrpagoBsa oka3salcsi Bce e HeIOCTATOUHBIM AJIsl.pelle-
HUSl aJIMTHBHBIX 3aJay C IABYMS TNPOCTRIMH CJlaraeMbIMH, H Tpo-
6nema Ioapabaxa—dijepa o NpeACTaBJeHHH YeTHBIX YHCEJ B BHJC
CYMMBI JBYX NPOCTHIX YHCEJ OCTaeTCs IO CHX NOp HepelleHHOH. Bue-
cTe ¢ TeM OblI0 fokasaHo (H.T. Uynakos, Ban-Kopnyrt, T, Sctepman),
4TO NMOYTH BCE YETHHIE UKCJAa PasJaraloTcsi Ha CyMMYy IBYX HPOCTBHIX
YHCes; 3TO 3HAUHT, YTO OTHOLIEHHe YHCJIa 4YHces oTpeska [1; NJ,
HEpPa3JIOXKHUMBIX HAa CYMMY INpPOCTHIX YHCEN, K caMoii BeanunHe N
CTPEMHTCH K HYJIIO NPH yBejHdeHHH N.

B aHanuTHUeCKOH TEOPHH UHCeJ CTAaBATCHA TaKXKe 3aJaud O Npef-
CTAaBHMOCTH YHCEN B BHJE CYMMbl OJHOTO IPOCTOTO UHCJA U JPYTHX
uuces 3aJaHHOTO BHJA.

3ajaun Takoro THna oObIYHO SBJISIOTCS BecbMa TpyAHbiMH. Tak,
HanpHMeD, TOJbKO BeCbMa TOHKHE aHAJIUTHYECKHE METOMb! 103BOJIHIH
10. B. Jlunupky pewnte B 1959 r. mpoGieMy, noCTaBJEHHYIO B
1923 r. aHraniicKUMH MaTeMaTHKaMH XapAd H JIHTIABYIOM, a HMEHHO
€My yJanoch J0Ka3aTb CJeAYIOULYI0 TeopeMy.

Teopema 345 (J/Innnuk). Kamcdoe docmamouro 00abuioe  Hamy-
paabroe 4ucao n mosicem Ooimo npedcmasiero 6 8ude CYyMmol 1POCMO20
wucra u 06yx Keadpamos yenvix wuucer, m. e. é eude

ne=p+4kd4 12,

Cpean apauTHBHBIX 3ajay C MPOCTHIMH HHCJAaMH ocobolt H3BecT-
HOCTBIO NOJb3yeTcsl npoGjema Tak Ha3biBAeMBIX :NPOCTHIX YHCEN-
On1u3HenoB. KpoMme 2, BCe ocCTaJibHBIE NPOCTHIE YHCJa— HEUETHHE
¥ HaMMeHblllas BO3MOXHAsi Pa3HOCTb MeX1y HMMH paBHa 2.

- Onipepenenne 94. [lga npocmeix 4ucasa ¢ pasHocmero, paanou 2,
HQ3bIBAIOMCA NPOCMbIMU Huciamu 6au3Heyamu.

Hanpumep, cpean nepsoix 50 HaTypaJbHBEIX HHCeJ HMeeTCst 6 nap

HOPOCTHIX YKces OJH3HENOB, a HMEHHO:

3,5 5 7; 11, 13; 17, 19; 29, 31 u 41, 43.

[Npexanosaraior, 4T0 CyuecTBYEeT OeCKOHEUHOE YHCJO TaKuUX Mnap,
OJHAKO HH J0Ka3aTb, HH ONPOBEPTHYTb 3TO NPEANOJIOXKEHHE N10Ka He .
- yaanoce. Ilpocrbie yuciia O/M3HENE MOXHO BBHIEJNHTH U3 HATYpasib-
HOTO pfija cnoco0OM, COBEpLIEHHO aHAJOTHYHBIM OOBIYHOMY 3paToC-
¢eHOBY pewuety.

Teopema 346. [lycte p,=2, p,, ..., p,—6ce npocmote 4ucia

<V N-+2(N=T7). Ecau 6 namyparsrom pady nocaedoeamerbro
8bIMEPKHYMb 6Ce Hucaa n, OeAawjuecsi HA py, HA Py, ..., HA p,, a
makoice éce 4ycaa n, maxue, umo n-2 deaumcs xoms 6ot HA@ 0OHO
U3 HUCEA Py, Py, « .+ ., P,y MO OCMABUILECA 4UCAQ 0OPAZYIOM MHONCECMEO
npocmsix qucea p, maKux, 4mo p -2 maksce npocmoe 4ucao, npusem
VNF2<p<A. _

HokasateabctBo. Yuenao | Oyaer 3adepkHyTO, TaK Kax
142=3 penurcsi Ha 3. Bce ocTaibHBE BaTypa’ibHBE YHCJA
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<V NF2 6yayT Takke BLUEDPKHYTbI, TAK KAK KaXJ0Oe M3 HHX
JEJUTCH HAa KaKoe-HUOYAb H3 UHCET Dy, Pay «««y Ppe
H3 uncen n, nexamux mMexay YV N+2u N, (VN—|—2<n< N),
BCe 71 Takue, UYTO 7 WU n-+2—cocraBHoe, OYAYT BHLIUEPKHYTHI,
TaK Kak Torja n WM n-}-2 uiu o6a 3TH 4HCAa JeJATCS 00 Kpafi-

Hefl Mepe Ha OJHO U3 4Hced Py, Py, ..., P,. HHCAA p TaKHe, UTO
p—+2 toxe npocroe uncio u Y N+2<<p=< N, He OyayT BbluepkK-
HYTBI, TaK KaK B 3TOM cJyuae p H p+ 2 He JeJATCA HA Py, Pg, «.. Py

KOTOpble TOTJA MEHbLIe ueM p.

Mu umeem, TakuM 06pasoM, aJrOpPHTM, NO3BOJSAIOUIHIA HAXOIUTb
BCe maphl NpoCTHIX yuces 6iausHenos p, p+2, rae Y N4+2<p<N.
Jlo6aBnsis K HEM napbl Gausmenos p, p+2, rae p<<V N+2, mbl
HaxoAuM Bce Oau3Heubl p, p+2, rae p<< N.

DTOT aJrOPHTM NO3BOJSIET, TAKHM 00Pa30M, BHIYHCIATE 3HAYECHHS
¢yuxuuun B (N), Bopaxaioulefi YHCJI0 NPOCTHX yHces p << N, Takux,
uto p--2 Toxe npoctoe 4ucao. IIpobaeMa npocTeix uyucen Giu3ne-
LOB 3aK/I0YaeTcs B TOM, YTOOBI J0Ka3aTh, YTO NpH yBeauueHud N
BesHunHA B (N) TOXe HEOrpaHHYEHHO YBENHYHBAETCH.

[Tono6GHBIAI aIrOPHTM MOXKHO NOCTPOUTD U1l HAXOXJEHHH Npo-
CThIX uHcea p<< N, Takux, uro p’==2N-—p Toxe mpocroe, T. e.
sl HAXOMJEHHS DACCMaTPUBAEMbIX B npobneme loabppGaxa— -
Jepa nap npocThix uucen ((p, p’)), CyMMa KOTOPHIX paBHA 3aJaHHOMY
yeTHOMY gHcay 2N. _

Teopema 346'. ITycmo p,=3<py,<...<p,<VN<p, <
<...<p,<VZN—6ce Hesemuvie npocmeie 4wucia, He NPeOCXo-
daugue V'2N. «

Ecau cpedu Hedemuolx HAMYPAAbHOLX Huces n, MAKUX, 4mo
3<sn < N, auepknymo 6ce wucaa, deasujuecs xomsa 6bl HA 00HO U3
4UCEA Dy, Pgy ---» Pp. G MaKsce ece uucaa n, maxue, ymo 2N—n
Jdeaumca xoms 6oL HA O0HO U3 HUCEA Pg, Pgs +« vy Pps « »+4 Pgy MO OCMAE-
wiuecs wucaa o6pasyront MHOXECME0 NPOCMbIX Hucer p, MAKUX, 4mo
p’=2N —p mosxe npocmoe, npusen YV N<<p<N.

HOokxaszateanctBo. Ecam p-npocroe uuciao, Takoe, 4TO
VN<p<N, u 2N—p=p’ Toxe mpocroe, T0 p He IeJuTCs Ha
npocrble yHC/Ia, He npesocxofsmue VN, a p'=2N—p=N >V2_N.
He JENMTCS HM HA OJHO IpPOCTOE YHCJIO, He npeBocxoisilee }/ 2N.
" Ecau xe aisa Takoro p yuciao 2N —p cocraBHOe, TO MO KpaiiHed
Mepe OJMH HedeTHbil mnpocTo# Jeauresp 2N-—p He npeBOCXOAUT
V2N, 1. e. Takoe p Oyjmer BbUepKHYTO. Bce cocraBHble uucia,
MeHbIUMe MM paBHble N, M NPOCTble YHCJA, MEeHbUIME HJlH PaBHbIE
V'N, 6yayr, oueBuao, BLIYEPKHYTHI, TaK KaK Yy KaXJOro H3 3THX
yuceJq HMeercs: 1o KpaPlHePl Mepe OJHH NpPOCTO Je/HTeNb, He Ipe-

socxoaauui V N.
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Jlo6aBnss K OCTaBUIHMCA uHcAam mnpoctwe uncna p<<V'N,
Takue, uto p’ =2N—p mnpocroe, Mbl NMOJYYHM Bce Mapbl MPOCTHIX
yuces p H p’, yIoBJeTBOpsIOmMHUe ycaoBHio p+p’' =2N, (3<<p<< N).
Beps Hapsay ¢ napamu ((p, p’)) eme u napu ((p’, p)), Mbl HahizeM
Bce pelleHHsi ypaBHeHHs I'osibi6axa-——3inepa:

x+y=2N, : (8)

rae 062 HEH3BECTHHIX PHHHMAIOT TOJIBKO 3HAYEHUS, NPEACTAB/ISAIONINE
co6oii mpocThle YHCIA. )

OGo3HauuM YHCJIO pelueHHHl ypaBHeHHsI (8) B NPOCTHIX UYHCJAAX,
T. e. YHCJO Map MpOCTHIX uucea ((p, p’)), Takux, uro p+p’ =2N,
yepes P (2N). IIpo6nema I'onbabaxa—D3iinepa sakJ/ioyaercs B TOM,
uto6B foKasaTh, uto P(2N) >0 npu Bcex N =3.

MMpumep. HafiTh Bce napel mpocreix uucea ((p, p’)), TaKHX,
yT0 p-+p’=232. HeueTHble npocThie YHC/Ia, MEHbIIME HJIH PaBHbIE

V116, pasum 3, 5, 7, a AIst 4HCes], MEHbIIMX HJH DAaBHBIX V232,
npubapsitoTcsi emle npocThle yHcsaa 11 u 13. B MHOXecTBe Heyer-
HEIX upcea 3, 5, 7, 9, ... , 115 BuGpacriBaeM (BElUepKHBaeM) Bce
uncja n, lensuuecs Ha 3, H YHCJa n, TakHe, 4t0 232 —n = 0 (mod 3),
T. e. n=1 (mod 3). Ocralorcsi HeueTHrle uxcya n=_2 (mod 3), T.e.
uyucaa: 5, 11, 17, 23, 29, 35, 41, 47, 53, 59, 65, 71, 77, 83, 89,
95, 101, 107, 113. M3 ocraBluHxcsi uucesa BoiOpacbiBaeM Te n, I
kotopsix n==0 (mmod 5), u Te, A1 KOTOPHIX 232—n =0 (mod 5), T. e.
n=2(mod 5). ITocse sToro ocratoorcs uucaa: 11, 23, 29, 41, 53, 59,
71, 83,89, 101, 113. BrifpacriBaeM 3aTeM uuciaa suja n =0 (mod 7),
a takxe Buja 232—n=0(mod 7), T. e. n==1(mod 7). TlocJse sTOrO
ocralotcsi umcaa: 11, 23, 41, 53, 59, 83, 89, 101. BrbpaceBaeM
emie 4Hcaa n, Takue, 4ro 232—n=0(mod 11), 1. e. n=1(mod 11),
H uHcaa n, takpe, uto 232—n=0(mod 13), 1. e. n==11 (mod 13).

B wrore ocratorcs uxcaa: 41, 53, 59, 83, 101. To6aBnseM K HHM
npocTsie uHcaa 3 H 5, menbine uem )/ 116, pis kxotopbix 232—3=
=229 u 232—5 = 227 — ToxKe npocThle uKcaa. [IpefcTaBreHus yncna
232 B BHJie CYMMBl JBYX IIPOCTBHIX HYHCEJ HMEIOT BHJ

932 — 34229 = 54 227 — 41 -+ 191 =534 179 =59 + 173 =
~ 83149 = 101 + 131,

H eme 7 npejcTasjeHHH, NONYYAIOUIMXCA NepeMeHOH MecT cJjarae-
MBbIX. ¥ paBHeHHe X+ y =232 uMeeT 14 peleHHH B NPOCTHIX YHCJAX,
T. e. P(232)=14. v
Pemero, aHaJOTHYHOE TOMY, KOTOPOe MEI TPHMEHHJH JJIf Ha-
XOXJIeHHs map npocTeiX umcea {(p, p’)), Takux, uto p'—p=2, u
pemiennit ypaBHeHHs TosbibGaxa-—D3iinepa p--p’' = 2N, Moxer GHTDb
NOCTPOEHO W AJif APYTHX ajIHMTHBHBIX 3aJa4 C NPOCTHIMH UHCJaMH.
Pemero noaofHOro THma 4acTo Ha3bBAIOT ABOHHBIM 3PaTOCHEHOBHIM
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pelieToM (ABa ,MpPOCEHBAHMSA“ AJIs KaMJOro M3 IPOCTBIX WUHCes

P VTV) TaKoe peweto 6biio BHEpBbE MOCTPOEHO (PAHUY3CKHM
MaTeMaTHKOM MepJHHOM.

IToro6Ho TOMY Kak OGRIKHOBEHHOe 3paToC(HEHOBO PELIETO BbIpa-
XeHo B BHIe GopMyJnl (44) 35-fi raBbl, MOXHO H s JBOHHOTO
3patocdieHOBa pelleTd MOCTPOHTbL (POPMYJIbI, BhIpaxalomte pyHKUHH
B(N) u P(2N) B sBHoM BHAe. B mpaBoii uactd dopmyab (44)

35-fi rnaBbl GUrypHPYIOT BeJHUHHBI BHAA [T , BRIpaXKaloliHe YuC-

J10 4YHCeJs, MEHbBIIHX HJH paBHBIX N ¥ Jensmuxcs Hak, IpuuyeM k
PaBHO NPOH3BEAEHHIO IPOCTHIX MHOXHTeJeH, B3SITbIX U3 YHCJIA MMPOCTBHIX

: N
uucea p,, P, ..., p,<<) N. Beanuuna [T] He Gosee ueMm Ha |

OT/MYaercss OT - . B cayuae aBofinoro sparocetoBa peiera ajs

Kaxjoro k Buja k=p; ... p;, B npaBoii yactH GyjAeT 2° BeJMUHH,

N
KaXxjJasa H3 KOTODbIX OTJHYaeTCd OT ry Toxke He GoJiee yeM Ha 1.

HcnoabzoBanue Gopmydibi (44) 35-1 ryiaBbi An1s onpeliesieHHs NOPsiiKa
pocra m(N) BCTpeuaeT Ty OCHOBHYIO TPYJAHOCTb, 4TO, XOT# HOC]e

3aMeHbl KaxJaoro cJjaraeMmMoro Ha oniH6Ka He BeAHKa H He TnpeBoc-

il
k
xoaut 1, ofulee 4YHCJIO cJjlaraeMBIX B CYMMe, paBHOe, KaK JIETKO
BHJETD, 27 == 9n (V) npexactapiasier coboit oueHb O60JbilIOE YHCJO,
HaMHOro GoJblllee, 4eM caMo Tt (x).

Eue 66/biine TPYAHOCTH BCTPEYAlOTCs TMPH HCNOJb30BAHHH TNO-
A06HHX dopmya ansa B(N) wau P (2N). Hanpumep, B dopmyne nis
B (N) uucno cnaraemux paBHo 1-4-2C;+22CP4-...-+2771C17 =
=3—2", r=n (V' N+2). B 1919 r. HopBexcKHil MaTeMaTHK Buro

Bpyn paspaGoran 3ameuaTesibHBIH MeTOH, JAIOHIMH BO3MOXKHOCTb
HCIOJ1b30BaThb JABOHIHOE 3paTOocheHOBO pelleTo AJisl OueHKH (yHKuHi
BHga B(N) u P(2N). I'Ipe)x,ue BCero Buro BpyH 3aMeHnun 3‘m

¢yHKuHH QyHKIHAMHE B (N, N“ yu P (2N, (2N ). ®yukuus B (N,N ¢ “)

BbipaxKaeT YHCJIO YHCe n < N TAKHX, UTO BCE IPOCThbIE ACJHUTECJIH n
1 1 :

H n-+2 6onpwe ueM Na, ®yuxkuua P (2N, (2N)®) paBHa uHcay
yHcea n<<2N, TaKuX, YTO NOPOCThie JesiuTeau n u 2N —n 6oJbiie

1
yeM (2N)®. s Takux Qynkuui npu o= 10 BpyH cTpouT ABOiiHOE
1
pemeto (pemero Buro Bpyna), Tak uto Beauunum P (N, Ni1%) u
1

‘P (2N, (2N)'?) 0Ka3bIBAIOTCS 3aKJIOUEHHBIMH MeXJAY ABYMS CyMMaMH
CO CpaBHHTEJIbHO HeGOJIbIUIHM: UHCJIOM CJIaTaeMEIX , MPHYEM BEJHUHHE
CAMHX 3THX CYMM OLEHHBAIOTCSl CBEPXY H CHH3Y XOTfl H CJIOXHbBIM,
HO BTOJIHE SJIeMEHTAapHbIM - MeToAOM. IIpuMeHsas 3sT0T Meroh, Buro
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L 1
Bpys jpokasan, uro B (N, N'°) u P (2N, (2N)1°) HeoTpaHHUYEHHO
YBEJMUHBAIOTCA NPH YBeJHUeHHH N

Ecau uneno n << 2N TakoBo, YTO Bce mpocThle AeJUTeNH 1 6oJblie
1

yem (2N)1°, To n COCTOHT He Gojiee ueM H3 JeBSTH NPOCTHIX MHO-
kutejeli. Ecan e npH 3ToM H y uHcaa 2N —n Bce npocThie MHO-
1

Wutean OGouablle ueM (2N)'°, 10 n'=2N-—n TOXKe COCTOHT He
6oJblle yeM M3 JeBATH NPOCTbIX MHOXHTeneH. Takum o6pasom,
1

noayuus, uto P (2N, (2N)1°)— oo, B. BpyH nokasan, 4To Kamjoe

JlocTaTouHo 60JblIOe YeTHOe Yucjao 2N MoxeT OniTh NpPeACTaBJEHO

B BHae 2N =n-n', rle Kaxjaoe H3 cjaraeMblX B H n' COCTOUT He

6osee ueM H3 JEBATH NPOCTHIX MHOXHTesel. TOUHO TaK XK€ H3 TOTO,
1

yto B (N, N1%)— oo, cJefyeT CYIIECTBOBaHHe GeCKOHEUHOTO MHO-
JKecTBa uHces n, TAKHX, 4TO U n U n'=n+42 coctoaT He O6oJee
ueM H3 JeBSITH NPOCTBIX MHOMXKHTeJeH.

Psin ycosepuieHcTBOBaHHI, BHeceHHBIX B Metoj Buro Bpyha, no-
3BOJIHJl CHH3HTb UYHCJO TNPOCTHIX MHOXHTeNel Yy n H n' (B npob-
aeMe T'ompabaxa—igepa 2N =n-+n' u B npobJeme GJHU3HELOB
n'—n=2) no yetnipex (A. A. Byxwra6, 1940 r.).

Jpyroe peleto, CyulecTBEHHO OTJuualouleecs OT pewera Buro
Bpyua, 6ui0 nocrpoeHo A. CenanGeprowm.

Hcnonbays pasinuHble MeTOAb peulera,. passuThie Buro BpyHow,
Byxwrabom, CeapbeproM, KyHoMm, B KoHeuHoM cueTe yAAJOChH. CHH-
3UTb YHCJIO NPOCTEIX MHOXHTeJEH y n jio ABYX, a y n' J0 Tpex
(Ban-10aus, B. B. Jlesun 1958 r.).

B 1948 r. Benrepckuit MaTemMaTHK A. PeHbH IoKasan cJeayIoly o
TeopeMy.

Teopema 347. Cyuwecmeyem nocmosxnas l marcaﬂ 4mo Kaskdoe,
docmamouro 6oabuioe HAMYpPaabHoe demHoe qucro 2N npeacmaeumo
6 sude 2N =p--n, ade p— npocmoe HucA0, & I.COCMOUM He 6osee
yem u3 1 npocmuix mroscumened.

B 1964 r. A. A. Byxwra6 jpokasan Teopemy 347 co 3HayeHHeM
I=3. Ananeruynas Tteopema OblJa HM JOKasaHa H B npoGJeme fpoc-
THIX uKces GJIH3HEROB.

Teopema 348. Mrnoowecmeo npocmoix wucea p, maxkux, 4mo p-+2
cocmoum e Gonee, Yem u3 mpex NPOCHLIX COMHONTUMeel, GECKOREIHO.

PaccmaTtpuBass mpocTeie uHcJa 6aHM3Hens, Buro bpyHn rnokasaa
TaK¥ke CJAeLYIOIYI0O TeopeMy.

Teopema 349. Ps0 sesudurn, o6pamuvix npocmoim uucram 6.u3-
Heyam, cxodumcs.

Teopema 349 noxasnBaeT, UTO €CJH AaxKe NMPOCThie YHCJA GJiM3-
Helbl 00pa3yloT GeCKOHEUHOe MHOXECTBO, TO HX BCE Xe HaMHOro

MeHbIe, YeM Beex HpOCTblx unced. Pﬂn Z—— BeJINYHH, o6pa'mb1x
P
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BCEM MpPOCTBIM YHCJAM, pacxoautcs (Teopema 326), HO ecsiH ocTa-
BHTb B HeM TOJIbKO NPOCTble 4YHCJ/IA p, TakHe, 4yTo p’'=p- 2 ToxKe
OpocToe, TO MOJYUHTCA CXOAALMHCH PAL.

IpocToie uncaa 6/H3HEN B — napa HEYETHBIX NPOCThIX YHCENI C BO3-
MOXKHO MaJieHbKOH pasHocTeio 2. MoxHO paccMaTpHBaTb TPOHKH,
UeTBEPKH H T. J. NPOCTHIX YHCeJ C BO3MOMXKHO MaJIeHbKHMH pasHO-
cTaMHU. [las Tpex NpOCTHIX 4MceJ p, p° U p”, The p >3, He MOXKeT
ObITb OXHOBpeMeHHO p'=p-+2 u p"=p’ +2=p-4. [elictBuTe/]Db-
HO, YHCJIa p, p+2 u p--4 06pa3yOT NOJIHYIO CHCTEMY BBIYETOB IO
MoJyJi0 3, M, TaKHM 00pa3oM, OJHO H3 3THX 4HcesJ 00653aTesbHO
Jenantcs Ha 3. HauMeHbllne BO3MOXKHO MaJieHbKHe PasHOCTH MeX ]y
TPeMs MPOCTHIMH YHC/AMH, OT/IHYHBIMH OT 3, 310 pasHOCTH p'—p =2,
p—p'=4 (mm p’ —p= =4, p"—p'=2). Tpoiilku HpOCTHIX 6.1m3-
HeuoB p, p'=p-2, p'= +6 BCTPE4alOTCA BHauaJje CPaBHHTEJBHO
yacTto, Hanpumep ((5, 7, 11)), ((11, 13, 17)); BmecTe ¢ TeM TaGJHIbI
NPOCTHIX 4YHCEJ MOKAa3hBaIOT, YTO [0 Mepe yjajieHHs OT HayaJa Ha-
TYpPaJbHOIO psifia TaKHe IpPOCTHIE YHCJ/A BCTPEYalOTCs BCe peke U
pexe. AHrnufickie MatemMatuki Xapau H JIHTJABYJ 1MOCTaBHJIH NpoG-
JeMy JA0Ka3aTejIbCTBA CYHIECTBOBAHHA OECKOHEUHOr0 MHOMKECTBA
TAKHX TPOeK NpPOCTHIX 4ucea: p, p'=p-+42 u p”’=p--6. Dra npob-
JeMa no TPYAHOCTH 3HAYHTEJbHO NMPEBOCXOIHT npobJeMy CYIecTBo-
BaHHA OeCKOHEYHOTO YHC/a NpOCTHIX 4Hces 6ausHenos. IlpoGiema
CTAHOBMTCH elle TPYAHES, €C/M DaCCMATPHBATL HeTBEPKH NPOCTHIX
unces: p, p'=p+2, p’=p+6, p”’'=p+8.

MoxHO nocTaBHTbL PAJ M IPYTHX 3ajady TEOPHH MPOCTHIX HUHCE,
KOTOPpBIE ellle KAYyT cBOero pelieHHs. [lepednc/iuM HeKOTOpHE H3 HHX.

1. HoxkasaTb, 4T0 CyHleCTByeT MOCTOSIHHOE UHCJO R, TaKoe, 4YTO
HepaBeHCTBO p’' —p < k UMeeT GeCKOHEUHOE MHOKECTBO pelleHHH B
NpOCTHX 4YHCAaX P H p'.

2. Ha#itu nocrosiHHOe uHCJ0 k, Takoe, YTOGH CYLIECTBOBAJIO
6CCKOH€'{H06 MHOMECTBO 1ap MPOCTBIX HHCeN p M p’, TAKHX, 4TO
p'—p=*k.

3. IlokasaTs, 470 KaxKJoe YeTHOE HATYpaJbHOEe YHCJO NpeiCcTaB-
Jager co6oii pasHoCTb ABYX KAKHUX-JHOO MPOCThIX HHCEN.

4. JokasaTs CyllecTBOBaHHe GeCKOHEYHOr0 MHOMXKECTBa HMPOCThIX

p—1
yHCeJl p, TAKHX, YTO p' "p—2-—- TOXe€ INpocTroe '{HCJIO

5. Jioka3saTb; 4TO CyHIeCTBYeT OGeCKOHeuHOe MHOXKeCTBO TpOeK
COCeAHH X MPOCTHIX YHCE Py _y, Pi, P41, O0pa3yiomux apudmeTHyecK yio

pOrpeccHio, T. €. TaK#uX, 4TO p,=pL—1+—p".

2
6. Hokasarp, 4T0 /14 JI060TO CKOJMb YrOAHO GOJBLIOrO YHCJA N
cqu,eCTByeT n TpOCTHIX uucesn Py, Pi, ..., P;, TAKHX, UTO
pi, — Pi, = Py, —Pi,= s =Pt Piy_,-

7. JlokasaTp, YTO CYIECTBYeT MO KpaiiHefi Mepe OXMH MHOTOYJEH
f(x) =ax*4-bx+tc¢ ¢ ueanMn KosdpHuHeHTaMH @, b, ¢ TaKoH, uTO
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nocaenopateasrocTs f(1), f(2), f(3), ... comepxur GecKOHeYyHOe
MHOXKECTBO NPOCTHIX YHCEJ.

8. OnpesieuTh CymleCTBYeT JIH KBajpaTHBIA TpeXujeH f(x)
=ax?®+ bx-c, Tako#l, UTO NPH BCeX X, TaKHX, uTO [(X)=p, I'me p
IPOCTOe YHCJIO 6yneT TaKxe NPOCTHIM H YHCJIO p+2?

9. IokasaTh, YTO B IOCJIEJ0OBaTEJbHOCTH

1,1,2,3,5,8,13,21,. ..,

Tle Kakjoe cCJefylomiee YHCJAO DPaBHO CyMMe JBYX MNpeAbiLyLiHX
(nmocaenoBatenpHocTs PuGoHAYUH) cymecTsyer GeCKOHEUHOE MHO-
JKECTBO TPOCTHIX YHCeJ.

10. Byner nu ans 1106bX B3aMMHO NPOCTHIX 4YHcesa k M | Gec-
KOHEUHBIM MHOXECTBOM NPOCTHIX YHCesJ p, TAKHX, UYTO BCE IPOCTHE
JIeJUTeNH Uucaa p -+ 2 npuHaanaexar nporpeccuu I, [+ k, [+ 2k, ...?

1. JokasaTh, YTO Kaxjoe JHOCTAaTOYHO GOJiblloe HaTypaabHOE
yucjao N Jaubo camo sBJseTcsl KBaipaToM, JHG0 NpeiCTaBHMO B
Bujge cymmbl N = p-}-s?, rie p—npocroe HHCJIO.

12. IlokasaTb, YTO BCe HeYeTHble YHCJ/a, HaUHHAs C HEKOTOPOro,
MOT'YT GbITb N PeCTaBJIeHbl B BUJAE CYMMBbI IPOCTOTO YHC/1a H Y JBOCHHOTO
KBajipara npocToro uucJaa (4ucaa 5777 u 5993 He npeicTaBUMH B
TAKOM BHJIE).

13. Onpegenutb, 6yaeT /1 6eCKOHEUHBIM MHOXKECTBO HATypaJjbHBIX
yncen n, Takux, uto n=p*, n-+1=ph, rae p u p,— npocrse uncaa,
k u | —nense.

14. JokasaTb, 4TO 0OpH J060M HATYpaJbHOM n Mexay n® H
(n+1)? nexur no KpaiiHeli Mepe OJHO NpPOCTOE HUCJIO.

15. [lokasatb, YTO npH Ji060M & > 0 Kaxk Jloe HATypaJbHoe uncao N,
HaunHas ¢ Hekoroporo Ny (N >N, rae Ny=N,(€)) MoxkeT ObiTb
npenctasjeHo B Buie N =n-n’, rie Bce mpoCThie NEJHTENH UHCEN
n u n’ He npeBocxousT N°,

16. [lokasaTh cyliecTBOBaHHe GeCKOHEUHOrQ MHOMKeCTBa NPOCTHIX
qyceJ1, MPeJCTaBUMBIX B BHIE CYMMHbl TPeX KyGOB HaTypaJibHbIX YHCEJ.

17. doxasaTp, 4TO AJS KaKJAOTO HaTypaJbHOro uxcja N cyuecr-
BYeT LeJIoe YHCJIO g, Takoe, 4To X2—x - @ NpHHHMAaeT IPOCTHIE 3Ha-
yeHus npu x==0,1 2,. ..,N.

18. IIokasaTb, 4TO MHOXECTBO NPOCTHIX UHCEN, MJIs KOTOprX
g=2, siBasieTcsi NepBoOOpPas3sHbIM KOPHEM, HMEET MOJIOXKHTeJbHYIO
NJIOTHOCTb.

KoHeuHO, He HCKJIOUeHa BO3SMOMKHOCTb TOrO, YTO HEKOTOpHIe HS
STHX npo6ieM GYAYT pelleHB B OTPULATEIBHOM CMBICJE.

Hcmopuseckue Kommenmaputs k 36-i zaase

1. Teopema 337 mns cayuast I=1 Gnna BrickasaHa B 1775 r.

Ditnepowm.
Jlexanznp B cBoefi kHHre “Théorie des mombres” (1808) mpusen

JOKa3aTeJsIbCTBO TeopeMbl 337, OAHAKO 3TO JI0KasaTelbCTBO ONHPAoCh
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Ha OJHO BCHIOMOTaTeJIbHOE NpelJIOXEHHe, KOTOPoe, KaK 3TO BHISICHH-
JIOCh T03)Ke, 0Kas3aJoch HeBEPHBIM.

IlokasaTenbcTso JIHpHXJe GBIO cymeCTBeHHo ynpouexo 3. Jag-
aay.

2. XapaKTep HasbiBaeTcsl AeHCTBHTE/bHLIM, €CJIH €r0 3HAUCHHAMH -
ABJASAIOTCS TOJAbKO uHcaa 0,1 . — 1. OcHOBHas TPyOHOCTb, BO3HH-
KaBmas NPH JoKasareJbcTBe TeopeMu 337 MetoJom [upHxue,

®

3akJjoyajach B TOM, 4T00B JI0KasaTh, UTO er(li)q’—-() &1 Bcex
a=1

JBeHCTBHTE/ILHBIX XapakTepoB No MonyJo k. Jlokazareasctso Celib-

6epra o6xopurcs 6e3 3TOro.

3. DneMeHTapHbe J0Ka3aTeJbCTBA CYILLECTEOBAaHHS GeCKOHEUHOro
MHOXeCTBa IMPOCTHIX 4HCeJ JJs OYEeHb MHOrHX apHdMeTHUECKHX
pporpeccuii yacTHoro BHAa ObiinH noJydeHn jo Ceab6epra pasHbiMH
aBTOpaMH, HampHMep, OblJI0 H3BECTHO 3JEMEHTApHOe J0KAa3aTeJbCTBO
AJsi Bcex mnporpeccHii Bujga ki 41 (#=1,2,3,...). Jdasa MHoOrux
nporpeccHfi npUMeHsiicd Merol YelblleBa, AaHAJOTHYHBIH TOMY,
KOTOPHIl OH NpPHMEHSJ TpH J0Ka3aTeJabcTBe TeopeMbl 324. Jlokasa-
tedbcTEO A. CesnGepra 6bIo NepBOe 3JieMeHTapHOe LOKa3aTesbCTBO,
rojiHoe B obuieM cJyvae.

4. Teopema 341 6nisa pokasana Baase-IlyccernoM. Badse-Ilyccen
JI0KaszaJ, 4YTo NpHu Jio6OM IIOCTOSIHHOM &

% (b, 0) = o | 4o +0 (e, ®)

rie ¢— MOCTOsIHHAs, 3aBHUCAWLAS TOJbKO OT k. B Hacrodmee Bpems
OCTaTOUHBIH 4ieH B ¢opmyJse (8) oueHeH 6ojee TOUHO.

5. Tabauipl NpocTHIX 4Hces B INMPOKHX MNpejenax NOKAa3bBaioT
npeobJiajlaHAe KOJHYECTBA NMPOCTHIX 4uceJs BHIA 4f + 3 N0 CpaBHEHHIO
C NPOCTHIMH YMcCJaMH BuAa 4f - 1.

BuisicHuJoch, ofHaKo, YTO Takoe INpeobJajlaHHe MPOCTHIX YHCeN
BHAA 47 -+ 3 He GyJeT npoZO/IKATHCS HEOT PAHHUECHHO fajeKko. Meronom
JluTaByja 6BIO J0KasaHO, 4TO CyllecTBYeT HocrosHHas A, rakas,
uyro 17151 6eCKOHEYHOro MHOMKECTBa 3HaueHHH x OyJeT HMeTb MeCcTO
HePaBeHCTBO

Vx

n, (4, x) >n,y (4, x)+A (Inln In x)?

H BMECTE C TeM JJjs OGeCKOHEYHOr0 MHOXKEeCTBa 3HayeHHH X 6yne’r
HMETh MECTO HEPaBCHCTBO

ng(4, ) >n, (4, x)+ A 111/13 (In1nln x)2.

B 1957 r. JTuu nateJ uucs10o 26861, 15t Kotoporo n,(4, x)<<m (4, x).
.26 861 mauMenbllee uyHC/O, O6Jajalonlee TakKuM. ceoficTBoM. B mnpe-
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Jenax jgo 3000000 mmeerTcs TONBKO OJHH HMHTEpBAJ SHAYEHHH X
(61600 << x << 63400), an1st KOTOPHIX T4 (4, x) < 7, (4, X).

‘6. B Hacrosimee BpeMS BBIYHCJEHO, YTO AJAS JOCTATOYHO GOJIb-
wHux k nocrosuHas C, Teopemnl 342 TakoBa, uro 1 << C, << 5448.

CorsacHo runotese Yopsa HaHMeHblllee POCTOE YHCJIO B I1pO-
rpeccHH (2) He nMpeBOCXOAUT k1+E nas mwoboro e >0 H Bcex JocTa-
TOYHO GOJBLIMX A.

7. Eme B 1882 r. Bebep mokasan, 4TO Kaxjas NPHMHUTHBHAS,
6unapHas xBazparuuHas Qopma ax®+ bxy-+cy® ¢ HexkBaApaTHBHIM
IHCKDHMHHAHTOM AJs1 GEeCKOHEYHOrO MHOXKeCTBa Nap HedbX X, Y
NPHHHMMaeT 3HaYeHHA, NpelcTasJjsiomye co60l MPOCThie Yhcaa (NpH
D < 0 ¢dopma npeanosaraercs NoJOXHTENBHO Ol peJe/IeHHOH).

B 1954 r, Bpurc nokasaja, uToO 2Ta TeopeMa MOXKeT GbLITb JOKa-
saHa MetojoM Cennbepra.

8. Xpucruan T'onbabax (1690 —1764) — matemaruk, usen Ilerep-
Oyprckoii AkageMHH HaykK.

9. JI. T'. IIunpensman (1905— 1935) ussecten cBoUMH paGoTaMu
IO TEOPHH yHces, TeOMETPHH H BapHAlMOHHOMY Hcuucjenuio. On
JOKa3aJj, YTO MHOXECTBO HATyPAaJbHBIX HYHCEJ, IIPEJACTABHMBIX B
BUje p+p’, rae p U p’ —npocTele YHCIa, nocse 1o6aBaeHHs K Hemy |
HMeeT MOJIOXKHTENbHYIO NMJIOTHOCTb.

[TocilenoBaTe/IbHOCTD HATYPANbHBIX YHCET @y, Qy, ..., G,, ...
Ha3biBaerca NOC/eNOBATebHOCTHIO MOJOKHUTENbHOH MJIOTHOCTH, €CJIH

CYIIECTBYeT I[IOCTOSIHHAf ¢, TaKas, 4TO Z l =aN pas Bcex Ie-
e, <IN
JIBIX MOJIOXKHUTEJBHBX N.

10. H. I1. PomanoB (1934) mokasas, 4YTO ecqH K MHOXECTBY
HaTypa/bHBIX UHCes, TPeACTaBHMBIX B BHJE CYMMBI POCTOrO YHCJA
H CTEeNeHH 3aJaHHOTO LeJOro OCHOBaHUA @ >1, noGaBHTbL 4HCHO 1,
TO MHOMYYNTCS MHOXKECTBO MOJIOMHTeNbHo# maorHocTH. OH JoKasas,
4TO TO Xe caMoe OyZier, ecjiH BMECTO CTeleHell 3aJJaHHOTO OCHOBAHHS
B3STb k-€ CTENEHH HaTypaJibHBIX 4ucen (k=1 moboe uenoe).

11. Y. M. BunorpajoB He TOJIbKO JOKa3aj MpeJCTaBUMOCTb BCeX
JOCTATOUHO GOJIbIINX HeUeTHBIX YHces N B BUJE CYMMBI TPEX IPOCTHIX,
HO H Jan acnmmomqecxylo dopMyay pis uucaa J (N) Takux npen-
CTaBHTesiell, a MMEHHO JI0Ka3ajl, 4To

I M) ~ i I (1 +525) IT (1 —r=gs)

TAe nepBoe MPoH3BeleHHe PACIPOCTPAHEHO NO BCeM MPOCTHM YHCAAM,
a BTOpOEe MO MPOCTHIM JesauTe]siM uucaa N.
INocrossunas N, B Teopeme 344 Goina onpefenena (K. BoposakuH)
B Buge N =e'%°*®, Xya Jlo-keH paccMoTpes1 psif 3aja4 O OpeACTaB-
JEHHH HATYPaJbHbIX YHCeJ CyMMaMH k-X cTeneHeH NPOCTHIX HuCes,
12, B 1931 r. T. Dcrepman AeKasaj, WrO Kaxjoe HaTypajbHOe
uuca0, Goapinee yeM 1, MoKeT OHITH PEACTABJEHO B BHAE CYMMEI
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IIPOCTOTO YHCJA M yHcaa, cBOGOAHOTO OT KBAajpaToB, M JaJj acuMil-
TOTHYECKYI0O GOPMYJNY IJ5 UHCJA TaKHX NpPeACTaBJeHHH.

13. K. Ilpaxap pokasan (1952r.), uto cymecrByer 6ecKoHeYHOe
MHOXKECTBO YHCeN R, TaKHX, UTO ypaBHeHHe p'—p =2k HMeeT Gec-
KOHEeUHOe MHOXKECTBO pellleHHH B NPOCTHIX YHCJAaX p H p’,

14. B 1963 r. B. M. Bpeauxuu, passuBas Meroj JIHHHHKA, JHO-
KaszaJl, 4TO KaxkJoe JAOCTaTOYHO O00Jibllioe YHcJA0 N mnpeACTaBHMO B
Buge N=p-f(k, 1), rze p npocroe unucio, f(k, )= ak*+ bkl+cl?
IPUMHTHBHAs IOJOXHTEIbHO onpefeneHHas ¢gopma, 0< f (&, [)<< N.
Teopema Bpenuxuna ssisiercss, TakuM o006pa3om, o6o0ieHHEM Teo-
pembl. 345. YIm ke Opll mosiyueH W psf APYTHX TeOPeM Takoro THIA.

15. MepauH Obl1 y6utr Ha QpoHTEe BO BpeMs NepPBOH MHPOBOH
BOMHBI H OCTaBHJ CBOIO. palOTy He3aKOHYEHHOI.

16. Ilpu pokasaresnnctBe Teopemnl 347 A. Penbu cymecrBeHHO
HCIOJIb30BaJl Tak HasbiBaemoe ,Oosbioe pewero” JIunnuka. Jloka-
3aTeJbCTBO TeopeMbl 348 (Tak Xe Kak M TeopeMnl ‘347 ¢ I=3)
onupaercd Ha oueﬂxy.

2w max |, (b, x)— w) o —o(=%), @

a (mod
k<xV (a, k)= 1

s .
Tie v=-g—¢, ¢ >0, A-—npousBeoJsibHaA NOCTOSHHas. 3JTa oueHka

6bl1a noayuena B 1962 r. M. B. BapGanowm.
" B Hacrosamee Bpems A. V. Bunorpazoes  moJyyna- oueHky (9) co

1
3HAYEHHEM V= -2—--—8 UTO Ja€T BO3MOXHOCTb p€llaTb MHOT'HE paHee

HEJOCTYIHEIE 3aJlaud ajJUTHBHOH TEOPHH UYHCEJ.

17. B 1959 r. 6rmuta ony6iukoBaHa TalJHLa NPOCTEIX UHCeJ-
6.m3nenoB B npegesax o 1 100 000. MapecTHn! Takue Goubiliie Napel
NPOCTHIX uHCes-6JM3HenoB, Kak, HanpuMep, 10016957 u.10 016 959.
DpIoT/Ib NOACYHTA, YTO CPEAH IEPBOrO MUJLIHOHA HATYPAIBHELX YHCe
uMeeTest 166 yeTBepox NMpPOCTHIX UHces BHAA p; p’ = p+2,p"=p-+6,
p’'=p-+8, a B npefenax J0 ABYX MHJJIHOHOB'HMeercs 295 Takux
YeTBePOK. ITH mojcuets Ot npogjomxenbl B. A. Tony6eBriM.

18. Cpepn npo6GaeM, chopMyJHPOBAHHEIX Ha ¢TPaHuIax 367—368,
npo6iema 6 npeznoxena I1. Ipaémom, a npobaemsr 11 u 16 Xapau
U JIHT/IBYAOM.



TABJIMLbI HHIEKCOB JJi MOAY/JIEA,
HE NPEBOCXOJALIHUX 112

Jlepble Tab/HUbl Ccay:KaT AJsi HAXOXAeHHs HHJAekcoB. IIpasble
TabJHIbl CAYXKAT A% HAaXOXAEHHSt uHcead (KJaccoB) MO 3aflaHHBIM
3HaYeHHSIM HHAeKcOoB. IlycTb mo Mopxy.mo m umeem ind a=s. JleBble
TabJHibl MO3BOJAIOT MO 3HAUEHHsIM m W a Hadta s. [as atoro B 1-#
cTpoke (moi Haanucblo  Moayau“) HaxoauM Moayab m, a B l-m
cronfue (MOA HAANMCbIO ,YHCAA“) HaxoAuM uucado a. HMuupekc s
HaXOAHUTCSl Ha MepeceyeHHH cToa0Ua, B KOTOPOM JIEKHT MOAYJL m,
H CTPOKH, B KOTOpPOH JIeXXHT YHCJO 4.

I[Ipumep. Haittu uugekc 58 no moxymo 89. Ha crp. 377
B JieBoH TalsHle Ha nepeceyeHHH cToJbuma, CBepXy KOTOPOro Ha-
nucaH MoAyJb 89, M CTPOKH, CjieBa KOTOPOH HamucaHO 4Hca0 58,
HaxonuM, 4TO ind 58 == 75.

IlpaBble Tabauubl MO3BOMAOT M0 3HAYEHHAM m H § HalTH 4.
Hs storo B 1-# cTpoKe (MoJ HaANHCbIO  MOAYJIH") HAXOAUM MO YJIb /11,
a B l-M cronbue (moj HaANHCbIO  MHAEKCH") HaXOAHM HHJIEKC S.
Uncsio @ HaXONHTCH Ha MnepecedyeHHH CTOJ0LA, B KOTOPOM JIEXHT
MOAYJb m, H CTPOKH, B KOTOPOH JIEKHT HHIEKC S.

B uacTHOCTH, 10 HHIEKCY S = | MOTyT ObITb HaliileHbt NepBOOOpas-
Hble KOPHH g, SIBJISIIOIIHECS! OCHOBAaHHAMH B3ATHIX CHCTEM HHIEKCOB.

[ITpumep. Haiith no moaymo 49 umucio, HHAEKC KOTOPOro pa-
ped 40. Ha crp. 3756 B npapoii TabiHue Ha mepeceyeHHH CTOA0UA,
cBEPXY KOTOPOTO HamHcaH MoAyJab 49, H CTPOKH, cJleBa KOTOpoi
HanucaH uniekc 40, naxoaum uucyo 11. Hupexc 11 no moay.io 49
(ocHoBaHHe g=23) pasen 40.
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167 389 631 883 1153 1447 1709 2011 2309 2621
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